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Traditionally, the subject of wave 
phenomena has been taught in 
different disciplines of science 
and engineering. In fact, sound 
waves and electromagnetic waves 
are totally different physical phe- 
nomena. Realizing, however, that 
all waves Carry energy and mo- 
mentum and that their observable 
quantities relate to energy propa- 
gation, the need exists for one text 
that studies all types of wave phe- 
nomena. 

Introduction to Wave Phenom- 
ena presents a unified treatment 
of the general properties of wave 
phenomena (both linear and non- 
linear) and illustrates the physical 
aspects in which wave phenom- 
ena arise. Starting with a review of 
oscillations—mechanical and 
electromagnetic—the book goes 
on to study general properties of 
wave motion, mathematical prep- 
arations needed for deriving the 
wave equation from first princi- 
ples, longitudinal and transverse 
waves, how waves are reflected at 
boundaries, and geometrical dis- 
persion of wave energy. 

Later chapters concentrate on 
the Doppler effect, propagation 
and radiation of electromagnetic 
waves, interference and diffrac- 
tion, geometrical optics, Fourier 
series and Laplace transforma- 
tion, modern (quantum ) physics, 
nonlinear mathematical tech- 
niques, and solitons and shock 
waves. 

The MKS unit system is used 
throughout, along with traditional 
units such as the angstrom in 
optics and the electron-volt for the 
energy of elementary particles. In- 
troduction to Wave Phenomena 
Can serve appropriately as either 
the main text for the study of wave 
phenomena or as a supplement 
useful in conjunction with other 
works. Either way, it will prove in- 
valuable to students in all areas of 
science and engineering. 
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PREFACE 


Traditionally, the subjects on wave phenomena have been taught in different 
disciplines. Indeed, sound waves and electromagnetic waves are entirely 
different physical phenomena. However, once one realizes that all waves, 
mechanical or electromagnetic, carry energy (and momentum) and that the 
observable quantities are necessarily associated with energy propagation, then 
one can formulate a unified understanding of wave phenomena in its totality. 
To this end we have formulated a textbook that elucidates the general properties 
of wave phenomena, both linear and nonhnear, and illustrates the physical 
contexts in which wave phenomena arise. 

This book consists of sixteen chapters. We begin in Chapter | with a review 
of oscillations, both mechanical and electromagnetic. Oscillation systems can be 
the sources of harmonic waves since the mass in a mechanical oscillation 
system and charges in an electromagnetic oscillation system are all under 
acceleration, which is the fundamental requirement for creating waves. 

In Chapter 2 we study general properties of wave motion without specifying 
mechanical and electromagnetic waves. A mathematical expression for a 
sinusoidal wave and the wave equation is introduced. Phase and group velocities 
are described. 

Chapter 3 provides mathematical preparations that are needed in deriving 
the wave equation from first principles 


for various kinds of waves. It can be skipped if the reader is already familiar 
with Taylor expansion techniques. 

In Chapters 4 and 5 we study mechanical waves, including waves on springs 
(longitudinal), stretched string (transverse), and sound waves (longitudinal) in 
solids, liquids, and gases. We show how Newton’s equation of motion can be 
converted into the wave equation for mechanical waves and formulate the 
amount of energy and momentum that can be carried by these waves. 

In Chapter 6 we see how mechanical waves are reflected at boundaries. The 
wave equation allows two solutions, which propagate in opposite directions. 
When these two waves coexist, standing waves are created. Standing waves 
play important roles in musical instruments, which become sources of sound 
waves in air. The concept of mechanical impedance is introduced as an analogy 
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to the impedance in electromagnetic phenomena. Wave reflection is explained 
in terms of energy (and momentum) reflection. 

When a loudspeaker creates sound waves in air, the wave amplitude 
becomes smaller with the distance from the speaker. This effect is caused by 
geometrical dispersion of wave energy as shown in Chapter 7. The variation 
of wave amplitude can also occur in one-dimensional waves if the medium is 
not uniform or the wave velocity varies from point to point. This interesting 
(but difficult to analyze) phenomenon is briefly discussed. 

In Chapter 8, the Doppler effect of sound waves is studied. Whenever a 
sound source and/or an observer are moving relative to air, the observer hears a 
frequency different from the true frequency. We also see what happens if an 
object travels faster than sound (shock waves). 

In Chapters 9 and 10 we study the propagation and radiation of electro- 
magnetic waves. We start with an LC transmission line that is an analogue to 
the mass—spring mechanical transmission line used in Chapter 3. The reflection 
of electromagnetic waves is discussed in terms of the impedance mismatching, 
as we did in Chapter 6 for mechanical waves. Electromagnetic waves in con- 
ducting materials such as metals and plasma require special treatment. In such 
media the wave equation is drastically modified and waves become strongly 
dispersive. The radiation of electromagnetic waves is described, in terms of 
charge acceleration or deceleration. 

In Chapter 11 interference and diffraction, which are caused by more than 
one wave propagating in the same direction, are described. Depending on the 
phase of each wave, the net wave amplitude is either strengthened or weakened. 
Light does not always travel along a straight line because of its diffractive 
nature. This diffraction phenomena can be discussed in terms of interference 
among many waves. 

Geometrical optics (Chapter 12) is one branch of optics in which we largely 
(not entirely) neglect the wave nature of light. We assume that light travels 
along a straight line in a given uniform medium. Of course, when light hits a 
boundary interfacing two media, light changes its propagation direction 
_(refraction). Optical devices such as mirrors and lenses are discussed, followed 
by a discussion of optical instruments (microscope and telescope). 

Chapter 13 is an introduction to Fourier series and Laplace transformation. 
The concept of frequency spectrum is explained. Also, it is shown how Laplace 
transformation can convert a differential equation into an algebraic equation. 

Chapter 14 is an introduction to modern (quantum) physics. It is shown 
that under certain circumstances, light (electromagnetic waves) behaves as a 
collection of particles (photons). Briefly discussed is the fact that energetic 
particles, such as accelerated electrons, have a wave nature (wave—particle 
duality). Hence electron microscopes can have a higher resolving power than 
optical microscopes. 

The material covered in the previous chapters made the tacit assumption, 
where appropriate, that the equations describing wave phenomena could be 
linearized. For example, the wave equation for sound waves resulted from a 
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linearized (small-amplitude) approximation. Often, the wave amplitudes may 
become large and a linearization procedure is no longer valid. In Chapter 15 
we introduce the reader to some nonlinear mathematical techniques to obtain 
some analytical solutions to nonlinear wave equations. 

Finally, in Chapter 16 the reader is introduced to two topics of nonlinear 
wave phenomena that are receiving much current attention in various dis- 
ciplines, namely, solitons and shock waves, in which nonlinearity is balanced 
with dispersion or dissipation. 

The MKS unit system is used throughout the book. Some traditional and 
some conventional units are used, however. Examples are the angstrom 
(1 A=10~'° m) in optics and the electron volt (1 eV=1.6 x 107 '° J) for the 
energy of elementary particles. In physics, a traveling wave is conventionally 
written as A sin (kx — wt) (or Ae'“*~®”) and in engineering it is written as A sin 
(wt—kx) or (Ae\’'~*). We use the former representation but there are no 
fundamental differences between the two. 

We have greatly benefited from frequent discussions with our colleagues and 
students. We are particularly grateful to Ray Montalbetti, Harvey Skarsgard, 
Ludwig Schott, and Adrian Korpel, who went over the entire manuscript and 
gave us invaluable comments. Portions of this work were supported by the 
Natural Sciences and Engineering Research Council of Canada and the 
- National Science Foundation of the United States. 

Special thanks go to Mrs. Vera Cyr, who typed the original manuscript 
- with remarkable accuracy and efficiency. Finally, we thank our wives, Kimiko 
and Vicki, for tireless support. 
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INTRODUCTION TO 
WAVE PHENOMENA 


CHAPTER 1 


Review of Oscillations 


1.1. Introduction 


Most waves, either mechanical or electromagnetic, we encounter are created 
by something vibrating or oscillating. In the classroom the instructor’s voice 
reaches your ears as sound waves in air. To create the waves the instructor uses 
his vocal chords, which are forced to vibrate by the airflow through his throat. 
Similarly, radio waves emitted from a radio station also originate from some- 
thing oscillating. In this case free electrons in a vertically erected antenna 
execute up and down oscillatory motion with a certain frequency, which is 
determined by an electrical oscillator connected to the antenna. Whenever 
physical objects oscillate or vibrate, there is a possibility that waves are created 
in the medium surrounding those objects. | 

In this chapter we review oscillation phenomena, both mechanical and 
electromagnetic, since oscillations and waves have many common properties, 
hence understanding oscillations can greatly help us understand wave pheno- 
mena. More important, harmonic (or sinusoidal) waves we frequently encounter 
in daily life are created by physical objects undergoing oscillatory motions. 
It is recommended that you refresh your knowledge (and skills) of properties 
of trigonometric functions, such as 


dais d ; 
= Sin ax =a cos x, — cos ax= —a sin x, 
dx dx 


and so on. 


1.2. Mass—Spring System 


Consider a mass M (kg) on a frictionless plane connected to a spring with a 
spring constant k (N/kg), and a natural length / (Fig. 1.1). Without any external 
disturbance the mass would stay at the equilibrium position, x =0. Suppose one 
pulls the mass a certain distance and then releases the mass. The mass would 
start oscillating with a certain frequency. If one pushes the mass and then 
releases it, the mass would start oscillating with the same frequency. Otherwise, 
one could hit the mass with a hammer to give a sudden impulse to let the mass 
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Frictionless 


ore floor 


000000000 


x=0 
Reference 
coordinate point 


Fig. 1.1. Mass—spring system in equilibrium. The spring has a spring constant k, and / is the 
natural length of the spring. 


start oscillating. No matter how the oscillation is started, the frequency is the 
same. 

One of the major objectives in studying oscillation is to find oscillation 
frequencies that are determined by physical quantities. As we will see later, the 
mass M and the spring constant k determine the oscillation frequency in the 
preceding example. 

What makes the spring—mass system oscillate? When one pulls the mass 
the spring must be elongated, and it tends to pull the mass back to its equilibrium 
position, x =0. Therefore on being released, the mass starts moving to the 
left, being pulled by the spring. This pulling force is given by Hooke’s law, 


F=kx (directed to the left) (1.1) 


since x is the deviation of the spring length from the natural length, |. The 
pulling force provided by the spring disappears at the instant when the mass 
reaches the equilibrium position, x =0. By this time, however, the mass has 
acquired a kinetic energy (which will be shown to be equal to the potential 
energy initially stored in the spring). Because of its inertia, it cannot stop at the 
equilibrium position, but keeps moving, overshooting or passing the equilibrium 
position. The spring is then squeezed and tends to push the mass back to the 
equilibrium position. This time the force is given by 


F=-—kx (directed to the right) (122) 


since x is now a negative quantity. The mass keeps moving to the left until the 
kinetic energy, which the mass had when it passed through the equilibrium 
position, x =O, is all converted into the potential energy stored in the spring, 
and after this instant, the mass again starts moving to the right toward the 
equilibrium position. This process continues and appears as an oscillation. 
The key agent in the oscillatory motion in the mass-—spring system is the 
force provided by the spring. This force always acts on the mass so as to make it 
seek its equilibrium position, x =0. Such a force is called a restoring force. 
In any mechanical oscillating system, there is always a restoring force (or torque). 
In the case of a grandfather clock, gravity provides a restoring force, and for 
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a wheel balance in a watch, a spiral hair-spring does the job by providing a 
restoring torque. If the spring constant k is larger (stronger spring), the spring 
can pull or push the mass more quickly, and we expect that the oscillation 
frequency is larger. On the other hand, if the mass is larger, the mass should 
move more slowly, and we expect that the oscillation frequency is smaller. 


Indeed, as we will see, the oscillation frequency for the mass—spring is given by 


1 k 
== (cycles/sec). e3) 


Let us now find out what kind of mathematical expression can describe 
the oscillatory motion of the mass—spring system. We assume that the mass is 
gradually pulled a distance xo to the right from the equilibrium position, 
x =0, and then released at time t=0. Suppose that at a certain time, the mass is a 
distance x away from the equilibrium position, x =0 (Figs. 1.2 and 1.3). The 
instantaneous velocity of the mass is given by 


dx 
v fet (m/sec) (1.4) 


Fig. 1.2. Displacement x>0. The spring is stretched and pulls the mass toward the equilibrium 
position, x=0. 


Fig. 1.3. Displacement x <0. The spring is squeezed and pushes the mass toward the equilibrium 
position. 
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and the acceleration is 
dv_d ex 


salle ub Fo3 (m/sec’). (1.5) 


But the force acting on the mass is [from Eqs. (1.1) and (1.2)] 
F=-—kx (N). (1.6) 


[Note that in Eq. (1.1), the force was given by kx directed to the left, which is 
equivalent to a force — kx directed to the right. Therefore the restoring force 
can be generalized as — kx regardless of the sign of x.] Applying Newton’s 
second law (mass x acceleration = force), we find 


—, = —kx. (1.7) 


This is the equation of motion for the mass. The position x of the mass is to be 
found this differential equation as a function of time t. Remember that the mass 
is located at x =X, at t=O, when the oscillation starts, or 


x(0) = Xo, (1.8) 
where x(0) means the value of x at t=0. We know that the second derivatives of 


sinusoidal functions, sin a@ and cos a@, are 
2 


ie sin a0 = —a’ sin af, 
d? 
792 °° ad = —a’ cos aé. 


Therefore it is very likely that Eq. (1.7) has a sinusoidal solution. Let the solution 
for x(t) be 


x(t)=A cos ot, (1.9) | 
where A and w are constants to be determined. Since cos 0= 1, we find 
MO) =A; (1.10) 


Comparing Eq. (1.8) with Eq. (1.10), we must have A=xo. This quantity is 
called the amplitude of oscillation. 
To find w we calculate the second derivative of x(t)=x 9 cos wt: 


dx 

hn a 0° @t= —Xow sin wt 

d*x a 
Te Ge 8 t= —Xow — sin wt= —X 9 cos wt (1.11) 


Substituting Eqs. (1.11) into Eq. (1.7), we find 


— Mw’xpo cos wt = —kxo cos wt, 
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cea (1.12 
7 12) 


This quantity w is called the angular frequency and has the dimensions 
_of radians/sec. Since the function cos wt has a period of 27 rad, the temporal 
period T is given by 


which yields 


2 
Tee (GEG), (1.13) 
7 
In 1 sec, the oscillation repeats 1/T times (Fig. 1.4). This number is defined as 
the frequency, v (cycles/sec).* It is obvious that 
3 1 ne 
bare 


Example 1. Show that the quantity ./k/M indeed has the dimensions of 
1/sec. 


v (1.14) 


Since the spring constant k has the dimensions of N/m =(kg: m/sec”)/m = 
kg/sec*, and the mass kg, we find ./k/M has the dimensions of 


kg/sec* 1 
kg sec 


Note that the angle (radian) is a dimensionless quantity. 


x (t) 


T 
Oscillation —————>| 


period 


Fig. 1.4. The displacement x(t) is shown as a function of time ¢ 
T=22/o=1/v 


is the oscillation period. 


*Cycles/second = Hz (hertz). 
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Example 2. A spring 2m long hangs from the ceiling as shown in Fig. 
1.5. When a mass of 1.5 kg is suspended from the spring, the spring is elongated 
by 30 cm in equilibrium. The mass is then pulled down an additional 5 cm and 
released. Neglecting the mass of the spring, find an equation to describe the 
oscillatory motion of the mass. 


The mass is expected to oscillate about the equilibrium position, x =0 
(x > 0 upward). The spring constant k is found from 


Mg=k Al, 
where M =1.5 kg, Al=0.3 m. Then 
15 kg x98 N/kg 


k = 49.0 N/m 
0.3 m 
and 
| k [49 N/m 
oO= Vamein Fe 1g = 35.7 rad/séc. 
Since the initial position is x» = —0.05 m, the equation to describe the motion 


of the mass is given by 
X(t) = — 0.05: cos (5. /2)" am. 


The period T is 
2 
T te Delesec. 
a) 


and the frequency v is v=1/T =0.91/sec. 


Without mass With mass 
Yh ve 


“L0Q000000000000 


| = f.ranooonencanone: 


Fig. 1.5. Example 2. 
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We have seen that a cosine function can appropriately describe the case in 
which a mass is released from a position deviated from its equilibrium position. 
A solution proportional to a sine function A sin wt cannot describe the case 
since it cannot yield the initial position x9. (Notice that sin 0=0.) However, the 
function A sin wt can describe other cases in which the mass is given an impulse 
at the equilibrium position. For example, if one hits the mass with a hammer, 
the mass executes oscillation starting from x=0, and this case is correctly 
described by a function of the form A sin wt. However, once oscillations start, 
it is rather immaterial which form (cos or sin) to use, since the oscillation fre- 
quency (or v) is the same in either case. No matter how we let oscillations start, 
the mass—spring system oscillates with the frequency, o=./k/M, totally deter- 
mined by the physical nature of the system. Such a frequency is called natural 
(or resonance) frequency and appears when an oscillation system is isolated 
from the external driving force. Oscillation systems, however, can be forced to 
oscillate at a frequency other than their natural frequencies. We will study forced 
oscillation phenomena later in this chapter. 


1.3. Energy Tossing in Mechanical Oscillations 


We again consider the mass—spring system oscillating according to 
x(t) =X 9 COS ot. (1.15) 


As we have seen, this equation describes the case in which the mass is pulled a 
distance x, and then released at t =0. The spring is also elongated by the distance 
Xo, and before releasing the mass, the spring had stored a potential energy given 
by 


Lkx2 (J). (1.16) 


(Recall that the energy required to elongate the spring gradually by a distance 
Xo is [*° kx dx =4kx3.) This potential energy must be supplied by an external 
agent such as our hands, and provides the energy source for the oscillations. 

After being released, the mass starts moving toward the negative x direction 
and acquires a kinetic energy. At the same time, the spring loses its potential 
energy, since x is now smaller than x9. We expect, however, that the sum of the 
potential energy and kinetic energy remains equal to the initial energy given by 
Eq. (1.16) since the system is isolated from external agents and hence the total 
energy must be conserved. 

In order to see this, we calculate each energy at an arbitrary instant. The 
potential energy is 


P.E.=4kx? =4kx3 cos? ot. ile 


The kinetic energy is 
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Since 
dx 


—='— Xo Sin wt, 


alia 
we find 
K.E.=5Mo?xé sin? ot. (1.18) 
Then the total energy is 


Total E=4kxé cos* wt +4Mw’x2 sin? ot. 


ES ies 
O= M”’ 


Total E=3kxé (cos* wf-F sin? wr) 


However, w was given 


and the total energy becomes 


=stkxé. 


This holds true at any instant and our guess is indeed justified. 

What oscillates in the mass—spring system is energy. The mass and the 
spring exchange energy periodically. Figure 1.6 qualitatively illustrates this 
energy tossing mechanism. In Fig. 1.7, the position of the mass, x(t); its velocity, 
u(t); and potential and kinetic energies are shown as functions of time. 


Example 3. In the configuration of Fig. 1.1, the mass is hit by a hammer 
and instantly acquires a kinetic energy of 0.1 J. Taking k=30 N/m and M= 
0.5 kg, find an expression to describe the oscillatory motion of the mass. 


Since the mass starts oscillating from the equilibrium position in this case, 
we have to choose a sine solution, 


x(t)=A sin ot, 


k 
oO= le 7.75 rad/sec. 


The amplitude A can be determined from 


where 


zkA? =initial kinetic energy 
=O. 
Then 
A=+0.08m=+8cm and x(t)=+8sin wt (cm). 


The plus sign describes the case in which the impulse is directed to the positive 
x (right) direction and the minus sign, the negative x direction. 
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t= . ; kx2 Mv? 
0 x max X bx” 
(Released) en @) 
pom XO 
1 
a? Larry Berm 
> x9/V2- 


| 


a 
(one perio) LSOOCTSSO Pee, 


Fig. 1.6. Location of the mass at various times. Also, the corresponding potential and kinetic 
energies are schematically shown. 


That the total energy of the oscillating mass—spring system is conserved or 
constant can alternatively be shown directly from the equation of motion 
dv 
M —= —kx. Peto 
it (1.19) 


Let us multiply this equation by the velocity v. 


Mv = — kvx. (1.20) 
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Fig. 1.7. Displacement x(t), velocity v(t) and potential and kinetic energies. 


Since 
d 2_dodv?_,, dv 
ae ee Mae 
a oe as 2 
me nat: 
Eq. (1.20) becomes 
= (4Mv? +4kx?)=0, (1.21) 


which indeed states that the total energy is conserved, 


4Mv? +4kx? =const. 


1.4. Other Mechanical Oscillation Systems 


Whenever there is a restoring force to act on a mass, oscillations are likely 
to occur. As we have seen, there must be two agents for mechanical oscillations 


Sec 1.4 | OTHER MECHANICAL OSCILLATION SYSTEMS 11 


to take place, one capable of storing potential energy (like the spring) and the 
other capable of storing kinetic energy (like the mass). In rotational devices 
(like the wheel balance in watches), restoring torque and rotational inertia 
replace restoring force and mass, respectively, but energy relations still hold. 


Pendulum- 


A grandfather clock’s accuracy is largely determined by the regularity of the 
pendulum oscillation frequency. You may already know that the pendulum 
frequency is totally determined by the length of the support / (Fig. 1.8) and does 
not depend on the mass. 

The restoring force to act on the mass M in Fig. 1.8 is provided by the earth’s 
gravity, which tends to make the mass stay at the equilibrium position, P, or 
the lowest position. The restoring force F is given by 


F=Mgsin@ (toward P) (1.22) 


and the equation of motion for the mass becomes 


M —=—Mgsin 0 (1.23) 


1 (pendulum length) 


string 


Tension 


| 
| 
| 
| 
| 
| 
| 
| 
| Massless 
| 
| 
| 
| 
| 
| 
| 


6-——-— — — — Mass M 
| h Mg sin 0 
=H pe Meee 
Equilibrium Mg cos 6 = T 
position 
| 
Mg 
Gravitational 
force 


Fig. 1.8. Pendulum havinga mass M anda length/.g=9.8 m/sec? is the gravitational acceleration. 
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(Do you see why the minus sign appears? See the discussion given in Section 2.) 
Since the velocity v is given by 


do 
=1— 1.24 
Eq. (1.23) becomes 
d*@ Gis: 
rrememe| sin 6. (1.25) 


Although this equation looks simple, its solution cannot be expressed in terms 
of sine or cosine functions unless |6| is much smaller than 1 rad. If |@| <1 rad, sin 0 
can be well approximated simply by 6 (see Chapter 3), and Eq. (1.25) reduces to* 


elit (1.26) 


This is mathematically identical to our previous equation, Eq. (1.7). We can 
immediately find the angular frequency as 


O= f (rad/sec). (2 


You should check that ./g/l indeed has the dimensions of 1/sec. 


Example 4. Find the length of the pendulum rod of a grandfather clock 
having an oscillation period of 2.0sec. Assume that the mass of the rod is 
negligible compared with the mass to be attached. 


From T =2z2/w=2n,/I/g, we find 1=(T/2zx)*g. Substituting T =2 sec and 
g=9.8 m/sec’, we find !=0.99 m. 
Example 5. Assuming a solution of the form 
O(t) = 09 cos wt 


to Eq. (1.26), show that the total energy of the mass (potential and kinetic) 
is constant. 


The kinetic energy is 


=5MI?@m762 sin? ot. 


The potential energy is Mgh, where his the height measured from the equilibrium 
position and is given by 


h=OP—OH=I—lcos 0. 


*This procedure is called linearization of Eq. (1.25), which is a nonlinear differential equation. 
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If 8 is small, cos 0 can be approximated by (see Chapter 3) 
cos 0~ 1—46?. 
Then 
h~5l6?, 


and the potential energy becomes 


l 
P.E.=Mgh=Mg 5 6? =4Mgl02 cos? wt. 


Recalling w? =g/I, we find 
K.E.+ P.E.=4Mgl0% (const). 


Rotational Inertial Systems 


The balance wheel (Fig. 1.9) in watches oscillates about its center. A spiral 
spring connected to the wheel balance provides a restoring torque rather than 
restoring force, and the rotational inertia of the wheel balance plays the role of 
mass inertia (translational inertia) in the mass—spring system. 

Let the moment of inertia of the wheel balance be I (kg: m7) and the restoring 
torque provided by the spring be 


t=—k,0 (N-m), (1.28) 


where k, is a constant (torsional constant, N-m) that plays the same role as the 
spring constant in the mass—spring system, and 6 is the rotational angle of the 
wheel balance measured from the equilibrium (zero torsion) angular position. 


Spiral spring 
to provide restoring 
torque 


Moment 
of inertia I 


Fig. 1.9. Wheel balance of watches connected to a spiral spring, an example of a linear oscillator. 
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Since the equation of motion for the rotational system is given by 


2 


d*@ 
I Wz 7 torque: T (1.29) 


where I is the moment of inertia, we find 


d*0 
I —~= —k,0. 1.30 
dt? 28 ( ) 
This is again identical in mathematical form to Eq. (1.7).* The oscillation fre- 
quency is then given by 


k, 
o= |=. (1.31) 


You should check that ./k,/I indeed has the dimensions of frequency. 
Example 6. A straight uniform stick having a length /(m) and a mass 


M (kg) is freely pivoted at one end as shown in Fig. 1.10. Find the frequency of 
oscillation about the pivot, assuming the angle @ is small. 


Free pivot \@ 


Midpoint \@ 


Uniform rod 7 V7 
sah Fig. 1.10. Pivoted rod as a pendulum (physical 


pendulum). 


*Compare Eq. (1.30) with Eq. (1.25). A wheel balance is a linear oscillator no matter how large @ is, 
as long as the spring stays within the elastic limit. 
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The restoring torque to act on the stick is 


Therefore, Mgl/2 plays the role of restoring torque constant k, provided |6| <1. 
(Recall sin 0~ 0 if |6|<1.) The moment of inertia about the end of the stick is 


o l 


jas gh ee 
I 2! 


1.5. Electromagnetic Oscillation 


l 
M 
eal — x? dx=4MI’. 


Then 


We learned in classes on electricity and magnetism that an LC (inductance 
and capacitance) circuit oscillates with an angular frequency 


en (1.32) 


Although physical quantities we treat in electromagnetic oscillation are quite 
different from those in mechanical oscillation, the fundamental concept of 
oscillation mechanism—namely, the energy tossing mechanism—remains the 
same. Instead of kinetic and potential energies in the mass—spring system, we 
now have electric and magnetic energies stored in the capacitor and inductor, 
respectively. | 

Consider a capacitor charged to a charge go (coulombs) suddenly connected 
to an inductor L (Fig. 1.11). The charge initially stored in the capacitor tends to 
flow toward the inductor and creates a current along the circuit. The voltage 
across the capacitor is 


Closed 
avi 0 


ut) 


Fig. 1.11. LC tank circuit. qo is the initial charge on 
the capacitor. 


16 REVIEW OF OSCILLATIONS Chap. 1 


and that across the inductor is 


eye 
aad ahh 


Then Kirchhoff’s voltage theorem requires 
q di 


—=[L—., 1.3 
© dt ay 


Since we have chosen the direction of the current corresponding to a discharging 
capacitor, we have 


ae cae (1.34) 


Substituting Eq. (1.34) to Eq. (1.33), we find the following differential equation 
for the charge q(t), 


= — — 1:35 
dt Lc 4 eke, 


This is again mathematically identical to Eq. (1.7) for the mass—spring system, 
and we immediately find that the LC circuit would oscillate with the frequency 
1 
Since the capacitor had an initial son do, the equation to describe the 
charge at an arbitrary instant should be chosen as 


q(t) =o Cos ot. (1.36) 
Using Eq. (1.34), the current i(t) becomes 
i(t)=@qo Sin ot. (1.37) 
Therefore the electric energy stored in the capacitor is 
UE noe gé cos’ wt (1.38) 
and the magnetic energy stored in the inductor is 
Uy=oLi- =4L07 98 sine wr. (1.39) 
Recalling w* =1/LC, we find that the sum of the two energies is constant, 
1 qo 
U,;+Uy== = 
iB a M 7 C 9 


and equal to the initial electric energy stored in the capacitor. 

The capacitor and inductor exchange energy periodically as the mass and 
spring do, and we see that this energy-tossing mechanism is common to any 
kind of oscillation, mechanical or electromagnetic. 
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Opened 
att = 0 
i(t) 20 
+ 
opi a 2mH B20 


Fig. 1.12. An example in which the initial current is not zero. 


17 


Example 7. Inthe LC circuit shown in Fig. 1.12, the switch S is closed for a 
long time. Then the switch is opened at t =0. Find the expressions for the current 


to flow in the LC circuit and the charge on the capacitor. 


The initial current flowing through the inductor is 


Moda: #2 
LO anc’ =6,0,A. 


Then the current chosen clockwise is described by 
i(t)=i9 COS Ht =6 cos wt (amperes), 
where 
1 1 
COveS= == 
HLG ee POG 5.34 1058 


The charge on the lower plate of the capacitor is given by 


= 10* rad/sec. 


q(t) = | it) di f ig COS wt dt 


0 0 
Lowe 

=— sin wt 
w 


=6 x 107* sin wt (coulomb). 


Note that the initial condition in this example is different from that in Fig. 1.11. 


1.6. Damped Oscillation 


So far we have considered ideal cases in which energy dissipation can be 
completely neglected. For example, in the mass—spring system, we assumed that 
the floor on which the mass is placed is frictionless. Also, in the LC circuit, we 
neglected the resistance in the circuit. Both mechanical friction and electric 
resistance give rise to energy dissipation, and oscillation cannot continue 
forever, but should eventually be damped. Oscillation energy is converted into 


heat in an irreversible manner, or into radiation. 
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Consider now a capacitor C with a charge go suddenly connected to an 
inductor L through a finite resistance R (Fig. 1.13). Using Kirchhoff’s voltage 
theorem, we find 


q di 


a ae (1.40) 
Recalling 
jonas lel 
dt’ 
we now have the following differential equation for the charge q(t): 
agi Rag Va 


= ()i 1.41 
eh a Ee Ue) 
In the limit of R-0 (zero resistance), we indeed recover Eq. (1.35). 

Solving Eq. (1.41) is not straightforward because of the presence of the 
first-order derivative. However, in the absence of the inductance we know that 
the charge on the capacitor is exponentially damped, 


q(t)=qoe "*, (1.42) 


where RC is the time constant. Therefore, we may expect that the solution to 
Eq. (1.41) is a combination of an oscillatory function and an exponential func- 
tion, and we assume 


g(t)=qoe ” cos wt, (1.43) 


where y is the damping constant to be determined. The preceding form of 
solution, however, is valid only for the case of weak damping such that y <m. 
The general case will be given as a problem of this chapter. Also in Chapter 13, 
the same problem will be solved by the method of Laplace transformation. 

Notice that the solution for g(t) given by Eq. (1.43) satisfies the initial 
condition 


q(0) = qo. 
We now calculate dg/dt and d*q/dt* (derive these): 
dq Ks 
4 (—y cos wt—@ sin wt)e ™ (1.44) 


Closed 
att = 0 


i(t) R 


Fig. 1.13. LCR circuit. qo is the initial charge. 
An example of damped oscillation. 
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dq 

dt? 
Substituting Eqs. (1.44) and (1.45) into Eq. (1.41) and eliminating the common 
factors qo and e ™, we find 


pee sore cos wt+ | 2 i =0 1.46 
Y Tha Lc) a) VOT ioe sin wt =0, (1.46) 


which must hold at any time. Then the coefficients of cos wt and sin wt must 
identically be zero, 


=qo[(y* —w7) cos wt +2ya sin wtjle~”. (1.45) 


R 1 
Paps ie 
) St ROE 0 (1.47) 
R 
2y— —=0. 
Y L (1.48) 
From these we find 
R 1 
) =— i (1.49) 


where in Eq. (1.47) we have neglected terms containing y, since we have assumed 
y<o. 

The function q(t)=qoe ™” cos wt is qualitatively shown in Fig. 1.14. The 
damped oscillation is confined between the two curves +qoe ™, which are 
called envelopes. It should be emphasized again that the solution we have 
found is correct only for the case of small damping, y <q, or, equivalently, 


i 
re |e (1.50) 


| WA AAP 


y= 0.l1lv 


Fig. 1.14. Behavior of the charge on the capacitor in Fig. 1.13. 
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Example 8. In the mass—spring oscillation system, assume there exists 
small but finite friction force between the mass and floor, which is proportional 
to the mass velocity, 


F sieion aa — fo= ae Area (1.51) 


where f is a constant. Show that the differential equation for the displacement 
x(t) is mathematically identical to Eq. (1.41) and find the condition for weakly 
damped oscillation. 


The equation of motion for the mass is now given by 


d*x dx 
M —>=—-kx- f — 
dt? oe. dt 
or 
Ar. fad keels 
=U ips 
dt?" M dt M~ Ca 
Comparing this with Eq. (1.41), we see that if the following substitution is made 
1 
xq, M-oL, f>R, anaes 
both equations are identical. 
The condition for weakly damped oscillation 
R< - 
< eed 
G 
can thus be translated as 
f<VkM. (1.53) 


1.7. Forced Oscillation 


In previous sections we found several oscillation frequencies appearing in 
both mechanical and electromagnetic systems. Those oscillation frequencies 
(oa =./k/M, 1G etc.) are also specifically called natural (or resonance) 
frequencies, since they appear when the oscillation systems are left alone, or 
isolated from external driving forces. Both mechanical and electromagnetic 
systems, however, can be forced to oscillate with frequencies other than the 
natural frequency. 

A typical example of this forced oscillation is an ac circuit, in which an 
oscillating generator with an angular frequency w is driving a current through 
L, C, R elements (Fig. 1.15). Even though there is a resistor R in the circuit, 
the current i(t) does not damp, in contrast to the case we studied in Section 1.6, 
since the generator can continuously feed energy to compensate the amount of — 
energy dissipated in the resistor. 
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The current flowing in the circuit will attain steady oscillation with the same 
frequency @ after the transient stage is over.* As we have studied in ac circuit 
theory, the amplitude of the current is given by 


V, 
Ip= 2 (1.54) 


JR? +(@L—1/oC)? 


This takes a maximum when 
oL=— or o=—— 
C 


as shown in Fig. 1.16. The frequency determined from 1 ne is thus appropri- 
ately called a resonance frequency, at which energy transfer from the generator 
to the resistor can be achieved most efficiently. 

In mechanical oscillation systems, similar resonance phenomena can be 
found. When one pushes a swing, he naturally matches his pushing frequency 
with the natural or resonance frequency of the swing. 


u(t) 


Vo sinwt R 


Fig. 1.15. LCR ac circuit. An example of forced 
oscillation. 


Normalized 
current 


0 
0.8 
0.6 
0.4 


0.2 
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Fig. 1.16. Plot of Eq. (1.54) as a function of w. If the frequency is plotted on a logarithmic scale, 
the graph becomes symmetric about the resonance frequency, Wy =1//LC. The graph shown 
corresponds to the case L/R*C=10. 


*The transient stage is discussed in Chapter 13 on Laplace transforms. 
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Problems 


1. Calculate 


2, 2 


de, & d 
— sin 5x, —, sin 5x, — cos 3x, 


= 3x. 
dx dx? dx dx? ee 


2. If|x|<1, a function (1 +x)" can be approximated by 
(L1+x)"~1l+nx (binomial expansion). 
(a) Find the percent error caused by the approximation 
J1+x~1+4x forx=0.1, 0.01. 
(b) Repeat (a) for 
(1+x)7'/*~1-—4x. 


3. If|6|<1 rad, sin @ may be approximated by sin 0 ~ @. Calculate the percent 
error of this approximation for 6=0.1 rad, 0.01 rad. 


4. Show that functions 
(a) x=A sin ot, 
(b) x=A sin wt+B cos ot, 
(c) x=Acos(wt+ ¢) 
all satisfy Eq. (1.7), provided w= Jk/M . A, B, and ¢ are constants. 


5. In the configuration of Fig. 1.1, the mass (1.5 kg) is displaced 10 cm to the 
left and then released. Twenty oscillations are observed in 1 min. Find 


(a) The spring constant. 

(b) The equation describing the oscillation. 

(c) The energy associated with the oscillation. 
(Answer: 6.6 N/m, —10(cm) cos (2.11), 3.3 x 107? J.) 


6. A meter stick is freely pivoted about a horizontal axis at (a) the end of the 
stick or 100-cm mark and (b) the 75-cm mark. Find the oscillation fre- 
quencies in each case, assuming that the oscillation angle is small. 


(Answer: 0.61 Hz, 0.65 Hz.) 


7. A thin circular hoop of radius a is hung over a sharp horizontal knife edge. 
Show that the hoop oscillates with an angular frequency w=./g/2a. 


8. A marble thrown into a bowl executes oscillatory motion. Assuming that 
the inner surface of the bowl is parabolic (y=ax?) and the marble has a 
mass m, find the oscillation frequency. Neglect friction and assume small 
oscillation amplitude. _ 


(Answer: m=./2ag. Note that a has dimensions of inverse length, m~?.) 


9. Place an object ona turntable ofa record player. Observe the motion of the 


10. 


at. 


12. 
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object from the side. The motion. is harmonic or sinusoidal of the form 
x=X, cos wt. Prove this. If the turntable is revolving at 335 rpm, what is 
w? What is v? What is the length of a pendulum to oscillate with the 
preceding frequency? 


In the configuration of Fig. 1.11, 
(a) show that the current i(t) is described by 


V, 
i(t) = sin ont, 
RIG 
where Vp =qo/C is the initial voltage on the capacitor. 


(b) The preceding expression indicates that the quantity ./L/C has the 
dimensions of ohms. Prove this. ./L/C is called the characteristic 
impedance. 


A capacitor of 5 wF charged to 1 kV is discharged through an inductor 
of 2 uwH. The total resistance in the circuit is 5 mQ. 
(a) Is this a weakly damped LCR circuit? 


(b) Find the time by which one-half the initial energy stored in the 
capacitor has been dissipated. The time is measured from the instant 
when discharge is started. 


(Answer: Yes, 0.28 msec.) 
To solve Eq. (1.41) without the restriction of weak damping, assume 
q(t)=e "(A cos wt+B sin wt), 
where w, y, A, and B are to be determined. From the initial condition, 
q(0) =qo, we must have 
A=qdo. (i) 
(a) Calculate dg/dt and d’q/dt?. Then substitute these into Eq. (1.41). 
You will obtain a relation like 
f cos wt+g sin wot =0, (i1) 


where f and g contain A, B, w, y. For Eq. (11) to hold at any time, 
f =g=0 must hold, 


f =9, (iii) 

g=0; (iv) 

(b) Another initial condition is that at t=0, the current is zero, since the 
inductor behaves as if it were an infinitely large resistor right after 


the switch is closed. (Recall that inductors tend to resist any current 
variation.) Thus 


Ops] =O: (v) 


24 


13. 


14. 


15. 


16. 


REVIEW OF OSCILLATIONS 


Chap. | 


(c) Equations (i), (iii), (iv), and (v) constitute four simultaneous equations 
for four unknowns A, B, w, y. (We already have found A.) Solve these. 


(d) Find the condition for @ to be real. 


(Answer: B=yqo/, y=R/2L, ow =[(1/LC)—(R2/4L7)]'/7). 


Prepare two eggs of approximately the same weight, one boiled and 
another raw. Make two pendulums using the eggs. (You can use Scotch 
tape or paper cups. Be careful with the raw egg.) Let the pendulums start 
oscillating. The pendulum with the raw egg would damp faster. Explain 


why. (Make sure that the pendulums both have the same length.) 


Explain the function of shock absorbers installed on automobiles. What 


would happen without them? 


Consider two cascaded spring—mass systems. 

(a) Write down the equation of motion for each mass, assigning dis- 
placements x,(t) and x,(t) for the masses m, and my, respectively. 

(b) Then eliminate x,(t) between the two equations to show that the 
differential equation for x,(¢) is given by 


dx, 


m,M ee te k(m, +2m,) 


dt* 


d*x 
dt” 


+ +k?x,=0. 


VION UII 


Fig. 1.17. Problem 15. 


(c) Show that the oscillation frequency « is given as solutions to 


m,m,o* —k(m, +2m,)w? +k? =0, 


which allows two possible solutions for |]. 


Repeat Problem 15 for a two-mass, three-spring system whose both ends 


are clamped. 


TOLL OOOO OYTO 


Fig. 1.18. 


Problem 16. 


We, 


ed ee 


PROBLEMS Us 
17. If || is smaller than 1 rad, sin 0 can be approximated by 
sin 0~ 0 —163 
and the pendulum equation [Eq. (1.25), p. 14] becomes 


d*0 g ies 

sears 0(1 —¢0°). 
This is still a nonlinear equation. However, it can tell us that as the oscilla- 
tion amplitude of a pendulum increases, the oscillation frequency becomes 
smaller than the linear value, w)= Ja/l: Explain (qualitatively) why this 
is so, referring to the preceding equation. 
[Hint: The new frequency w(@) is found approximately from 

pawn wl d*0 
w*(0)~ Epa 


Calculate the average of 1-46’, assuming 0 =@, sin wt to find 


(80) => [1-708]. 


A more exact analysis yields the correction to the frequency 


c0(Bo) == [1-468] 


CHAPTER 2 


Wave Motion 


2.1. Introduction 


The world is full of all kinds of waves. Sound waves, waves on the water 
surface, electromagnetic waves [radio and TV waves, microwaves, visible light, 
ultraviolet (invisible), and X rays], earthquake waves, and brain waves are 
only a few examples. 

Waves are different from oscillations in the sense that waves propagate 
through a certain medium, or they move in space, while oscillations are localized. 
Consider sound waves in air. Our vocal chord is an oscillator and localized in 
our throat. But sound waves created by a vocal chord propagate through air, 
which is the medium for sound waves. Thus whenever we talk about waves, 
we have to have media for waves, and media must have spatial spread, large 
or small. For oscillations, time t was only the independent variable. If we choose 
time t, we can automatically find the instantaneous values of any oscillating 
physical quantities. For waves, however, we have another independent variable, 
the spatial coordinate x. This x should not be confused with that used in Chapter 
1 to describe the displacement of the oscillating mass. There x(t) was a dependent 
variable. In this chapter general properties of wave motion are outlined. 


2.2. Creation of Waves on a String 


Consider a mass M hanging from a ceiling through a spring (Fig. 2.1). This 
mass—spring system would start oscillating if we give it an initial pull or push. 
The oscillation would continue forever if all friction losses are negligibly small. 
Now connect a light string to the oscillating mass, at a certain instant. The end 
connected to the mass would start oscillating with the mass. At the same time a 
wavy Structure starts propagating along the string, with a well-defined spatial 
period. We denote propagation velocity by c,,. The spatial period becomes 
shorter if the oscillation frequency of the mass increases (Fig. 2.2). 

The figures shown in Fig. 2.1 depict snapshots taken at certain times. A 
point on the string just moves up and down, although the wavy structure itself 
is moving from left to right. 

The perturbation on the rope created by the oscillating mass is one example 
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String under tension 


Fig. 2.1. When a string is suddenly connected to an oscillating mass—spring system, sinusoidal 
waves start propagating along the string. 


Slower ———S C1) 
oscillator 


he 


Faster ere 


oscillator 


Fig. 2.2. The spatial period 4 (m) becomes shorter if the oscillation frequency is increased. 
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of mechanical waves. The oscillating mass is the driver for the wave in this 
example. What is transferred from the oscillating mass to the wave is nothing 
but energy (and momentum as well, as we will see later). Thus it is expected that 
the oscillation amplitude of the mass will become smaller and smaller, since the 
mass—spring system is transferring its energy to the wave on the rope. In other 
words, the oscillating mass—spring system is doing work. Of course, the mass— 
spring system can be replaced by other driving mechanisms, such as our hands. 
Then the energy reserve can be large and we can create waves as long as we want. 

The spatial period 1 (m) is called the wavelength. The wavelength is related 
to the frequency v through 


VAS Ci, (2.1) 


Displacement 


(oscillation 
period) 


R 


Observing 
point 


Fig. 2.3. Sinusoidal waves seen by a stationary observer. Note that the observer detects a sinusoidal 
variation in time. 


ea ae 
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since in one second the oscillating mass creates v waves, which propagate with 
the velocity c,,. Thus an observer looking at a certain point on the string will 
see v oscillations passing by in one second, or the oscillation period is 1/v=T 
(Fig. 2.3). 

If we know the propagation velocity c,,, we can immediately find the wave- 
length J, which the wave with a given frequency v should have. 

One of the major objectives of wave studies is to find this propagation vel- 
ocity cy for various kinds of waves, mechanical or electromagnetic. The pro- 
pagation velocity is the fundamental quantity to characterize waves and is 
determined by the physical constants of the wave medium. You may know that 
the sound velocity in air is about 340 m/sec and the velocity of light in free space 
is 3.0 x 10° m/sec. Where do these numbers come from? How can we predict the 
sound velocity in water and the velocity of light in free space? These questions 
will be answered in subsequent chapters. 

The waveform created on the string was sinusoidal (or harmonic) in the 
example. But this was simply due to the oscillatory (sinusoidal) motion of the 
mass. If a wave source oscillates sinusoidally, sinusoidal waves are created. 
Waves do not have to be sinusoidal, however. Suppose we hold the rope, and 
give a sudden jerk (Fig. 2.4). Then the waveform created is a pulse, rather thana 
continuous, sinusoidal wave. The pulse, however, propagates with the same 
speed as the sinusoidal wave. 


Jerk 
——_— (,) 


Fig. 2.4. Waves do not have to be sinusoidal. Here a single pulse is created by a sudden jerk. 
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Actually, waves we encounter in daily life are hardly simple sinusoidal 
waves. They all have complicated wave structures. The human voice can easily 
be demonstrated on an oscilloscope by detecting it with a microphone. As you 
will find, the waveform is rather complicated, hardly resembling a clear sinusoi- 
dal wave. 

No matter how complicated the waveform is, there is a way to approximate 
the waveform in terms of many sinusoidal waves. This procedure is called the 
Fourier analysis and we will study this very powerful mathematical method in 
Chapter 13. Here all you have to remember is that any functions can be approxi- 
mated by many sinusoidal functions. For this reason we can discuss waves in 
terms of simple sinusoidal functions, cos or sin, without much of a loss in 
generality. 


2.3. Sinusoidal (Harmonic) Waves 


Consider a sinusoidal wave with an amplitude A, frequency v cycles/sec, 
and wavelength 1(m) propagating in the positive x direction with a velocity 
Cy, (m/sec). We want to find a mathematical expression that contains all the 
preceding information. We again consider snapshot pictures taken at equal 
time intervals, as shown in Fig. 2.5a. We choose the reference time t=0 so that 
the snapshot taken at this time is described by the function 


2 
Asin (7 *), TEA (2.2) 


which is indeed periodic with a spatial period, 4 (m). The next snapshot is taken 
at t=t, by which the whole wave pattern has moved in the positive x direction 
by a distance c,,t (m). Since any function f(x) shifted in the positive x direction 
by a distance a is given by f(x—a), the equation to describe the wave pattern at 
t=T 1S given by 


A sin E (x — ca (2.3) 


At t=2t, the third snapshot is taken, and the equation for this wave pattern is 
given by 


A sin 2 (x — 2640) : (2.4) 


and so on. We can easily generalize this argument to the case of an arbitrary 
time t, and the general equation to describe the wave propagation is given by 


A sin E (x — ca) (2.5) 


Here we introduce a function f(x, t)and equate this to the preceding expression: 


f(x, N=A sin 2 (x — ca (2.6) 


Sec 2.3 SINUSOIDAL (HARMONIC) WAVES = 


baa ania 


f(x) f(x - a) 
7» 


N 


(b) 


Fig. 2.5. (a) Snapshot pictures taken at successive times.. The sinusoidal wavetrain at t=O is 
shifted or translated by a distance c,,t. (b) If a function f(x) is shifted in the positive x direction 
by a distance a, the function is described by f(x —a). If the shift is in the negative x direction, f(x +a) 
should be used. 


The quantity A can be any physical quantity associated with any wave. For the 
case of the wave on the string, A can be chosen as the vertical displacement 
associated with the wave, and thus has the dimensions of distance m, for sound 
waves in air, A can be the displacement of air molecules about their equilibrium 
positions; for electromagnetic waves A can be electric and magnetic fields 
associated with the waves; and so on. All kinds of sinusoidal waves can be cast 
into the preceding general expression. 

Let us fix the spatial coordinate x= x, (constant). This corresponds to 
observing the waves passing by as a function of time only. The observer must 
observe the point on the string at x = x, doing up and down motion in a sinusoi- 
dal manner. The frequency for this oscillation is equal to v. Mathematically, 
we have 


f (Xo, t)=A sin E (xo— ct) (2.7) 


which must have sinusoidal time dependence with the frequency v. Thus 


21 
—— Cy= 271, 


A 
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or 
C= we 


This result is consistent with our previous qualitative argument. 
Since w =2nv, we may rewrite f(x, t) as 


2 
f(x, )=A sin (2 ie ot] : (2.8) 
Furthermore, we may introduce a quantity defined by 
2n 
k=—_, 23 
7 (2.9) 


which has the dimensions of rad/m. The quantity k is called the wavenumber, 
although the actual number of waves in 1 m is given by 1/A. More appropriately, 
k should be called the angular wavenumber, just as we called w the angular 
frequency. However, we follow tradition. You must be careful about the factor 
2n whenever you use w and k. This k should not be confused with the spring 
constant used in Chapter 1. Also, in electrical engineering, f is frequently used 
instead of k and is called the phase constant. 

Using the angular frequency w and the wavenumber k, Eq. (2.1) can be re- 
written as 

Cw =F (2.10) 

You may wonder why we use w and k instead of v and 4, particularly since v 
and A alone can fully describe wave motion. The reason is more than just 
eliminating the factor 2x in Eq. (2.8). There is a lot more to it. The difference 
between cw and vy is not significant. They just differ by a factor 27. The use of k 
instead of 4 (or 1/A) is more fundamental. We will see later that k is actually a 
vector directed in the direction of wave propagation. 


Example 1. The velocity of displacement waves on a string is 40 m/sec. 
A driver oscillating with a frequency 15 Hz is connected to the one end of the 
string. Find the wavelength of the displacement wave created on the string. 
Since the wavelength is given by 


ee 
V 


2 


we find 


_ 40 m/sec 


= = 207) me 
15/sec 


Example 2. In the preceding example, determine A, k, and @ if the wave is 
written as 


&(x, t)=A sin (kx —t). 
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Assume the driver oscillates with an amplitude of 1.0 cm. 
The amplitude 4 is 1.0 cm. From k=2z/A, we find 


20 


k= 
2.67 m 


= 2.36 rad/m 


and from w=2nzy, 


@=2n x 15=94.25 rad/sec. 


2.4. Wave Differential Equation, Partial Differentiation 


In Chapter 1 we found the solution for oscillation from a differential 
equation of the form 


Sti? f 30, (2.11) 


The solutions of this differential equation are indeed sinusoidal, as we have 
seen. Here we ask the following question: What differential equation can yield 
the wave equation, such as A sin (kx —qt)? 
Since sin(kx—t) is periodic for both spatial coordinate x and time f, 

we expect that the differential equation contains both 

deaf d*f 

—, and ey 

We ibe ee 
Let us then try to calculate these second derivatives for the particular function 
f(x, t)=A sin (kx — at). Since 


df dkx—at) df 
(peed ao dlkx — at) 


(2.13) 


we find 


as —wA cos (kx — ot). (2.14) 


Further differentiation yields 


ail ae. 
Lo — A sin (kx — ot). (2.15) 


Similarly, for d? f/dx?, we find 
day : 
— ~=-—k’*Asi — ot). 
sad k* A sin (kx — ot) (2.16) 


But we know that [see Eq. (2.10) ] 
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Then the function f(x, t)=A sin(kx—ot) satisfies the following differential 
equation: 


di?” dx? 
This may not be the only differential equation satisfied by the function f(x, f), 
but it is at least one candidate. 

Here we need some mathematics regarding the extension of differentiation. 
In the preceding calculation, we took for granted the following variable trans- 
formation: 


dedvingo tual (2.17) 


Fo thx a, (2.48) 
FF kx 7) ann (2.19) 
with 
i (kx —wt)= —a@, (2.20) 
dt 
d 
Ix (kx —ot)=k. (222) 
However, 
- (kx —wt)=—@ 


is valid (or meaningful) only if x does not depend on t. Since x and t are inde- 
pendent variables, we can choose in fact any values of x and t to calculate the 
preceding differentiation. However, it is meaningful only if we fix the value of x, 
and as long as the differentiation is concerned, the spatial coordinate x should 
be momentarily frozen, x =constant. Physically, this corresponds to the situa- 
tion in which we fix the observation point on the string and look at only the 
time variation of the wave motion at that particular point. Thus, more rigor- 
ously, we should have written Eq. (2.20) as 


d 
ee (kx — Csi) |e = —Q. (222) 


Such a differentiation is called partial differentiation, and instead of the usual 
d/dt, we write 


= (kx — ot). (2.23) 


0/0t automatically means that the spatial coordinate x is frozen, and then we 
carry out the differentiation with respect to time in a conventional manner. 
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Partial comes from the fact that the differentiation 0/0t can give us the time 
derivative only, and nothing about the spatial derivative. The spatial partial 
derivative can be written as 


7) 
ae (kx —wt)=k, (2.24) 


in which we now freeze t, and vary only the spatial coordinate x. Physically, 
this corresponds to taking a snapshot picture at a given time. 

The partial derivative of the function f(x, t), which depends on both x and f, 
can be defined in exactly the same manner. For example, 0 f /Ot indicates that 
we carry out the usual differentiation with respect to t by freezing x, or assuming 
that x is a constant. Then for f(x, t)=A sin (kx —wt), we have 


af @ dL A sin (kx —at)] 


— =— (kx—ot 
ee eh 


= — WA cos (kx — wt). 
Notice that we did not write 
O[ A sin (kx — ot) ] 
kx —Wt)iac - 


since sin (kx — wt) contains the variables x and t, in the form kx —at, which is 
now a single variable with respect to which we differentiate the function 
A sin (kx — ot). In this case we can define a new variable X by X =kx—ot, and 
the derivative becomes 


d TT 
ax 4 sin X). 


This is simply an ordinary derivative with respect to X. Differentiation in this 
form is called total differentiation. 
Using the symbols 0/dt and 0/dx, we can rewrite Eq. (2.12) as 


CU ed, 
OL Seo” 


of hove if ORLCS NN) Ct 
: Cie eek Ox ae 
just as in ordinary differentiation. 

The partial differential equation we just found is called the wave (differen- 
tial) equation, and we will encounter this many times in the following chapters. 
Most waves, mechanical and electromagnetic, can be cast into this form of 
differential equation. Whenever we end up with a differential equation 

Z C2 
ae a) (2.26) 


Pena ya O1lse-.5 Aye Fan Bis 


(2.25) 


where 
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where the constant is yositive, we can immediately find a propagation velocity 


from 
Ca heonst. (2.27) 


For example, for electromagnetic waves in free space, the constant will become 


1 
const = ; (2.28) 
EoHo 
where &) = 8.85 x 107 !* F/mis the vacuum permittivity, and yg =42 x 107 ’H/m 
is the vacuum permeability. 1/./eolo gives 3.0.x 10° m/sec, the velocity of light 
in free space. 


Example 3. A two-variable function is given by f(x, y)=x?+ y*. (a) Make 
a three-dimensional plot of f(x, y). (b) Calculate 0 f/éx and 0 f/dy. (c) Indicate 
how 0 f/éx and 0 f/dy can be graphically shown in the plot for f(x, y). 


(a) See Fig. 2:6. 
(b) Cf /Cn=2xne fey =2y: 


(c) of/éx indicates the slope of a straight line tangent to the parabola 
f(x, Yo)=X*+y6 which is contained in the plane determined from 
y= Yo (const) (Fig. 2.7). 0 f/dy can be shown to have a similar meaning. 
It indicates the slope of a parabola, f(x9, y)=x3+y? (x9 =const) in 
the plane x =X. ; 


We can make a similar three-dimensional plot of the sinusoidal wave (see 
Fig. 2.8) 


f(x, )}=A sin (kx —ot) 


a 


Fig. 2.6. Example 3. Plot of f(x, y)=x?+y?. 
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(Q.y 


x 


Fig. 2.7. Example 3. 0f/0x indicates the slope of the tangent line to a parabola in the plane y= 
const. 


One spatial 
period 


— a 


One 
temporal 
period 
\ 
Wo? 
ARS / 
~~ 
W_ 7 
a 
Ne 7 2 
\\ 
£ 
ae 0) = 27 ro) = An 
t 0) = 0 
Fig. 2.8. 


Propagation of sinusoidal waves shown in x —t plane. ¢ is the phase. 


on the plane of x and t. The spatial wave structure at t=0 progressively moves 
in the positive direction of x, as t increases. The trajectory of points (x, t) satis- 
fying 


o@ =kx—qat=const (2.29) 


’ 
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is a Straight line. For example, the line 
kx=at (~=0) 


Or 


= |e 


ao 
a 
starts off at the origin and its slope x/t indicates the propagation velocity w/k. 


Example 4. Interpret the expression f(x, t)= A sin (kx +cat), where k, a>0. 


We rewrite f(x, 1)=A sin[k(x+t/k)]. This indicates that the spatially 
sinusoidal wave f(x, 0)=A sin kx at t=0 is shifted in the negative x direction 
by the distance (w/k)t=c,,t. Then the function expresses a sinusoidal wave 
propagating in the negative x direction with a velocity w/k. 


The quantity ¢ is called the phase and is measured in units of angle, radians 
or degrees. For a fixed time or the snapshot of the wave, the phase @ varies 
linearly with x, 


Wy) ee Wlo (to = const) 


However, since sinusoidal functions are periodic with the period of 2z, the 
two phases, ¢ and ¢, differing by a multiple of 2x (2x m, m=1, 2, 3,.. .) yield 
exactly the same value for the wave quantity. 


2.5. Nonsinusoidal Waves 


The wave equation 
Cae orf 
——_ = ¢., ——_ 
Ciage 20x" 
actually allows any function f(x, t) for its solution as long as f can be written as 
f(x, 0=f(x—c,t) or f(x+c,0. (2.30) 


Solutions to the wave equation do not have to be sinusoidal, in contrast to the 


case of the oscillation we studied in Chapter 1. The proof is straightforward. 
Since 


Of df 

iE vice c= 

ar a, 1X’ Beamer 
aca 

Ole nuh aces 

4 ke a7 
A ena 
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we immediately find that 


Py 
Cle Ox 


This is a surprising feature of the wave equation. The function f(x—c,,t) 
can take any form, sinusoidal, pulse, triangle, square, and so on. Let f(x —c,,t) 
be an exponential function, 


ce Cty = Ae tes (2.31) 


where A is the amplitude and a(m) determines the spatial width of the pulse 
(Fig. 2.9). At t=0, we have an exponential function 


f(x, 0)= Ae *@. (2.32) 


This function is parallel-shifted or translated by a distance c,,t after time t. 
That is, the exponential profile propagates with the velocity c,,, in the positive x 
direction. This exponential waveform can approximate the wave created on a 
string when we suddenly give a jerk to the end of the rope (Fig. 2.4). 

No matter what waves are created, they all propagate with the same speed 
c,,, determined by the medium. As briefly discussed earlier, the waveforms of 
sounds we hear are extremely complicated, nothing like a clear sinusoidal wave. 
However, as long as the propagation velocity is concerned, any sound wave- 
forms propagate at the same speed, about 340 m/sec at room temperature. 
Sound waves of a violin and those of a flute propagate with the same velocity. 
Imagine what would happen to an orchestra if this were not the case. Sounds 
from various instruments would be all mixed up, since they would reach your 
ears at different times! 

You should be cautioned here that waves are not always described by the 
wave equation 


Ce i 
are Ox?’ 


f (eed) 


Parallel shift 


Cyt 


t seconds later 


Distance x 


Exponential pulse wave shown at two different times. 
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which predicts the constancy of the propagation velocity independent of the 
waveform, or wave frequency. Sound waves and electromagnetic waves in free 
space can be well described by the preceding wave equation, but the waves on 
water surface, which is probably the most visible example of wave motion, 
cannot be described by this simple wave equation. The constancy of propagation 
velocity completely breaks down for water waves, and the propagation velocity 
depends on the waveform, or the wave frequency. The differential equation to 
describe the waves on water surface cannot be given by Eq. (2.25), but is more 
complicated. Another example is electromagnetic waves in matter, such as 
light waves in glass and water. As we will see, the velocity of light in glass is 
smaller than c= 3.0 x 10° m/sec and is about 0.67c at the wavelengths region of 
visible light, 4=4 x 10° ’-7 x 107’ m. More important, the velocity depends on 
the wavelength (or the wave frequency) even in that narrow wavelength region, 
and this in fact explains how a prism works (Chapter 7). 


2.6. Phase and Group Velocities, Dispersion 


At the end of Section 2.5 it was pointed out that certain waves cannot be 
described by the simple wave equation 


OW BG ) 
——=c(,—>. 2.33 
ar” x? ae 

Waves described by this differential equation all have constant propagation 

velocities irrespective of wave frequencies or wavelengths, 


Cy, = const. (2.34) 


If we plot w as a function of k, the graph is simply a straight line and its slope 
gives the propagation velocity (Fig. 2.10). 


Frequency w 


Wave number & 


Fig. 2.10. qw—k diagram for a nondispersive wave, w/k =c,,=const. 
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Such waves with a constant propagation velocity are called nondispersive 
or dispersionless. If the propagation velocity depends on wave frequency, such 
waves are called dispersive. Dispersive.waves do not have linear proportionality 
between w and k. An example of dispersive waves is shown in Fig. 2.11. It de- 
scribes how the wave frequency w depends on the wavenumber k for the electro- 
magnetic waves in a highly conductive medium, such as ionospheric plasma 
surrounding the earth. (This we will study in Chapter 9.) Note that the slope 
w/k varies depending on the frequency w, or wavelength, 4 =2z/k. 

Nondispersive waves are described by Eq. (2.33). As we have seen in previous 
sections, a wave pattern initially created is simply translated as time goes on, 
keeping its waveform unchanged. If a pulse is created, the pulse propagates 
without deforming its shape (Fig. 2.12). 

For dispersive waves this does not hold. The pulse initially created is 
severely deformed as it propagates. The pulse width Ax becomes larger and 
larger, and the pulse becomes widely spread or dispersed (Fig. 2.13). Now you 
see why we call such waves dispersive. The pulse, initially well defined and 
narrow, deforms its shape, and after a sufficiently long time it becomes difficult 


Frequency w 


Wavenumber k 


Fig. 2.11. w-—k relation for electromagnetic waves in a plasma. @, is called the plasma frequency 
and is determined by the density of free electrons. A similar w—k relationship holds for electro- 
magnetic waves in waveguides. 


Orr 


Distance x 


Fig. 2.12. A pulse propagates undeformed in a nondispersive medium. 
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Propagation 


Distance x 


Fig. 2.13. In a dispersive medium, the pulse is strongly deformed, or dispersed. 


to tell where the wave is located. Also, you can see that it is not easy to define 
the propagation velocity. By locating the peak at successive times, we can 
calculate how fast the peak is moving, but the portion of the pulse in front of the 
peak must propagate at a faster velocity than the peak, and the portion behind 
the peak must propagate at a slower velocity (Fig. 2.14). This spreading of pulse 
can be fully described once we find differential equations for dispersive waves. 
Let us again consider a sinusoidal wave f(x, t)=A sin (kx —at). As we have 
seen in Figs. 2.5 and 2.8, the collection of points all having the same phase, 


o@ =kx —wt=const 
forms a straight line on the x—t plane. The slope of the line gives the propagation 


velocity 


ae = Cy. 
The velocity defined by w/k is called the phase velocity, since the points of the 
same phase propagate with this velocity. In the m—k diagram, the phase velocity 
is simply given by the slope of the straight line connecting the origin O and a 
certain point on the curve describing w as a function of k, o=a(k) (Fig. 2.15). 

The velocity determined by the slope of a tangent line at a point on the curve, 
da/dk, is called the group velocity and can be different from the phase velocity 
«w/k. For nondispersive waves, 


O=c,k, c,=const 


plata Ast let A aurea > a 


| 
See oa a ee, 3 
| 
A | 
B ae A’ 


CPR Cones 


Distance x 


Fig. 2.14. Ina dispersive medium, the pulse is deformed as it propagates. The portion (A) in front 
of the peak propagates faster than the peak, and the portion (B) behind the peak more slowly than 
the peak. 
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Group velocity 


ae, (slope of tangent line) 


Frequency 


| 
| 
| 
| 
| 
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Wavenumber 


Fig. 2.15. In dispersive waves, the group velocity dw/dk is different from the phase velocity w/k. 


and the phase and group velocities are the same. In the example shown in Fig. 
2.15, the group velocity is slower than the phase velocity, as you can easily see. 
Thus we may redefine dispersive and nondispersive waves as follows: 


Dispersi ee 2.35 

ispersive waves qk? k (2535) 
; da @ 

Nondispersive waves are const. (2.36) 


2.7. Superposition of Two Waves, Beats 


Where does the name group velocity come from? Group of what? To answer 
this question, let us consider two sinusoidal waves of equal amplitude A, but 
different frequencies, w, and w,, both propagating in the positive x direction. 
The two waves thus have wavenumbers k, and k,, respectively, which can be 
found if the relationship between w and k is known. The sum of the two waves 
then becomes 


ries t) = A[sin (k,;x—q@,t)+sin (koxX—Wyt |. (2.37) 
We know that for any « and f (see Appendix B), 
a+p  o-B 


Oe 
COs 5 (2.38) 


wie? 
sin «+sin fp =2 sin 
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Then 


Tis J=2Aisin E + ka)x 5 (ai + ad 


E Ko) x hat a 
x COS : 


7 (2.39) 


If w, and w, are exactly equal, then k, and kz are too, and we simply have 
f (x, t)=2A sin (k,x—@,1), (2.40) 


or the amplitude is simply doubled, as it should be. Now let us consider a case 
in which w, and w, are slightly different, so that 


O,=@,+Aq@, Aq small. (2.41) 
Similarly, we let 
k,=k,+Ak, Ak small. (2.42) 
Then 
Ak A 
f(x, )=2A sin (k,x —@,t) cos Se mal (2.43) 
since 
W, +O, 204 + Ao 
Diahind SeeNDR aA: 
and 


ky +k, 2k,+Ak j 
pee he. Beit 


Let us see what this new waveform looks like. For this we take a snapshot at 
t=0, 


Ak 
f(x, 0)=2A sin k,x cos = nee (2.44) 


Since Ak <k, the wavelength associated with Ak/2 


nee 2.45 
~ Ak/2? eae 
is much longer than that corresponding to k,, 
ps 
hese (2.46) 
ky 


Thus the function that is a product of two sinusoidal functions is shown in 
Fig. 2.16. 
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Distance x 


ee: Al2 | 
1 By Beat wavelength 


ky = 1.125, Ak = 0.125k, 


2 


Fig. 2.16. When two waves (solid and broken lines in the top figure) with slightly different wave- 
lengths (and thus frequencies) are added, the amplitude is modulated and clumps are formed. 


The fine ripples of the short wavelength propagate with the phase velocity 


W 
ae ee 
ky 


But the envelope determined by the factor 


ea ( Bie onc hcn) 
Set on od) 


C 


propagates with the velocity 


Aw/2_ Aw 
Aki) Ak. 
By making Aw and Ak sufficiently small, Aw/Ak approaches the group velocity 
dw 
=—., 2.4 
Gr Tk (2.47) 


The clumps formed by several short waves may appropriately be called groups of 
waves, and these clumps propagate with the group velocity, which can be 
different from the phase velocity for dispersive waves. 

We will see in later chapters that any waves must carry energy and 
momentum. It will be shown that energy is transferred with the group velocity, 


_ rather than the phase velocity, and in this respect, the group velocity is a more 


fundamental quantity. 


Example 5. The dispersion relation of electromagnetic waves in the 
ionospheric plasma is given by 


wo? =we+c7k?, 
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where w, is a constant (called the plasma frequency) and c is the speed of light 
in free space, 3.0 x 10° m/sec. Assuming w,=1.0 x 10° rad/sec, calculate the 
phase and group velocities at a frequency of v= 20 MHz (see Fig. 2.17). 


Since w = 2nv=1.26 x 108 rad/sec, we find 
i 
=— ./w? —w; =0.254 rad/m. 
é 


Then the phase velocity is 


a 1 26palo? 
CoE asa =497< 10° 1m) seq. 

The group velocity is given by 

dw d sO Ga 

Cg= wo, t+c*k* = = 

dk dk len? + c7k? co/k 

Then 
(3.0 x 107)? 
GG Ra. a 1.81 x 108 m/sec. 


In the preceding example the phase velocity is actually larger than the speed 
of light c. This, however, is not in contradiction to Einstein’s relativity theory, 
which claims that nothing can travel faster than the speed of light. As briefly 
mentioned earlier, the energy of waves travels with the group velocity rather 
than the phase velocity, and as long as the group velocity does not exceed c, 
no contradiction to the relativity theory should arise. 


Frequency w (108 rad/sec) 


Wavenumber k (rad/m) 


Fig. 2.17. Example 5. w—k relation. The phase velocity w/k is larger than the speed of light, but 
the group velocity dw/dk is not. 
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Beat period 


Fig. 2.18. Beats caused by the superposition of two waves of slightly different frequencies. 


The superposition of two waves of slightly different frequencies yields an 
important phenomenon called beats (Fig. 2.18). Let us fix the spatial coordinate 
x in Eq. (2.43), say at x =0. This corresponds to an observer standing at x =0 
and seeing the waves passing by. He will observe a waveform given by 


A 
f(0, t)= —2A sin @;t cos = t (2.48) 


which indicates that the amplitudes of high-frequency (w,) oscillations are 
modulated by the slowly varying (Aw <q ) sinusoidal function, cos (Awt/2). 
The clumps appear every 27z/Aw=1/Av sec. Thus in the case of sound waves, 
for example, one hears the sound intensity going up and down with a frequency 


A 
Ave = yy val (2.49) 
TU 


This intensity modulation is called the beats. A piano tuner uses this beat 
phenomenon when he tunes a piano using tuning forks. 


Example 6. When a certain note of a piano is sounded with a tuning fork 
of a frequency 580 Hz, 5 beats are heard every second. Find the frequency of the 
note. 


Let the frequency be v. Then 
|580—v|=5, v=575 Hz or 585 Hz. 


The beat frequency alone cannot determine which is the note frequency. 

However, in practice the piano tuner can tell which (piano or fork) has a higher 

frequency by sounding one immediately after another. Beats are frequently used 

in tuning musical instruments. Zero beat indicates that two sound sources have 
_the same frequency. 


Problems 


1. A displacement wave on a string is described by 0.02 sin [27(0.5x — 10f)] 
(m), where x is in meters and t in seconds. Find 


(a) The propagation velocity. 
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(b) Wavelength 2 and wavenumber k. 
c) Frequency v and angular frequency o. 


Amplitude of the wave. 


(Cc) 

(d) Direction of propagation. 
(e) 

( 


Answer: 20 m/sec, 2m, x rad/m, 10 Hz, 207 rad/sec, positive x, 2 cm.) 


Find the expression for the wave in Problem | propagating in the negative 
x direction. 


Repeat Problem 1 for a wave given by 0.03 sin (5x — 150t) (m). 


Plot f(x, t)=0.1 sin [272(0.5x—20t)] as a function of x at. t={a) Ossee 
(b) 0.0125 sec, (c) 0.025 sec, (d) 0.0375 sec, and (e) 0.05 sec. Convince your- 
self that the wave pattern progresses in the positive x direction as time goes 
on. 


The speed of electromagnetic waves in free space 1s 3.0 x 10® m/sec. CBC 
Regina uses a frequency of 540 kHz (Hz, hertz =cycles/second). Find the 
wavelength. 


(Answer: 556 m.) 
Find the wavelength of wavy groove structure on an LP record (333 


rev/min) for a sound wave with a frequency | kHz. Consider two radial 
positions on the record, r=(a) 15 cm and (b) 10 cm. 


(Answer: 0.52 mm, 0.35 mm.) 


Calculate 
Ch akc Manel 
Ox Soy toner) Cy waco), 


for functions 


(a) f(x, y)=sin (x —2y) 
(bye fCagy= x? ewe 


(a) Show that f(x, t)=0.1 sin [27(0.5x — 20r)] satisfies the wave equation 


(b) What is the propagation velocity? 


(a) Plot f(x, t)=0.5 e “75” as functions of x(m) at t=0, 0.5 sec, 1.0 sec. ~ 
Convince yourself that the preceding expression describes a pulse — 
propagating in the positive x direction. 

(b) Find the differential equation the preceding expression should 
satisfy. 

A certain wave has w—k relationship (or dispersion relation) given by 


Osh Sale ke 
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(a) Plot w against k for 0<k<3x 10° rad/m. 

(b) Is the wave dispersive or nondispersive? 

(c) Find the phase and group velocities at k=1 x 10° rad/m. 
(Answer: 970 m/sec, 910 m/sec.) 

( 


a) Add two sinusoidal waves 


2 sin (5x — 1500f), 2 sin (5.1.x — 15300). 


(b) What is the beat frequency? 
(c) What is the beat wavelength? 
(Answer: 4.8 Hz, 62.8 m.) 


The phase velocity of surface waves in deep water is given by 


One igs its 
ee 


where T, is the surface tension (7.3 x 10° * N/m) and p is the water mass 
density. 


(a) Find the expression for the group velocity. 


(b) When a stone is thrown into a pond, waves of many wavelength 
components start propagating. What would be the slowest wave- 
length? Note: A stone thrown into water gives an impulse-like 
disturbance, which contains many wavelength components. 


CHAPTER 3 


Some Mathematics 


Taylor expansion of mathematical functions is used frequently in the 
following chapters. Since you may not be too familiar with this powerful 
mathematical technique, it would be appropriate to devote one chapter to 
this subject and related mathematical formulas. 

Taylor’s theorem goes as follows: A function f(x) can be expanded in 
terms of a power series of x as 


24 fO 


F(x)= fla+ f'(a)(x ay + 


Oy 
ol 


fa) (3.1) 


(ia) sei 
where a is an arbitrary value of x and f‘” (a) is the nth derivative of f(x) 


evaluated at x=a. The proof is straightforward. Let f(x) be expanded in a 
power series as 


f(x)=Aop+A,(x—a)+A,(x—a)*?t+-+- = ANC 
m=0 


where A,’s are constant. Ay can be immediately found as f(a) by letting x=a. 
To determine A,, we differentiate f(x) n times, 


=Y A,m(m—1\(m—2):++(m—(n—1)\(x—ay"—" 


mean 
and let x =a. Then only the term m=n remains nonzero, and 
qd" 


— f(x)|.=a=n(n— Le LAL eae 
dx 


or 
1 
ear fae (a), 
n!} 
which gives Eq. (3.1). 


50 


| 


SOME MATHEMATICS 51 


As an example, let f(x)=sin x. Since 


— sin’x =Ccos x 


dx 
2 
== Silex = — sin x 
dx? 
d? 
= Sines —cOs-< 


dx? 


we find 


sin x =sin a+(cos a)(x —a) 


_ sina bal COS. 
ign) eee 
sin a COS a 
Pag Oo) oe 51 Clee (32) 
If we choose a=0, sin 0=0, and cos 0= 1, and we find 
1 1 1 
Sinhv=x— —X tex = =x te, (3.3) 


3! 5! 7! 


This is the series expansion of sin x about the origin x =0. If x 1s small (x is 
measured in radians here; small x means |x| <1 rad), sin x can be approximated 
by sin x~ x. (This has been used for analyzing pendulum oscillation in Chapter 
1.) 

You should prove the following power series expansions by yourself. 


1 1 1 
SG hey ee eas md 
cOsSxX=i1 a arin ae + (3.4) 
t he Tie oh (3.5) 
Sa lid a ao ae 
an X=X+,X° 475% 
- uses peek Cane (3.6) 
e ed nears tye eens 
A particularly important case is the binomial expansion 
—1 —1)\(n—2 
(L+xfa1tax + ewe = eae a (3.7) 


where n is an arbitrary number (not necessarily an integer). For this we let 
oe) (1x) in Eq. (3.1), and a=0. Then 


f(O=n 
f(0)=n(n— 1) 
fMO)= n(n — 1)(n—2) 
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and we readily obtain Eq. (3.7). We have also already used this binomial 
expansion in Chapter 1; n can be any number—positive, negative, or even 
complex. For example, let n=. Then 


(oe) he ee (3.8) 
For n= — 1, we find 
payc insta exto (3.9) 
If x is small, we may approximate (1 + x)” by 
(1+ x)"’~+1+nx. (3.10) 


Let x be replaced by x+a in Eq. (3.1). Then we find another form of the 
Taylor expansion 


f(a) 


ii: sil: (3.11) 


f(x+a)= f(a)t+ f(ax+ 


Thus if x is small, we can approximate f(x +a) by 


Lx =O iia). (3.12) 


retaining up to only the first-order term in the power series. This approximation 
will be frequently used in the following chapters. (See Problem 6.) 

Using Eqs. (3.3), (3.4), and (3.6) we can prove the following important 
relationship: 


e® —cos 0+i sin 0, (3.13) 


where i=./—1. To prove this, let x =i0 in Eq. (3.6), where 0 is a real number 
(positive or negative). Then 


| 2 I 4 
e! "=1+i0+5, (10) +5, (io) +7, (8) a 
Bsa er dea ery Mi a; 
. 3! 4! 
nel 1 ot 
big? Ba 
= ime aes 6a a t0 5 i 
a. 4! 6! 
+ iL0— =; 67+ ~95— aR bs (3.14) 


s; 
Recalling Eqs. (3.3) and (3.4), we see that Eq. (3.13) indeed holds. Using this 
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b F———— a + ib = rei 


Imaginary axis 


a x 


Real axis 


Fig. 3.1. Polar representation of the complex number a+ib=re’®. 


formula, we can express any complex number a+ ib (a, b real) in the form of (Fig. 
8.1) 


re. (3.15) 
where 
Baw doeebe (3.16) 


aCe 
O=tan (2) (3.17) 


re? — ./q* +b? (cos 6+ sin 0) 


since 


and 


a 
b 


Equation (3.15) is called the polar representation of complex numbers. 


cos @= 


sin 0 = 


Example 1. Write 1+i/3 in the form of polar representation (Fig. 3.2.). 
Since a=1, b= + ./3, we find 1+i.J/3=./1+3 e*®, where 
@=tan™! (./3/1)=2/3 rad. 
Then 
1+if3=2e2in9 
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Figs. 22) Wt ea on the complex plane. 


Example 2. Assume a solution of the form f =Ae'“*~° to the wave 
equation 


Te S, 
Ci Ox 


Show that f given previously satisfies the wave equation provided w? =c2k?. 


Since 
0 i(kx — wt) 1, ,(kx — wt) 
ax Ae = Aike 
xX 
62 
; 5 Aei™ — ot) ae A(ik)7e'* — ot) 
xX 
C i(kx — wt) : i(kx — wt) 
me Ae = A(—iw)e 
C2 
5 Aellkx — ot) ge A( ra ia) el — ot) 
ot , 
we find 


— Aq ei — 2) — —CoAk et 


PROBLEMS aD 
or 

wo? =c2k?. 
Example 2 indicates that the partial derivative 0 f/0t can be replaced by —iwf, 
if f(x, t) is assumed to be 

Aei™ = cot) 


Similarly, 0 f/0x can be replaced by ik f. When we want a solution of the form 
Acos(kx—at), we can take the real part of Ae“*~®?. For A sin (kx—at), 
we can take the imaginary part of Ae“*~°”. This so-called operator method 
greatly simplifies mathematical analyses of oscillation and wave phenomena. 
We will study this subject in more detail in Chapter 13. 


Problems 


1. Prove Eas. (3.4), (3.5), and (3.6). 
2. What is the power series expansion of e 


3. Show that 


-x9 


Bae e* eg os a e* — eo ix 
xX = ae a a ee 
4 2i 
4. Electromagnetic waves in the ionosphere are described by the following 
differential equation, 
07E 67E 
Z 
ie ae Wp jie C2 pee : 
where «, (called the plasma frequency) is a constant, c= 3.0 x 10° m/sec is 
the ed of light in vacuum, and E(x, t) is the electric field associated with 
the waves. Using the operator method, show that the dispersion relation 
for the wave is given by 


wo? =05+c7k?. 
5. Show that the wave differential equation to be satisfied by the dispersion 
relation given in Problem 10 (Chapter 2) is 


Cig pti eans Higee ot 


Ot Ox éx? 
6. Show that if Ax is small, f(x +Ax) can be approximated by 
F(x) + f'(x) Ax. 


7. Show that the differential equation to yield the dispersion relation of water 
wave w” =gk can be given by either 


ig Ge 


Gt? 


56. 


or 


8. Calculate </i. | 
(Answer: +(1 iy ey 


CHAPTER 4 


Mechanical Waves 


4.1. Introduction 


Waves can be classified into two major categories, mechanical waves and 
electromagnetic waves. Mechanical waves are those that can be created and 
propagated in elastic material media. Sound waves in gases, liquids, and solids, 
and waves on an elastic string are typical examples. All mechanical waves can 
be described fully by Newton’s equation of motion once we can find appropriate 
forces to act on a small volume (or segment) of media. Electromagnetic waves, 
on the other hand, do not require any material media. Vacuum is an excellent 
medium for electromagnetic waves (light, radio and TV waves, etc.). However, 
electromagnetic waves can propagate in material media, too, depending on 
wave frequencies. Maxwell’s equation are needed to describe electromagnetic 
waves. Electromagnetic waves in material media need both Maxwell’s equations 


and Newton’s equation of motion. 


In this chapter general aspects of mechanical waves are discussed. One 
important requirement for a medium to accommodate mechanical waves is 
that the medium be elastic. If it is compressed or expanded by a force, it should 
be able to restore its original shape when the force is removed. Sound waves 
can be propagated in a hard soil, but not in soft clay. Waves can be created ona 
rope under a tension, but not on a rope without tension. 

Another essential fact is that any material media (air, water, solids) have a 
mass density. Air is light but has a finite mass density of 1.29 kg/m? at 0°C, 
1 atmospheric pressure, which determines, together with the pressure, the 
velocity of sound waves in air. 

Elasticity and inertia (mass) are two major physical qualities that determine 
the propagation velocity of mechanical waves. You should recall that we have 
already encountered similar requirements for mechanical oscillations. For a 
mass—spring system, the spring provides the elasticity or restoring force and 
determines the potential energy, and the mass provides the inertia of the system 
and determines the kinetic energy. Thus elasticity and inertia (mass) are physical 
qualities common to oscillating systems and medium for mechanical waves. 
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4.2. Mass—Spring Transmission Line 


Here we attempt to construct or model mechanical waves and their media 
using many units of mass—spring combination (Fig. 4.1). A single unit (one spring 
and one mass) cannot accomodate waves since it has no spatial spread. For 
waves we need a medium spatially spread, and thus many mass—spring units 
connected in series. 

Suppose that each unit contains a spring with a spring constant k and a 
mass m and has a length Ax, which is also assumed to be the natural length of 
each spring. Thus if we do not apply any force to disturb the system, the masses 
are located at equilibrium positions, x =Ax, 2Ax, 3Ax,... . Let us give the left 
end a sudden push displacing it by a distance € 9. The first spring is then com- 
pressed and tends to push the first mass. Because of its inertia it takes the mass 
a finite time before it moves to the right and then pushes the second spring. 
If the mass finally moves the distance € 9, the first spring is relaxed back to its 
natural length. Since the first mass now moves the distance &9, the second spring 
repeats what the first spring did but does this after some delay. The sequence 
repeats on and on along the system (Fig. 4.2). 


Spring constant 


k m k m k m k m k m k 


Fig. 4.1. Mechanical transmission line composed of mass—spring units. 


ome PUSH 


ALBERTO TIT TIT LVITIT OTT OTT 


ae 
AAO TOO TOTO) THT OTH OHIO 


om &) 


AEST OTD VOTO) WIH EVO) THT 


a 6 


GETS) ORDO AO TIT OTTT-O DODO 


ie AITO TUTTO TAVTT BAO THVT THOTT 


Fig. 4.2. When a sudden push is given to the end of the transmission line, the disturbance starts 
propagating. ¢, indicates the displacement of masses from their original positions. 
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The time delay depends on how strong the spring is and how heavy the 
mass is. If the spring is strong (larger k), we expect the spring can restore its 
original length quicker, and the time delay will be shorter, and if the mass (m) 
is larger, the time delay will be larger. Since the delay time is a measure of wave 
velocity, we expect that the expression for the wave velocity contains a factor 
k/m. 

In the preceding example, we can already see some of the fundamental 
properties of mechanical waves. First of all, the model transmission line has 
both elasticity (provided by the springs) and a mass density m/Ax (kg/m). There- 
fore it is expected to be a medium for mechanical waves. Second, we can see that 
what propagates with the disturbance (or wave) is energy. By squeezing the 
first spring, we have provided it with an initial potential energy 4ké3. The 
spring then transfers this energy to the first mass, which now acquires a kinetic 
energy. Since the mass then tends to squeeze the second spring, the energy is 
transferred to the second spring, and so on. Notice that neither springs nor 
masses move along with the disturbance. They stay more or less at original 
positions that are slightly displaced by a distance €9 after the disturbance has 
passed. The wave velocity thus has nothing to do with the material velocity, 
and in fact the two velocities are independent as long as the displacement ¢€ 
is sufficiently small (linear wave medium). 

This far we can go without using mathematics. But we wish to find out 
exactly how the propagation velocity is related to the factor k/m. We can do 
this with our newly acquired knowledge of Taylor expansion. 


4.3. Derivation of Wave Equation 


Let us pick up one unit of the mass—spring system located at a distance x 
from the left end. When a wave is created, each mass deviates from its equilibrium 
position. We denote the displacement of the mass originally (in equilibrium) 
located at x by &(x), that of the mass at x + Ax by ¢(x +Ax) and that of the mass 
at x —Ax by &(x — Ax). (Fig. 4.3) The spring to the left of the mass at x suffers a 


(b) 


(ioe 
E(x — Ax) E (x) &(x + Ax) 


Fig. 4.3. A portion of the transmission located at x is shown (a) without wave (equilibrium) and 
(b) with wave (perturbed). 
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net length change given by 


Ax+ &(x)—[Axt &(x—Ax l= e(x)— E(x —Ax) (4.1) 
and exerts a force on the mass given by 
F_=k[¢(x)—¢(x —Ax)] (4.2) 
directed to the left. The spring to the right of the mass at x similarly exerts a force 
F, =k ¢(x+Ax)—¢(x)] (4.3) 
directed to the right. Thus the net force to act on the mass at x is 
F=F,—F_=k[é(x+Ax)+ é(x —Ax) —2€(x)]. (4.4) 


You should be careful about the direction of two forces, which is introduced 
only for mathematical formality. Actual direction of each force of course depends 
on the magnitude of displacements €(x — Ax), €(x), and €(x +Ax). Consider the 


special case €(x —Ax)=0, ¢(x + Ax)=0, shown in Fig. 4.4. F_ is given by k&(x), 


a positive force directed to the left. F, is given by —k€(x), a negative force 
directed to the right, which is equivalent to a positive force directed to the left. 
In Fig. 4.4 it can be clearly seen that both springs tend to push the mass to the 
left, as intuitively expected. 

The new location of the mass originally located at x is given by 


x + €(x). (4.5) 


But x is simply the location of the mass in equilibrium and is an independent 
variable. Hence our equation of motion for the mass becomes 


d* E(x) 
m 
dt? 
However, the displacement € is a function of two independent variables, t and x, 
and we should write, using the partial derivative, 
67E(x, t) 
m 
oe 


We are getting closer to the wave equation in Chapter 2. To finish up, let 
us expand ¢(x+Ax, t) and &(x — Ax, t) in terms of the power series of Ax using 


=k[ E(x +Ax)+ &(x — Ax) — 2€(x)]. (4.6) 


=k[¢(x+ Ax, t)+ ¢(x — Ax, t)—2€(x, #)]. (4.7) 


_ eee eee ff, < 
oe TPO VITO WMO TIM as 


E(x — Ax) = 0 ioe EN(xc Ae 


Fig. 4.4. Sign convention of forces exerted on a mass by springs. Actual force can be opposite to 
the formal force. 


Sie 
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Taylor expansion. Assuming that Ax is small, we find 


0¢ arg 
(x + Ax, D~eXx, 26 Tatts (Ax)? (4.8) 
0 1 6? 
E(x —Ax, t)~ E(x, t)— Ax aes Gok \7: (4.9) 
Then the right-hand side of Eq. (4.7) is simplified as 
ime 
k — ax? (Ax)?, 
and the equation becomes 
ae iiee 
or 
62 2 
SPE eR) Sa 2e 
a) ae (4.11) 


This is exactly of the form of the wave equation we had before [Eq. (2.26). 
The propagation velocity c,, is determined as 


Sig Nev has (4.12) 
which indeed contains the factor k/m, as we expected. 


We may rewrite the velocity as 


k Ax 


t= santa (4.13) 


k Ax is called the elastic modulus of the spring and has the dimensions of force, 
Newtons. We denote this by K=k Ax. This elastic modulus is actually more 
convenient than the spring constant k, since it is a normalized constant. Let a 
spring have a spring constant k and a natural length /. To elongate (or compress) 
the spring by a length Al, we have to apply a force 


i Kai 


_ which can be rewritten as 


In this form, the strain Al/] is a normalized quantity, and the elastic modulus K 
is a constant determined from the spring material and its shape, but independent 
of the length. 
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Using the elastic modulus K, the velocity now becomes 


K 
one Lies (4.14) 


Since m/Ax is the mass per unit length or the linear mass density (kg/m), denoted 


by p;, we find 
l K 
Pat: lelastic modu us _ fe (4.15) 
mass density ey 


In fact, all mechanical waves we are going to study have a similar expression 
for their propagation velocities. The propagation velocities of mechanical waves 
are determined by the elasticity and the mass density of media. 


Example 1. A spring of a total mass of 0.5 kg and a natural length of 1.5 m 
is elongated by 5 cm when it is stretched by a force of 20 N. Find the velocity of 
mechanical waves along the spring. 


Since 
Fa R Al=K 


we find 
in 20 N x 1.5m 


Al 0.05m 
= 600 N. 
The linear mass density is 
OSik 
ee OB Aika/m 
1.5m 


Then 


K 
c= [Kaan m/sec. 
i Pi 


Notice that in the preceding example, the mass density is that of the spring 
itself, and you may wonder why we can use the wave equation, Eq. (4.11). 
which was actually derived from a model having discrete springs (massless) and 
masses. The answer to this question is that Ax, the length occupied by the unit 
mass—spring combination, can be chosen as small as we want, since the velocity 
is determined by K, the elastic modulus, and the mass density p;. Both quantities 
remain finite no matter how small Ax is chosen. Thus although what we started 
from was a discrete medium, taking a proper limit (Ax—0), we can go into a 
continuous medium, such as the spring we used in the example. The spring has a 
mass uniformly distributed along its natural length. A similar technique will 
be used in Chapter 9 on electromagnetic waves. 


! 
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ENERGY CARRIED BY WAVES 


4.4. Energy Carried by Waves 


63 


In Chapter 2 it was briefly pointed out that any waves should carry energy 
and momentum with them. Let us see if this is the case for the waves on the 
mass—spring transmission line. We again look at the unit located at x. The 
displacement of the mass at this location was given by (x, t). Thus the velocity 


of the mass becomes 


0 
v(x, t) -< (velocity wave)* 


and the kinetic energy of the mass is given by 


The potential energy stored in the spring to the right of the mass is 


YU Ot 


K.E. = he? =m (Sy (J). 


P.E.=4k[ E(x + Ax) — E(x) ]?. 


Using the Taylor expansion for (x +Ax), we find 


However, since 


and 


we find 


Recalling 


PE Ax) (zy 
x 


(4.16) 


(4.17) 


(4.18) 


(4.19) 


(4.20) 


(4.21) 


we conclude in traveling mechanical waves, the potential energy (because of 


elasticity) and the kinetic energy (because of mass motion) are the same everywhere 


and anytime. 


*Not to be confused with the wave velocity c,,! 
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The total energy is then 


dé.\4 
Wave energy =2 ximc2 | - 
ial eee (= 


Pu vaclet int 
=mc2 ( *) (4.22) 


We may define the energy per unit length of the transmission line by simply 
dividing this by Ax. 


d 2 
Wave energy density =/1Cw (5) (J/m). (4.23) 


To illustrate an example, let us consider a sinusoidal wave, 


E(x, t)=€q sin (kx — at) (4.24) 
where 
w K 
Tamers fe (k=wavenumber, not spring constant) (4.25) 
l 
Then 
“£4 sin [k(x —eyt)] =o a sin kX 
dX O Ss x Cw =a Sil dX sin | 
=ké&, cos [k(x —c,,t)], (4.26) - 
and we find 


Wave energy density = 9,c2,k*é3 cos? (kx — at) 
= 900°C 4 COS? (kx — Oh (4.27) 
This function is plotted in Fig. 4.5 at t=0 (snapshot). These energy clumps 
propagate with the wave velocity c,, since Eq. (4.27) also satisfies the wave 


equation. The average value of the energy density is just one half of the peak 
value (Fig. 4.5). 


Average wave energy density =4p,7€$ (J/m). (4.28) 
Thus the energy carried by the wave in 1 sec. is 


Rate of energy transfer =4c,,p,*E4 (J/sec.). (4.29) 


The concept of the average power resembles that in ac circuit theory. If a 
sinusoidal current Ig sin wt(A) is flowing through a resistor R(Q), the instant- 
aneous power is RIé sin* wt (watts). The time averaged power is defined by 
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é(x, t = Q) 
& sin kx 


aed Cw 


x 


Displacement 


Distance 


pi w3&o2 Cos? (kx) Average py w2 &p2 


Energy 
density 


Fig. 4.5. Displacement &(x, 0) (top) and wave energy density (bottom). The broken line indicates 
the average wave energy density 3,76. 


as (ae 1—cos 2wt 
oS RI? sin? wt dt=— Rp ee it 
T |, 0 SIn™ W T |, 0 5} 


where T is the period of the oscillation, T=2z/w (sec). The factor 4 always 

appears for the average value of energy (or power) associated with oscillating 

physical quantities. You may recall the rms (root-mean-square) value of the 
current in the preceding example is I/ ep which comes from 


$RIZ= RI? - 


(Fig. 4.6). To create the waves the oscillator has to give energy to the waves. 
The waves now propagate down toward the damper, where the wave energy is 
converted into heat. How much energy can be transferred in one second is 
totally determined by the amplitude of displacement waves, and the oscillator 
frequency, in a given wave medium. 


| 
| Aah 
The oscillator connected to the transmission line creates waves on the line 


Energy 
source 


Wave transmission line 


Fig. 4.6. Energy can be carried by waves, from one place to another. The damper dissipates 
wave energy into heat. 
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Example 2. A mechanical oscillator with a frequency of 30 Hz is connected 
to the spring in Example 1. The oscillator creates a wave with an amplitude of 
1.5 cm. Find the power the oscillator has to deliver. 


Power =4¢,,0,;07€3 


=% x 42.4 m/sec x 0.33 kg/m 
1 2 
x (2x x 30 xz) X(L5 x10 sim 
Sec 


=—)5.9 WSCC =D OeU a 


As Eqs. (4.20) and (4.21) indicate, the kinetic and potential energies 
associated with mechanical waves must be the same. This reminds us of the 
energy relations we had for mechanical oscillations. However, there is an 
important difference between the two cases. In waves, potential and kinetic 
energies are the same at any time and at any location, while in oscillation, al- 
though the amplitudes of both energies are the same, they are mutally exclusive, 
tossing the energy back and forth. Later, in Chapter 6, we shall see that a wave 
medium of a finite spatial extent can become essentially an oscillation system. 


4.5. Momentum Carried by Waves 


The momentum carried by waves can be similarly calculated. You would 
conclude prematurely that since the momentum of the mass at x is 


m=m—=m ma [E> sin (kx — at) | 
= —mw€q cos (kx — at), (4.30) 


which oscillates and thus whose average value is zero, the sinusoidal wave 
cannot carry net momentum. This, however, is a wrong argument. As a mass 
moving with a constant velocity has both a kinetic energy mv?/2 and a mo- 
mentum mv, any waves (mechanical and electromagnetic) should carry both 
energy and momentum. 

To see this let us consider the wave on a spring with an elastic modulus K 
and a linear mass density p,. The quantity we have to watch carefully is the mass 
density p;. If we stretch the spring, the mass density decreases (although the total 
mass m is unchanged), and if we compress it, the mass density increases. In the 
presence of waves any point on the spring suffers elongation and compression, 
and the local mass density certainly varies! Thus the momentum density (in this 
case, the momentum per unit length) should be written as 


(p, + Apy)u, (4.31) 


where p, is the mass density in the absence of the wave and a constant, Ap, is 
the change in the mass density due to the wave, and v is the velocity of the local 
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point on the spring, 


o¢ 
=. 4.32 
The mass density change Ap; can be found as follows. Let us pick up a 
portion on the spring occupying a length Ax in the absence of wave (Fig. 4.7). 
The total mass of this section is 


Ax p; (const). (4.33) 


Suppose the point originally at x suffers a displacement €(x) and that at x +Ax 
suffers a displacement ¢(x + Ax). The original length Ax now becomes 


Ax + &(x + Ax) — &(x). (4.34) 
Using the Taylor expansion for &(x + Ax), [Eq. (3.12)] 
0 
E(x + Ax) ~ E(x) +S Ax, (4.35) 
we see that the mass Axp, is now distributed over a length 
0 
aly pes Ax. (4.36) 
Ox 


However, the total mass should be unchanged and equal to p,; Ax. Therefore 
we must have 


0 
(p,+Ap,) (ax+Sax)=p Ax, (4.37) 
or, after expanding LHS, we find 
0&é/0x 
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Ax + &(x + Ax) — E(x) 


Fig. 4.7. (a) Spring in equilibrium. (5) In the presence of a wave the length becomes Ax + ¢(x + Ax) 
— ¢(x), which causes the change in the mass density. 
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If |0E/Ax| <1, which we assume, we can neglect 0¢/0x, compared with 1 in the 
denominator, and finally obtain 


og 


Api= — Piz (4.39) | 


Ox 
(This appropriately defines the “density wave.”) 
Substituting this into Eq. (4.31), we find 


Momentum density = p, 2 — pi - = 
Assume a sinusoidal wave 
€(x, t)=€ sin (kx —at). (4.40) 
Then 
Momentum density = — p,@& 9 cos (kx — ot) 
+ pyok&% cos? (kx — at). (4.41) 


As we did for the energy density, we take the average over the spatial coordinate 
to find 


k 
Average momentum density =4p,wk€$ =— 4p,07€5 
@ 
= 4,063 / cy (4.42) 
Comparing this with Eq. (4.28), we find the following important conclusion: 


average energy density 


Average momentum density = (4-45) 


wave velocity (cy) 

Although we derived this conclusion for a particular mechanical wave, it 
holds quite generally, even for electromagnetic waves. Remember that whenever 
energy is transferred, momentum must be transferred as well, and there exists 
a simple relation between them. 


Example 3. Find the rate of momentum transfer (the momentum trans- 
ferred in one second) in Example 2. 


The energy transfer rate is 55.9 J/sec. Thus the momentum transfer rate is 


55.9 J/sec 


4d maJseg 7 132 Vm =132N. 


Note that the momentum transfer rate is equivalent to a force N. in this one- 
dimensional case. 


Example 4. A giant laser pulse with a power of 500 MW (megawatts) and | 
a duration of 10 nsec is completely reflected by a mirror. Find the momentum _ 


gained by the mirror. The velocity of light is 3.0 x 10® m/sec. 
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The momentum transfer rate is 500 MW/3 x 108 m/sec= 1.67 IN) Since the 
laser beam is reflected, the laser beam suffers a momentum change twice as 
much as it would when completely absorbed by a black object. Thus the 
momentum gained by the mirror is 


Ap=1.67 N x 107° sec x2 
= 3.33 x 10° ® N-sec. 


Example 4 will be studied again later. Here this example is given only to 
illustrate that electromagnetic waves can indeed carry momentum with them. 
The force exerted by electromagnetic waves is called the radiation pressure. 
When you enjoy sunlight on a hot summer day, you should realize that sunlight 
is actually pushing you, although the force is extremely small. The radiation 
pressure can become substantial for powerful laser beams, as the preceding 
example indicates. Sound waves in air also exert a net force on our eardrums. 


4.6. Transverse Waves on a String 


In Section 2.2 we briefly discussed the waves on a string. To create waves on 
a string the string must be under a tension, as we often experience in string 
musical instruments. This tension provides the elasticity that is a fundamental 
requirement for creating mechanical waves and plays exactly the same role as 
the spring elastic modulus, K(N). In fact, the velocity of the waves on a string 
under a tension T(N) has a form very similar to Eq. (4.15) and is given by 


ue 
Cx fe : (4.44) 
Pi 


_ where p, (kg/m) is the linear mass density of the string. 


However, there is a fundamental difference between the waves on a string 
and those in a spring. The difference is in the direction of motion of mass. In 
the case of the spring [Fig. 4.8a], segments of the spring move in the same 
direction (parallel or antiparallel) as the wave velocity and create mass com- 
pression and rarefaction. Such waves are called longitudinal waves. Sound 


~ waves in solids, liquids, and gases are all longitudinal waves and will be studied 


in the following chapter. On the other hand, the waves on a string are associated 
with the mass motion perpendicular to the wave velocity, as clearly seen from 
Figs. 2.1 and 2.2. Such waves are called transverse waves, since mass motion Is 


_ in transverse directions relative to the wave velocity. In general, waves that can 


be described by vector quantities perpendicular to the wave velocity are called 
transverse waves. In the case of the string, the string displacement § is normal 
to the string, or the direction of propagation. Most electromagnetic waves are 
transverse waves, as we will study later. 

Let us derive the expression for the wave propagation velocity on a string 
[Eq. (4.44)]. As before, we pick up a small segment on the string having a length 
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Compression 


ee Cy Wave velocity 
Se, 
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Rarefaction displacement 


SC, Wave velocity 


(6) String 


Transverse 
displacement 


Fig. 4.8. Longitudinal and transverse waves. In longitudinal waves the displacement € is in the 
same direction as the wave velocity, c,,. In transverse waves, the displacement § is normal to c,. 


Ax (Fig. 4.9). The segment has a mass given by 
p\Ax (kg). (4.45) 


Our purpose here is to derive an equation of motion for this mass. We also 
assign the displacements for each end of the segment (x) and ¢(x+Ax), which 
are now perpendicular to the x axis, the direction of wave propagation. Since 
the string is under a tension force T (N), we find the net vertical force 


F=F,—F_=T sin @,—T sin @,, (4.46) 


where 0, and 6, are the angles of tangent lines at A and B, respectively, 


O 
tan 0, -< at x 
x, 


Fig. 4.9. A segment Ax on the string suffers a displacement (x, f) normal to the string. 
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and 
0 
tan 0, Bia at x +Ax. 
Ox 


If the displacement €(x, t) is small, so are the angles, and we may approximate 
sin 6 by @ and tan 0 by 6 (see Chapter 3). Therefore 


F=T(02—0;) 
ress 
-1( 


where 0€/0x\,. +x indicates the value of 6€/0x evaluated at x + Ax. Using Taylor 
expansion [ Eq. (3.12)], we find (put f =0é/0x) 


i (4.47) 


x+Ax Ox 


0¢ 0¢ Gre 
— ——| ~Ax —> A 
Ca eae ag OG a Ox? Stal 
and then 
rag 
F=AxT os (4.49) 


This is the force to act on the segment with the mass p,; Ax. Therefore Newton’s 
equation of motion gives 


Orc Cc 
PI Ax Bye AXE aye 
Or 
Cee oe G 
at? py Ox? tv) 


This equation is identical to Eq. (4.15) except K is replaced by T, both having 
the same dimensions, N. Equation (4.50) immediately yields the velocity of 
transverse waves on the string, Eq. (4.44). 


Example 5. A sinusoidal transverse wavetrain is moving along a string 
having a mass density of 20 g/m. The string is under a tension of 40 N. The 
amplitude of the wave is 5 mm, and the wave frequency is 80 cycles/sec. (a) 
Write down an expression for the displacement wave ¢(x, t). (b) For the ex- 
pression assumed in (a), find the expression for the velocity wave. (c) Calculate 
the average energy density, power, and momentum transfer rate. 


(a) The wave velocity is 


Cy = /T/p,= (40 N/0.02 kg/m =44.7 m/sec. 


is 
“ 
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Since the frequency is 80 cycles/sec and the amplitude is 5 mm, we may write 
; x 
E(x, t)=5 x 107 3 (m) sin (2 7 - anv] 


=5 x 107 3 (m) sin (11.25x — 5032) 
where A =c,,/v=0.56 m is the wavelength. 
(b) Since the velocity wave is given by 
u(x, t)=0é/dt 
we find 
v(x, t)=5 x 107 3 x (— 503) cos (11.25x — 503t) m/sec 
= — 2.5 (m/sec) cos (11.25x — 5030). 


(c) It can be shown that the expressions we obtained before for energy, 
power, and momentum transfer rate in the longitudinal waves in a spring are 
also applicable for the transverse waves on a string (Problem 6). Then from 
Eqs. (4.28), (4.29), and (4.42), we find 


Average energy density =4p,w*é 


=6.3x 107? J/m 
Average power =c,, x energy density 
= 2.00 W.. 
Average momentum transfer rate = power/c,, 
=6.3 % [0p ae 


You may wonder how a momentum can be transferred along the string — 
even though the displacement € is transverse to the string. In the case of spring, 
spring elements (or mass) move along the spring, and we could calculate the 
net momentum transfer rate rather naturally. Actually, string elements, too, 
do have small but finite parallel displacement. In Fig. 4.9 € indicates only the 
transverse component of the total displacement. For the purpose of wave 
propagation velocity, only the transverse displacement is required. However, 
as we discovered in finding the momentum transfer rate for waves on a spring, 
we have to be careful in retaining small, higher-order quantities to calculate the 
net momentum. 

Let us consider a string segment Ax that experiences a transverse displace- — 
ment €, as shown in Fig. 4.10. The instantaneous velocity of the segment is 
perpendicualr to the displaced string. The velocity component parallel to the 
unperturbed string is then given by 


4 


dé dé 
Oy Fy pele bs 
v sie teas (4.51) 
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Fig. 4.10. There exists a small but finite parallel velocity component associated with waves on a 
string. This is responsible for the momentum transfer along the string. 


where we have substituted 6~0é/éx and v=0é/ét, and assumed a small angle 
0 so that sin 0~@. Then the parallel momentum of the segment Ax is 


Assuming a harmonic displacement €(x, t)=€o sin (kx — wt), and averaging over 


x, we obtain the RMS momentum density 


k 
Sp(@éo)? a (N-sec/m) (4.52) 


[Steps of derivation are left as an exercire (Problem 6).] This is identical to 


: what we found for the momentum density in a spring and consistent with the 
general relationship between energy density and momentum density, Eq. (4.43). 


Problems 


1. 


2. 


When a helical spring of mass 0.1 kg and natural length 2 m is stretched by 
a force of 30 N, an elongation of 10cm results. Find the velocity of longi- 
tudinal waves along the spring, assuming that the spring is at its natural 
length. 


(Answer: 109.5 m/sec.) 


A device called a wave demonstrator consists of rods [moment of inertia 

of each I (kg-m7’)] and springs [torsional constant of each t (N-m)] 

alternatively connected with a spacing Ax as shown in Fig. 4.11. 

(a) Derive a wave differential equation for the angular displacement 
Cie. -t): 

(b) What is the propagation velocity? 

(Answer: (b) cy =~/t(Ax)2/I.) 
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associated with wave 


Fig. 4.11. Problem 2. 


3. A driver attached to one end ofa long spring of mass density 0.5 kg/m and 
elastic modulus 300 N creates sinusoidal waves of displacement amplitude 
2 cm and frequency 40 cycles/sec. Neglecting wave reflection from the 
other end, find (a) the power (average, or RMS), (b) the average rate of 
momentum transfer. 


(Answer: 155 W, 6.3 N-sec/sec.) 
4. Consider a pulse 
ECs) oe wa ve 


propagating with a velocity c,, along a spring of mass density p; (kg/m) 
and elastic modulus K (N). Calculate 

(a) kinetic energy 

(b) potential energy 

(c) momentum 


associated with the pulse. 
(Answer: K.E.=P.E. =(./2/2p,)(Eoc,,)"/2a, momentum = ./7/29,€$cy/d). 


5. A sinusoidal wavetrain is moving along a spring. The amplitude of the — 
displacement wave is 0.5 cm and the propagation velocity is 25 m/sec. 


(a) Write down an expression to describe the displacement wave, €(x, 1). 
(b) For the expression assumed in (a), find the expression for the velocity 


Wave. 


6. Show that the expressions for the average energy density, the average 
power, and the average momentum transfer rate associated with sinusoidal 
transverse waves on a String are identical to those derived for longitudinal 
waves in a spring. 


7. A steel wire of radius 0.5 mm is subject to a tension of 10 N. Steel has a 


1 


10. 


13. 
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volume mass density of 7800 kg/m°. Find the velocity of transverse waves 
on the wire. 


(Answer: 40.4 m/sec.) 


A steel wire having a radius of 0.4 mm hangs from the ceiling. When a 
mass of 5.0 kg is hung from the free end, what is the velocity of transverse 
waves on the wire? 


(Answer: 112 m/sec.) 


Show that if the tension is varied by a small amount AT, the change in 
the velocity of transverse waves on a string is given approximately by 


palrayt 


|i\y Cag 
pias 


Cws 


where T and c,, are the original tension and velocity, respectively. 


Show that if the mass density is varied by a small amount Ap;, the change 
in the velocity of transverse waves on a string is given approximately by 


Ac, = at mu Cws 
2 ? 


where p; is the original mass density. 


A mechanical oscillator connected to the end of a stretched string creates 
transverse displacement of the end given by 


€ =0.01 (m) sin (201). 


The tension in the string is 10 N and the string has a linear mass density 
of 20 g/m. Find (a) the velocity of transverse waves, (b) the frequency vy, 
(c) the wavelength, (d) the average power delivered by the oscillator. 


(Answer: 22.4 m/sec, 3.2 Hz, 7.0 m, 9 mW.) 


Assuming that about 20% of the power of an incandescent lamp is con- 
verted into light power (the rest is wasted as heat), estimate the radiation 
pressure at a distance 2 m away from a 100-W light bulb. The velocity of 
light is 3.0 x 10° m/sec and the bulb radiates light isotropically (ie., in 
every spherical direction). 

(Answer: 1.3x10~? N/m? for black absorber, 2.6x10~? N/m? for a 
mirror.) 


It is possible to find an exact dispersion relation for a longitudinal wave 
on the periodic mass—spring transmission line as shown in Fig. 4.1 without 
the restriction that the wavelength be much longer than Ax. In other 
words, the equation of motion, Eq. (4.7), can be solved exactly. Let (x, t)= 
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E, sin (kx —at) in 
07é 
m a = kL ex + Ax) + Ex — Ax) —2E(x)] 
where k is the wavenumber and k, is the spring constant. 
(a) Calculate ¢(x + Ax)—€(x) and €(x — Ax) — &(x) using 
at+p . a- 
Z 


sin 
a 


sin «—sin Bp =2 cos 


(b) Show that the equation of motion yields the following dispersion 3 


relation: 


a? Be (*5 ") 
m 2} one 


(c) Check that in the long wavelength limit Axk <1, we recover 


OS kfm AR: 


(d) Plot wm asa function k for0<k<7/Ax. 


(e) Is the wave dispersive or nondispersive? Calculate the phase and 


group velocities. 
[Note: Equation (4.7) is called a second-order difference equation, 


which is closely related to the differential equation. Under appropriate — 


limits (such as long wavelength limit), a difference equation reduces to a 
differential equation. Since in atomic or molecular scales, each molecule 


must be treated as a discrete particle, the difference equation is more — 


fundamental than the differential equation, which holds only if the medium 
of concern can be regarded as a continuous medium. Another important 


application area of difference equation can be found in numerical (com- _ 


putational) integration of differential equations. In this scheme a different- 
ial equation is translated into a difference equation, which computers can 
handle with ease. ] 


CHAPTER 5 


Sound Waves in Solids, Liquids, and Gases 


5.1. Introduction 


Longitudinal waves in an elastic body (or medium) are generally called 
sound waves. The most familiar sound waves are those in air. However, even in 


solids or liquids, sound waves can be propagated. 


Sound waves are associated with compressional and rarefactional motion 


of molecules in the direction of wave propagation, in a manner similar to the 


longitudinal waves along a spring. In solids, transverse waves can also exist. 
Earthquakes generally produce both longitudinal waves and transverse waves, 
the latter propagating slower than the former. When we are hit by an earthquake, 
we first feel horizontal movements corresponding to the longitudinal waves, 
and some time later, tumbling vertical movement corresponding to the trans- 
verse waves. 

In this chapter we study general properties of sound waves (longitudinal 
waves) in solids, liquids, and gases. 


5.2. Sound Velocity Along a Solid Rod 


In the previous chapter we learned that propagation velocities of mechanical 
waves are in general given by 


elastic modulus 
¢,= /-————————___. (oath) 
mass density 


_ As we learned in mechanics, the elastic modulus is a constant that relates the 


Stress to the strain as 
stress =elastic modulus x strain. (3:2) 


For the case of a continuous spring having a mass density uniformly distributed, 
we had 
Al 


_where the stress is the force itself (N) and the strain is Al/! (dimensionless). 


cai 
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The proportionality between the stress and the strain is known as Hooke’s law. 
Hooke’s law for an elastic body (rather than the spring) takes a slightly 
different form. Consider a solid rod with a natural length /(m) and a cross 


section A (m7) (Fig. 5.1). If a tension F(N) is applied along the rod, the rod will 


be elongated by a length Al, and we may write 


Al | 
F =const = (5.4) 


However, if the cross section is increased, a larger force must be applied to get 


the same deformation, Al. Therefore the constant in the preceding equation is — 


still size dependent and is not a real material constant. If we divide Eq. (5.4) by 
the cross section A and write 


ey ee (5.5) 


the inconvenience can be removed. The constant Y(N/m7) is called the Young’s 
modulus and is a material constant. Equation (5.5) may be regarded as the 
microscopic form of the Hooke’s law. 

The stress in this case is thus given by the force per unit area N/m’, and the 
elastic modulus Y has the same dimension. 

The mass density of the rod should be the volume mass density, p, (kg/m?), 
rather than the linear mass density, as in the case of the spring and string. The 
propagation velocity of longitudinal waves in the rod is thus given by 


elastic modulus VG 
C= ——= |/—. (5.6) 
mass density 18h, | 


It should be remembered that we are dealing with a rod, rather than the 


unbounded volume of solid. The expression for the wave velocity, Eq. (5.6), is 


Cross section A 


Clamp 


Force F 
Force per unit area 
is F/A 


fa al a eee ta 


Fig. 5.1. Relative elongation of a solid rod Al/// is proportional to the force per unit area F/A 


(Hooke’s law). 
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valid only for a rod, along which pure longitudinal waves are propagated. The 
velocity of longitudinal, spherical waves in an unbounded solid contains an 
additional factor in the elastic modulus (shear modulus) and is larger than that 
given by Eq. (5.6). Liquids and gases, on the other hand, cannot support shear 
stress (and thus transverse waves), and such complication does not occur. 
Transverse waves on a string discussed in the previous chapter may be alter- 
natively called shear waves. 

Any longitudinal mechanical waves can appropriately be called sound 
waves. The most familiar form of sound waves is of course that in air, in which air 
molecules move back and forth in the same direction as the velocity of the sound 
waves. The molecules in the rod do the same thing. They suffer displacements 
in the same direction as the wave velocity. Whenever molecules are displaced, 
there occurs density increase or decrease (corresponding to compression and 
rarefaction, respectively) just as in the longitudinal waves in the spring. 

The energy and momentum densities associated with the sound waves in 
solids can similarly be found, if we replace p; (linear mass density) by p, (volume 
mass density) in Eqs. (4.28) and (4.43), 


Energy density =4p,@7€5 (J/m?) (5.7) 
ieee ole 
Momentum density 2 (N-sec/m?) (5.8) 


both for a sinusoidal wave with a displacement amplitude €, (m). The power 
flow needs some explanation. If the rod has a cross section A (m7), the wave 
energy per unit length along the rod is (see Fig. 5.2) 


3p.0°Eo A (J/m). (5.9) 
In one second, the energy of an amount 


p> A-cy (J) (5.10) 


Fig. 5.2. In 1 sec, 4c,p,w7€3A (J) energy is transferred through the cross section of the rod. 
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goes through the cross section A (m7?) at an arbitrary location. Hence, the power 
density (energy flow rate across a unit area in unit time) is 


5P,0°ES Cw (W/m?) (5.11) 

This quantity is called the intensity of the wave. 
Example 1. Steel has the Young’s modulus of 2x 101’ N/m? and the 
volume mass density 7800 kg/m?. Assuming a sinusoidal longitudinal wave of 


displacement amplitude of 1.0 x 107° mm and a frequency v=5 kHz, in a steel 
rod, find (a) the wave velocity, and (b) the wave intensity. 


2x 1011 N/m? 
= =51x10° 
Cs -jr- iS SEE 5.1 x 10° m/sec 


(b) From Eq. (5.11), 


Intensity =49,@7 2c, 
=5 x 7800 kg/m? x (2m x 5 x 10° rad/sec)? x (107 ? m)? x 5.1 x 10° m/see 
= 1,96 x 1072 W/m?. 


In the table, Young’s moduli, densities, and sound velocities of typical 
materials at room temperature are shown. 


Material ~ ¥(x 101° N/m’)  p, (kg/m?) ce, (x 10° m/sec) 


Aluminum 6.9 2,700 5.0 
Cast iron 19 7,200 Sch 
Copper fal 8,900 one 
Lead 1.6 11,340 i ee 
Steel 20 7,800 yi 
Glass 5.4 2300 5.0 
Brass (70% Cu, 30% Zn) 10.5 8,600 30 


rat F Rigorous Derivation of Sound Velocity Along a Solid Rod 


In finding the propagation velocity of sound waves in solid rods, we have 
just used the general expression obtained in Chapter 4, | 


com, fate modulus (5.12) | 
mass density | 


Here, for redundancy, we try to derive Eq. (5.6) directly from the Hooke’s law — 
and the equation of motion. The procedure, however, is almost exactly the same. 
as we did in Chapter 4. 
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Consider a long, uniform rod with a cross section A (m*) having Young’s 
modulus Y(N/m7) and a mass density p, (kg/m). We pick up a thin slice of 
thickness Ax, located at a distance x (m) from one end of the rod (Fig. 5.3). 

When a sound wave is excited along the rod, the thin slice will move about 

its original location. At the same time, the slice is deformed since the forces to 
-act on the cross sections A, and A,4,, will be different. Let the displacements 
of the cross sections of A, and A,.+ 4, be €(x) and &(x + Ax), respectively (Fig. 5.4). 
Then the net deformation is 


0 
: FASC FO 2 Ax (5.13) 
Ox 
where we have used the Taylor expansion for é(x + Ax), 
4) 
E(x + Ax) E(x) a Ax: (5.14) 
Then Hooke’s law, 
Stress = Y x strain (5.15) 


becomes 


Fy (06/0x) _ 5 OC (5.16) 


A Ax Ox 


Fig. 5.3. Solid rod in equilibrium. The small element having a volume of A Ax experiences no net 
force. 


| 


Fig. 5.4. With the presence of a wave, the volume A Ax is displaced. At the same time, the volume 
is deformed. 


: 


Be pe) Oe 
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Notice that Ax is the original thickness of the slice, and corresponds to / in Eq. — 


(5.5), and Ax (d&/dx) corresponds to Al. Next, the equation of motion, 
Mass x acceleration = net force, (3.199 


can be written down as 


‘ol OF 
PyAxA CF aaieet A) = Esl (5.18) 
Ot Ox 
where we have Taylor-expanded F(x + Ax). Substituting Eq. (5.16) into Eq. (5.18), © 
we find 
Ed BGR 
ro ae os . (5.19) 
Pv Ox 


and the propagation velocity can immediately be found as 


-[F (5.20) 
= i : 


Notice that any physical quantities associated with the sound wave should — 
obey the same equation. If we differentiate Eq. (5.19) with respect to x, we get — 


ore eer Oba 
Over pox >a | 
But 
F 0€ 
mA cir 
ji ax (pressure or force wave). 


Hence we find that the force F(x, t) obeys the same differential equation. — 


Similarly, the velocity defined by 


o¢ 
v=— (velocity wave) 


Ot 


should obey the same equation, too. However, you should realize that the force _ 


F and the velocity v are not of the same form as the displacement €. For example, — 


if we assume a sinusoidal wave given by ¢(x, t)=& > sin (kx—qt), the force 
becomes 


0g 


F(x, th=AY ay TAY kEo cos (kx — wt), (5.22% 


x 


which is 90° out of phase with respect to the displacement € (Fig. 5.5). The | 
velocity is also 90° out of phase with respect to €. Since the work is given by | 


force x displacement, we can easily see that the rod is not doing any work, or 
gaining any energy, on average. The average of the function 


sin (kx — wt): cos (kx — at) (5.23) 
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& sin kx 


Pz. t = 0) 


AYk &) cos kx 


: Fig. 5.5. The force wave is 90° out of phase relative to the displacement wave. Both waves are 
shown at r=0. 


‘is exactly zero. The rod is transferring energy from left to right, but not dis- 
sipating or creating energy at all. The rod can accommodate energy that is 
moving or propagating in the rod, and only acts as a medium for the wave. 

| In fact, good wave media all have this nondissipation property. By good 
itis meant here that media do not dissipate energy. Otherwise, the wave energy is 
gradually eaten up or dissipated by the medium, and by the time the wave 
‘propagates down to the other end, little energy is left. In practice, however, 
"any waves in material media suffer damping. In our studies, however, we assume 
that dissipation is small, except for one case in the chapter on electromagnetic 
waves in metals (skin effects). In other words, media we study are all reactive 
media. The concept of reactive media will become clear in chapters on electro- 


_magnetic waves. 


5.4. Sound Waves in Liquids 


Sound waves require a compressive (and thus rarefactive) medium. Sound 
waves in solids are possible because solids are elastically compressive. Water Is 
compressive, too, and there is a relationship between the force F and the change 
_in water volume AV just as in Hooke’s law for solids. 

Consider a liquid in a rigid cylinder occupying a volume V (m°) in the 


absence of compression force (Fig. 5.6). If the cylinder has a cross-sectional 
| area A (m2), the stress due to the force F (N) is F/A (N/m/’), and the strain is 
| —Al/l, where —Al is essentially the change in the volume —AY, since V= Al. 
The stress-strain relation for liquids is written as 

F Al AV (5.24) 


| it te 
| 


84 SOUND WAVES IN SOLIDS, LIQUIDS, AND GASES Chap. 5 


ya Rigid cylinder wall 


Fig. 5.6. Water (or liquids) can be compressed by an external force. 


where Mz (N/m?) plays the role of Young’s modulus in solids and is called the | 
bulk modulus of liquids. Notice that for a compressive force as shown in Fig. — 
5.6, the volume change AV is negative, AV<0. The bulk modulus is a material — 
constant and has the same dimension as Young’s modulus. Since the mass 
density is inversely proportional to the volume 


p,V=const (5.25% 
the decrease in the volume causes an increase in the mass density, and we may 
write Eq. (5.24) in an alternative form, 

if Be 


BEY 
AN vasigo a! 


Ap,>0 if AV<0. (5.26) 


Once we find the elastic modulus (Mz in this case), the velocity of lon- | 
gitudinal (sound) waves is immediately found as 


M 
eee eee (5.27) 
Pv 


in analogy to Eq. (5.6). Since liquids cannot support shear stress, this expression 
is not subject to the geometrical constraint (rod) as the sound waves in solids. 


Example 2. Water has a mass density of 10° kg/m? and a bulk modulus of | 
2.1 x 10° N/m7?. Find the velocity of sound waves in water. 


M, [21x 10° N/m? 
cy= |—= |—_— 
Pr 10° kg/m? | 


= 1.45 x 10° m/sec. 
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Example 3. Derive Eq. (5.27) directly from Newton’s equation of motion 
for a small elementary volume in a liquid. Follow the procedure employed in 
Section 5.3 for the sound waves in solids. 


We consider a pipe filled with a liquid in which a sound wave is excited. 
A small element with a thickness Ax has a mass py A Ax, where p, is the unper- 
turbed liquid mass density, and A is the cross section of the pipe. Let the dis- 
placements of surfaces S$; and S, be €(x) and ¢(x+Ax), respectively (Fig. 5.7). 
Then the net volume change from the original volume A Ax is 


A[Ax + €(x + Ax)— &(x)]— A Ax 
= Al ¢(x + Ax) — ¢(x)] 


0¢ 
mA 
pany 


where we have used Taylor expansion for the quantity ¢(x + Ax), 


E(x +Ax)~ E(x) ri Ax. 
Ox 


This change in the volume must be caused by the internal force F acting on the 
surface of the element. From Eq. (5.24), we then find 
F 1 0g 0g 
2 A AN = — Mp A 
A 7 A Ax * ax ® ax ) 
However, the force to act on the surface S, and that on S, must be different in 
order to cause the displacement of the whole volume, A Ax. The net force 
directed to the right is 
OF 
F(x)— F(x + Ax)~ —Ax —, (B) 
Ox 
where we have again Taylor-expanded F(x +Ax). Then the equation of motion 
for the segment can be written as 
a7é OF 


Ax—. (C) 


a ee 
Rog eh pt? Ox 


Cylinder wall pies Sy So 


Filled | 
ith F(x) <j} F(x + Aw) 
fiquid oY | | : 


/ aw: 


reo seme 


xt Axit E(x + A) 


Fig. 5.7. Displacement of two surfaces S, and S, originally separated by Ax. 
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Substituting the force in Eq. (A) into Eq. (C), we finally obtain 
62E Mz dé 


— D 
Ch meOnee oe ee 


which immediately yields the sound velocity, Eq. (5.27). 


5.5. Sound Waves in Gases 


Sound waves in air are probably the most familiar wave phenomena. 


Human ears can detect sound waves with frequencies ranging from about 20 Hz 
to 20 KHz (audio frequency range). Some animals (dogs, bats) apparently 
can detect sound waves with higher frequencies (ultrasonic frequencies). Fre- 
quencies below the audible limit are called infrasonic frequencies. Quakes are 
usually accompanied by infrasonic waves in air beside physical waves in the 


ground. Acoustics is one physicoengineering branch devoted to the studies of — 


sound waves and their applications. 


Sound waves can be created by physical objects oscillating or vibrating. _ 
When we speak, our vocal chords vibrate to create compressive and rare- _ 
factive motion of molecules in air. At room temperature, ~ 20°C, these com- | 


pressive and rarefactive air molecule patterns propagate at a speed of 340 m/sec. 
Since sound waves in air (or gases, in general) are still one of the mechanical 
waves, we can find the sound velocity from the general formula 


elastic modulus 
Ce eee ee ae 
mass density 


Air, for example, has a mass density 
Py = 1.29 kg/m? 


at O°C and the atmospheric pressure. The elastic modulus of gases is defined in 
the same manner as that for liquids. 
As before (see Fig. 5.8), we consider a cylinder with a cross-sectional area 


A (m7) and a length ! filled with a gas having a pressure P. If the piston is pushed 


by an external force, F (N), the pressure rises (AP, the change in the pressure, is 
positive), but the volume decreases by A Al. If we recall that gas pressure P 
and the volume occupied by the gas Vare related through the equation of state 


i 
; 


PV’ =const, (5.23i 
where y is the ratio of specific heats, we find [after differentiating Eq. (5.28)] | 
NR Vesey aN) (5.29) 
Therefore 
AV 


V 


AP=—yP—. (5.30) 
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Cylinder wall 


Gas pressure P 
volume V 


Al =O 
AV <O 
AP >0O 


pig. 5.8. When a gas is compressed, the pressure increases, which is due to the increase in both 
_ molecule density and temperature. 


Since V = Al, AV =A Al, we finally obtain 


AP Sy P= (5.31) 


This is identical to Eq. (5.24) (stress-strain relation for solids) provided we 


replace F/A (which has the dimensions of pressure, N/m’) by AP, and Mz 
_by yP. Therefore we may define the bulk modulus of a gas having a pressure P 
and a ratio of specific heats y by 


M,(gas)=yP (N/m?). (5.32) 


Denoting the volume mass density of the gas by p, (kg/m), we find the sound 


velocity is given by 
tr 
cet i (m/sec). (5.33) 


The origin of the additional factor y (compared with the sound velocity in 
liquids) stems from the fact that gases tend to be heated when compressed. The 
pressure of a gas is given by 


P=nk,T (N/m?), (5.34) 


_where n is the number density of gas molecules (m~°), kg is the Boltzmann 
constant, 1.38 x 107° J/K, and T is the absolute temperature (K). If the gas 
_is compressed, the molecule density obviously increases. At the same time, the 


gas is heated if the gas is thermally insulated from external agents. Then the total 


88 SOUND WAVES IN SOLIDS, LIQUIDS, AND GASES Chap. 5 


pressure increase 1s given by 


AP =k,(AnT +n AT) 


| 
_p (A757) | (5.35) 
n T 
Recalling 
An AV | : 
Eq. (5.34) becomes 
AV AT 
P=—P—+P—., 5.32 
A aC. (5.37) 


which is obviously larger than the pressure change due to the density (or volume) © 
change alone. The coefficient y is defined from 
AV AT AV 

P V ects cal yP y (5.38) 
and is always larger than or equal to 1. Its numerical value depends on what 
molecules the gas contains. For gases with monatomic molecules, such as helium | 
(He) and argon (Ar), y=5/3. For gases with diatomic molecules such as oxygen — 
(O,), nitrogen (N,), and air (mixture of oxygen and nitrogen gases), y=7/5. 
y is given by y=(f+2)/f, where f is the number of degrees of freedom of 
molecular energy partition. For monatomic gases, f =3 (or y=5/3) corres-_ 
ponding to three possible kinetic energies, mvz, 4mv;, 4mvz in x, y, z coordinates. — 
In diatomic gas additional two degrees of freedom come in (Fig. 5.9). These are © 


Moment of inertia 
about z axis is 


negligible 
Uz 


é > Atom 


& Spring to simulate 
2 molecular binding force 


e 5. oR 
ae a is 


x Rotational — \. Vibrational Translational 
motion motion motion of the 
whole molecule 


Fig. 5.9. Translational, rotational and vibrational energies of a diatomic molecule. 
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associated with rotational energies about two axes of bound atoms as shown. 
Rotation about z axis has negligible energy because of the small moment of 
inertia. You may wonder why one should not include the vibrational energy 
along the z axis. Only quantum mechanics can answer this question. As the 
energy of the electron in a hydrogen atom is not arbitrary but quantized (or 
discrete),* so is the energy of this vibration in the diatomic molecule. That is, 
the vibration energy cannot increase with temperature, and this energy does not 
contribute to the number of freedoms. (Bound vibration is not free in a sense.) 
A brief introduction to quantum mechanics is given in Chapter 14. It is interest- 
ing that quantum effects appear even in sound waves, which have been an 
important physical subject since Newton’s era. 


Example 4. Find the velocity of sound in (a) air and (b) helium gas at the 
atmospheric pressure and a temperature of 0°C. 


(a) Since air is largely composed of nitrogen and oxygen gases both having 
: diatomic molecules, we may choose y=7/5. The pressure P is 1.0 x 10° N/m? 
and the mass density p, is 1.29 kg/m? at 0°C, 1 atm pressure. Then 


| yP 1.4.x 1.0 x 10° N/m? 
w= —_ = aS. 2S aE ee ero 50 | 8) ° 
eras. 1.29 kg/m? MERE 


(b) Since helium gas is monatomic, we choose y=5/3. The mass density 

_p, can be found as follows. One mole of a gas occupies 22.4 L under the atmo- 

spheric pressure at 0°C and contains 6 x 107° (Avogadro’s number) molecules. 

Since helium has an atomic weight of 4.0,¢ a helium atom has a mass of 

4x 1.67x 10°?’ kg, where 1.67x 10° *’ kg is the proton mass. Then the mass 
| density of the helium gas becomes 


10° L 


~3—0.18 kg/m?. 
24L B/ 


6x 1072x 4x 1.67x 10° 7’ kg x 


_ The velocity of sound is 


| — fypP [5/3 x 1.0 105 N/m? 
sen oo al 0.18 kg/m: 


| = 960 m/sec. 


rewritten in terms of microscopic quantities. Since the pressure P is nkgT [Eq. 
| (5.34)] and the mass density is 


| The expression for the velocity of sound waves in gases [ Eq. (5.33)] can be 


pPy=nm_ (kg/m”), (5.39) 


_ *See Chapter 14. 


+Recall that the He nucleus has two protons and two neutrons. 
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where m is the mass of one molecule, Eq. (5.38) becomes 


a 
ies | Sane (5.40) 
m 


Notice that the velocity of sound in gases is actually independent of the gas 
density n and determined by the gas temperature and the molecular mass. If 
you have studied kinetic theory of gases, you may recall that the sound velocity 
given by Eq. (5.40) is very similar to the random molecular velocity, 


aed (5.41) 
= | 


The only difference is in the numerical factors, y and 3. The close resemblance is 
actually due to the propagation mechanism of sound waves or the origin of the 
bulk modulus (elasticity) of gases. 

If we further multiply both numerator and denominator in Eq. (5.4) by the 
Avogadro number, N =6 x 107*/mole, we obtain another way to express the © 


sound velocity. 
eae OE (5.42) 
Nm 


However, Nkg=8.3 J/K=R is known as the gas constant, and NM=Myo — 
is the mass of one mole. Then, using these, we have 


yRT 
= | ; 43) 
Salt rae (5.43) 


Example 5. Find the velocity of sound in air at 20° C. One mole of air has | 
a mass of 29 g. : 


Substituting y=7/5, R=8.3 J/K-mol, T=273+20=293K, and) ia 
0.029 kg, we find 


 _ [S83 J/K x 293 K 
a 0.029 kg 


= 343 m/sec. 


5.6. Intensity of Sound Waves in Gases 


In Section 5.2 we have derived expressions for average energy density and | 
power density for sinusoidal sound waves in solids. Those expressions can also _ 
be applied for sound waves in gases. The quantity of practical importance is | 
the power density (W/m7), which indicates how much energy (J) passes through 
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a unit area (1 m7) per unit time (sec). The power density is alternatively called the 
intensity of sound waves. 
If a sinusoidal displacement wave train is described by 


C(x, t)=Co sin (kx — at), 
the intensity I is given by [ Eq. (5.11)] 
1=3p,07€$cy (W/m?) (5.44) 


The human ear is a very sensitive organ. At the same time the human ear is 
very flexible and can stand a tremendously wide intensity range. The lower limit 
of audible intensity is of the order of 10°'* W/m? and the maximum safety 
limit is of the order of 1 W/m7?. The ratio between these two values is 10/7! 
The intensity of ordinary conversation is of the order of 10°° W/m; street 
traffic, 10°° W/m7’; jet plane, 107? W/m”. 


Example 6. Sinusoidal sound waves in air have an intensity 1.0 x 107° 


W/m? and a frequency of 2 kHz. Assuming a room temperature (20°C) and 1 atm 
pressure, find the amplitude €, of the displacement waves. What is the amplitude 


| 


: 


of the velocity waves? of the pressure waves? 


At 20°C the velocity of sound is 343 m/sec (Example 5). In Eq. (5.44), I= 
1.0x 10° ° W/m, p, = 1.29 kg/m? x (273°K /293°K) = 1.20 kg/m3, w = 22 x 2 x 10° 
rad/sec, and c,,=343 m/sec. Then 


ae 2x10" ° W/m? 
© OY PrCw 27 X2x 103 rad/sec V/ 1.20 kg/m? x 343 m/sec 


5 x 10° ~ im. 


The amplitude of the velocity wave is wf since 


pee ac —wé, cos (kx — at). 


Ot 


Then 


wéo=2n x2 x 10° x 5.55 x 10>? m/sec 
= 7.0 x 10° > m/sec. 


The amplitude of the pressure wave can be found from 


0 
NP = Wipe 
Ox 


_in analogy to the sound waves in liquids, Eq. (A), Example 3. Then 


AP = —yPké cos (kx — at), 


_and the amplitude of the pressure wave is 


yPkCo, 
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where the wavenumber k can be found from the dispersion relation 


Substituting y=7/5, P=1.013 x 10° N/m’, €o=5.55 107° m, and k=2nx2im 
x 103/343 = 36.6 rad/m, we find 3 
yPEo =2.85 x 107? N/m?. 4 
As this example indicates, the air molecules hardly move (they move only ‘ 

5.6 x 107° m!) for the intensity of 107° W/m/?, which is the typical intensity of ~ 
conversation. The pressure perturbation relative to the equilibrium pressure Is 2 
only f ; 
285 x 1072 

1.0 x 10° 


We indeed realize how sensitive our ears are. ? 

Because the audible intensity range is so wide (107!), A. G. Bell (the inventor ~ 
of the telephone, who was also very sympathetic to those with hearing difficulties) | 
introduced a logarithmic expression to indicate sound intensity. The decibel — | 
(deci=“ten”, bel after “Bell”), dB, is defined as if 


dB=10logio (I/Io) (5.45) 


where I, is the standard sound intensity chosen as 1.0 x 10° *” W/m’, which is a 
about the threshold of human hearing. For example, the intensity of 1.0 x 1074 4 
W/m? is equivalent to 60 dB, since a 


10 log; 9 (107 9/107 !2)=10 logy 10° =60. 


2.85% 10ce. 


Apparently, human feeling for sound intensity (loudness of sound) is in log- q 
arithmic form, not in linear form. In this respect the introduction of decibels is” i 
rather natural. The decibel representation is also used in electrical engineering ~ 
to express a power relative to a standard power. 3 dB, which often appears in | 
electrical engineering, indicates a difference by a factor of 2 between two powers. ~ 
(Recall that log; ) 2~0.3.) es 


Problems 


1. Ice has a density of 920 kg/m? and Young’s modulus of 1 x 10!° N/m? at © 
0°C. Estimate the speed of sound along an ice rod. | 


(Answer: 3.3 x 10° m/sec.) | 


2. Longitudinal earthquake waves typically have a velocity of 5 x 10° m/sec. 
Assuming the average earth density is 1500 kg/m*, estimate the elastic 
modulus of the earth. 


(Answer: 3.8 x 10'° N/m7?.) 
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A long steel rod having a diameter of 5cm is forced to transmit longitudinal 
waves by a mechanical oscillator connected to the end. The amplitude of 
the displacement waves is 10°° m and the frequency is 400 Hz. Find 
(a) The expression to describe the displacement wave. 

(b) The average energy per unit length of the rod. 

(c) The average power transfer through a cross section of the rod. 
(d) The power delivered by the oscillator. 

(Answer: 4.8 x 107° J/m, 25 W, 25 W.) 


In Problem 3, find the expression for 

(a) The velocity wave. 

(b) The force wave. 

(c) The energy wave. 

Assume that the displacement wave is described by &9 sin (kx — tf). 


Compute the velocity of sound in 


(a) A hydrogen (H;) gas. 
(b) An argon (Ar) gas. Both gases are at 0°C. 


The atomic mass of hydrogen atom is 1.0 and that of argon is 40. Watch 
the value of y. 


(Answer: 1260 m/sec, 307 m/sec.) 


Show that the change in the sound velocity Ac,, caused by a small change 
in the temperature AT is given by 


ale Agk 
5200 
where c,,=/yRT/Myo 18 the original velocity. 

An observer detects the sound in air caused by an explosion on a lake 2 
sec after he detects the sound in water caused by the same explosion. How 


far is the explosion point from the observer? Assume the second velocity in 
water is 1500 m/sec and that in air is 340 m/sec. 


(Answer: 880 m.) 
A sinusoidal sound wave in air (20°C, 1 atm pressure) has an intensity of 
1x 107’ W/m?. What is 


NG. Cs 


(a) The amplitude of the displacement wave? 
(b) The amplitude of the pressure wave? 

(c) What is the intensity expressed in dB? 
Assume v =400 Hz. 

(Answer: 8.8 x 107? m, 9.0 x 10° 2 N/m7?, 50 dB.) 


The air molecule displacement associated with a harmonic (sinusoidal) 
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10. 


11. 
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sound wave train in air (20°C, 1 atm pressure) is described by 
E(x, t)=1.0 x 107 8 (m) sin (kx — ot) 
where w= 2z x 10? rad/sec. 


(a) What is the value of k, the wavenumber? 

(b) How intense is the wave? Answer in terms of W/m? and dB. 

(c) What is the amplitude of the pressure wave? How does this compare 
with the equilibrium pressure? 

(Answer: 18 rad/m, 8.1 x 107°’ W/m?, 59 dB, 2.56 x 10° 7 N/m?.) 


Two sound waves, one in air and one in water, have the same frequency and 
the same intensity. What is the ratio between molecular displacement 
amplitudes? Assume T = 20°C. 


(Answer: ane eee = 57.2.) 


The displacement wave of a harmonic sound wave in air is given by 


E(x, t)=€ sin (kx — ot), =e 
Show that the ratio between the pressure wave —yP (0&/0x) and the 
velocity wave 0€/ét is constant and given by ./yPp,, where p, is the mass ~ 
density. This quantity is called the “impedance” for sound wave. [See 
Eq. (6.28). | | 


| 
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CHAPTER 6 


Wave Reflection and Standing Waves 


6.1. Introduction 


When a mass hits a hard wall, the mass is reflected by the wall. This reflec- 
tion phenomena can alternatively be interpreted as the reflection of energy and 
momentum associated with the mass. If the wall is soft, the collision is inelastic, 
and the wall completely absorbs the energy and momentum of the mass. No 
reflection occurs in this case. 

As we have seen, waves carry energy and momentum, and whenever waves 


encounter an obstacle, they are reflected by the obstacle. Echoes are caused by 
_the reflection of sound waves. Radars utilize the reflection of electromagnetic 


(micro) waves by metal objects such as airplanes. 
Wave reflection gives rise to an important wave phenomenon called stand- 


| ing waves, which play essential roles in most musical instruments. As the name 


indicates, standing waves do not propagate and therefore are not associated 


with energy and momentum transfer. They are essentially oscillators with a 
_ Spatial spread and can create waves in a surrounding medium. Steel strings in a 


piano, for example, oscillate with respective frequencies determined by the 


length, tension, and mass of each string. Each string can create sound waves 
| in air with a particular frequency. 


6.2. Reflection at a Fixed Boundary, Standing Waves 


Suppose a transverse pulse is propagating along a string from left to right 


| toward the end, which is rigidly clamped (Fig. 6.1). When the pulse hits the end, 
it exerts a force on the end vertically upward. However, the end is clamped and 
cannot move. Therefore the wall should exert a force on the string vertically 
| downward. This new force in turn creates a pulse that is propagating from right 


to left with opposite polarity. We then conclude 


At a fixed boundary, the displacement € stays zero and the reflected 
wave changes its polarity. 


_ Notice that the magnitude of the displacement |é| remains unchanged and the 
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ee Virtual negative 
Clamped pulse propagating 


£0 end against incident ; 
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pulse 


Fig.6.1. Wave reflection at a fixed boundary. €=0 at the boundary, and the reflected wave changes 
its sign. A virtual wave, which is an inverted mirror image of the wave on the string, is convenient 
to analyze wave reflection. 


pulse is completely reflected, keeping the same shape. A boundary to cause the 
polarity change in the reflected wave (relative to the original wave) is called a 
hard boundary. The rigid, clamped boundary in the preceding case is one — 
example. 

Let us next consider a sinusoidal wavetrain propagating toward the clamped 
end. We choose x =0 at the end and describe the incident wave by 
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a 

ow (6.1) 
where + indicates a positive-going wave. Note that x is negative in the region to 
the left of the end, x = 0, but the preceding expression still describes the wavetrain 
propagating to the right or toward the end. When the wavetrain is reflected, 
the direction of propagation should be reversed. Also the polarity of the wave 
must be reversed. Therefore the reflected wavetrain should be described by 


C +(x, t)=Co sin (kx — at), 


&€_(x, t)h= —€, sin (—kx—at). (6.2) 
Since 
sin (— 9) = —sin 0, 
€_ becomes 
E_(x, th=€ sin (kx +t). (6.3) 
The total displacement is the sum of €, and ¢_, 
E(x, t)=€ [sin (kx —ot)+sin (kx + ot)]. (6.4) 


Recalling (see Appendix B) 
sin a+sin Bf =2 sin (=) cos (4) ; 


E(x, t)=2€ sin kx cos ot. (6.5) 


we find 


[Notice that cos (—6)=cos @.] Equation (6.5) is not of the form of a traveling 
wave since it does not contain a factor, X =kx—at or kx+ot. Although we 
started from two propagating (traveling) waves going in opposite directions, we 
end up with something that does not propagate! 

In Fig. 6.2 the snapshots of Eq. (6.5) at several instances are shown. We 
can clearly see that the sinusoidal wave patterns are not moving along the x 
axis. Rather they simply oscillate up and down, and a picture with a long ex- 
posure time (superposition of many snapshots) indicates the formation of clumps 
with a spatial period 4/2, where / is the wavelength of the original waves. Such 
wave patterns are called standing waves, in contrast to the traveling waves we 
have so far been studying. 


Standing waves are formed when two sinusoidal waves of the same 
frequency (and thus the same wavelength) propagating in opposite 
directions are superposed. 


Although they are not propagating, standing waves must be created by traveling 
waves going opposite directions. Since standing waves are not propagating, 
no energy can be carried by the standing waves. Rather, energy is confined be- 
tween “nodes,” where the displacement € is zero. The boundary is one of the 
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Fig.6.2. Snapshots of the standing wave, Eq. (6.5), and the picture taken with a long exposure time. 
Standing waves are essentially oscillators with a spatial spread. 
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(a) 
Fundamental 
“gh 
6 
(b) 


2nd harmonic 


4 
7 


(c) 
3rd harmonic 
Fig. 6.3. Allowed standing waves on a string clamped at ends a distance L apart. 


nodes, as can be seen in Fig. 6.3. The absence of energy flow in the standing waves 
is understandable since the positive-going wavetrain €, and the negative going 
wavetrain ¢_ each carry the same amount of energy in opposite directions, and 
the net energy flow must be zero. 

String musical instruments (piano, guitar, violin, etc.) all utilize this standing- 
wave phenomena. A string with a given length L clamped at both ends allows 
standing waves with discrete wavelengths, starting with the longest wavelength, 
4,=2L. This determines the frequency of the oscillation through Av=c,,, 
where c,, is the velocity of the transverse waves on the string, c,= T/p,, with 
T the tension (N) and p, the linear mass density (kg/m). This lowest frequency 
is called the fundamental frequency. We denote this by vo. 

The next possible wavelength is 4, =L (Fig. 6.3b). The frequency for this 
mode is 2vo and called the second harmonic. The third possible wavelength 1s 
43 =2L/3, the third harmonic is 3v9, and so on. 


Example 1. A piano string having mass 15 g and length 1 m (clamped at 
both ends) is used for a note, v=220 Hz (fundamental mode). Find the tension 
to be applied to the string. 


The wavelength of the fundamental mode is 4=2 x 1 =2m. Then 
Cs Ay 
=2 mx 220 sec! 
= 440 m/sec 


From c, =./T/p; [see Eq. (4.44)], we find 
T =c2,p,=(440 m/sec)” x 0.015 kg/m 


=2.9x10°N. 
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6.3. Reflection at a Free Boundary 


At a free boundary, the material composing a wave medium is free to move 
in contrast to the case of the fixed boundary. In Fig. 6.4 we again show a pulse- 
shaped transverse wave traveling on a string toward the end that is now free 
to move. When the pulse hits the free end, it is reflected but with the same polarity, 
in contrast to the case of the fixed end. To see why, let us recall that the vertical 
restoring force to act on a segment in the string was given by [ Eq. (4.46) ] 


0 
F=f es (6.6) 
Ox 
Let the displacements of incident wave and reflected waves be described by 
€, =o sin (kx —at) (6.7) 
€_=A sin(—kx—qat)= —A sin (kx + ot), (6.8) 
where A is an amplitude to be determined. Since the total displacement is 
€=€,+é_=€ 9 sin (kx —qwt)—A sin (kx + 0b), (6.9) 
Virtual 
Incident &o Free end pulse’ 
pulse aoe Cy) Cw Ta or 
= ile hy SS se 
——E arr e e 
sehr sien ro ae Hetil 1 
7\N 
X 
NS ae oe oe @ @m om ow om oe = 
oe —> 
V4 XN 
<= om ee = ore ee a a! pe Pee ey 
pe <0) pees 
w oy 
eo eee of NS 


Reflected 
pulse 


Fig. 6.4. Wave reflection at a free boundary. The amplitude at the boundary is doubled, and the 
reflected wave has the same polarity as the incident wave. The virtual wave in this case is an erect 
mirror image. 
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the vertical force to act on the end of the string is 


T © T[Eok cos (kx — at) — Ak cos (kx +t) |, (6.10) 


which is to be evaluated at the end, x =0. Then 


T = = Tk(E y— A) cos wt. (6.11) 


x=0 
The force is a restoring force and would tend to push the string back to the 
equilibrium position. However, at the free end this force is obviously absent, 
T(0&/0x)=0, at any time. From this we must conclude that 


A=£o, (6.12) 


and the reflected wave should have the same polarity as the incident wave. (You 
should apply this argument to the case of fixed boundary and show that A= — &, 
results in this case.) Hence we conclude 


At a free boundary, the restoring force is zero, or 0€/0x=0, and the 
reflected wave has the same polarity as the incident wave. The amplitude 
at the free boundary is twice as large as that of the incident wave. 


Free boundaries are often called soft boundaries. 

To speak of a free boundary on a string has little practical meaning since it 
would be almost impossible to make the end move without friction if the string 
were subject to a tension. However, in wind musical instruments (including a 
pipe organ), the reflection of sound waves at free boundaries plays an essential 
role. 

If A=, in Eq. (6.9), we find the expression for standing waves created by 
the free boundary, 


&€ =2&, cos kx sin (— at) 
= —2&, cos kx sin wt. (6.13) 


The amplitude of the standing waves at x=0 is indeed 20, twice as large as 
that of the original incident wave. The long exposure picture is shown in Fig. 6.5. 

The pipes of a pipe organ must have at least one open end. Otherwise stand- 
ing sound waves created in a pipe cannot come out and we hear nothing! A 
pipe of length L having a closed end can create a standing wave whose wave- 
length is 


A=4L (6.14) 


and frequency 


(6.15) 


102 WAVE REFLECTION AND STANDING WAVES Chap. 6 


Open or 


DP NG ee ee eS | Eo 


SSS SS b 


A 

4 
Node A 
p. 


Fig. 6.5. Long exposure picture of standing waves created by a free boundary. 


as shown in Fig. 6.6a. Note that the closed end acts as a fixed boundary, and the 
open end as a free boundary. At the closed end, the molecule displacement must 
be zero since the wall is rigidly fixed. At the open end, air molecules are free to 
move. The amplitude becomes the maximum at the open end, which acts as a 
speaker to radiate sound waves into air. 

A pipe having two open ends has its fundamental wavelength (Fig. 6.6b) 


Agee (6.16) 
and a corresponding fundamental frequency 
c 
=—., 6.17 
Vo aL ( ) 


You should find higher resonance frequencies in both cases. 


Example 2. Find the length of a closed pipe to create sound waves of 
frequency 40 Hz. What is the next resonance frequency? Assume T = 20°C. 


ae 


“Closed” pipe 
A 
L=%4 
Closed Open 
end end 
(a) 
Se “Open” pipe 
a SeenON re ems 8 2 Sere pe 
Open Open 
(b) 


Fig. 6.6. Standing waves in an organ pipe: (a) One end closed and (6) both ends open. Only 
fundamental modes are shown. 


Sec 6.4 THEORY OF WAVE REFLECTION, MECHANICAL IMPEDANCE 103 


a 


A, = 4L,v= Vo 


As = ZL, v = 3% 


Fig. 6.7. Fundamental and third harmonic modes in a “‘closed”’ organ pipe. 


At 20°C, the sound velocity is c,,= 343 m/sec (see Chapter 5). For the closed 
pipe, the fundamental wavelength is 1=4L, with L the length of the pipe. Since 
Cy = Av, we find : 


Crp O48 M/SEC _ 9 ¢ 
dy  40/sec i 


The next resonance wavelength is 4L/3 as shown in Fig. 6.7. Then the frequency 
is 3 times higher than the fundamental. The next resonance frequency is 
3 x 40 Hz= 120 Hz. 


L= 


6.4. Theory of Wave Reflection, Mechanical Impedance 


In previous sections we have considered two ideal cases of wave reflection, 
reflection at a fixed boundary and reflection at a free boundary. In both cases, 
reflection is complete in a sense that all energy associated with an incident wave 
is reflected. In practice, however, complete reflection rarely happens. Consider 
sound waves incident on a concrete wall. Although most energy is reflected 
by the wall because concrete is much “harder” than air, we know that sound 
waves can exist in solids such as concrete, and some energy of the sound wave 
can penetrate into the concrete wall. Then the reflection is not 100%. A similar 
(probably more important) phenomena can be readily observed in optics. 
Light incident on glass is reflected, as we all know. In optical devices such as 
cameras it is desirable to avoid light reflection at the lens surface (see Chapter 11). 

Wave reflection takes place whenever waves in one medium try to enter 
another medium. In the preceding examples, air is one medium of sound waves, 
and the concrete wall is another medium. The sound velocity in air is quite 
different from that in a solid. In the case ofa light incident on a glass surface, too, 
the velocity of light in air and that in glass are different (the velocity of light in 
glass is about 67% of that in air or vacuum) and air and glass are different media 
for light waves. If a wave medium is cut off as in the two ideal cases considered 
in the previous sections, wave reflection is complete, since beyond the cutoff 
point, nothing can accommodate waves. 
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Fig. 6.8. Wave reflection at a joint of two strings having different mass densities is not complete. 
Some energy can cross the boundary. 


To illustrate incomplete reflection, let us consider two strings with different 
mass densities, 9; (kg/m) and p, (kg/m), respectively, both subject to a common 
tension, T (N) (Fig. 6.8). The velocities of transverse waves on each string are 


ee ie 
Cy = eee C2 = a5 (6.18) 
P1 P2 


respectively (Chapter 4). We saw (Example 5 and Problem 6, Chapter 4) that 
the energy flow associated with a sinusoidal wavetrain with amplitude €) and 
frequency w=2zy, along a string having a mass density p; (kg/m), is given by 


5 P1Cwo7Es (W), (6.19) 


where c,, is the velocity of transverse waves. We assume that the incident wave 
has an amplitude €,, the reflected wave, ¢,, and the transmitted wave, €,, 
respectively. The energy flow associated with the incident wave is 


41C,@*é7 (—) incident waves, (6.20) 
that with the reflected wave 
401C,@7E? (—) reflected wave, (6.21) 
and that with the transmitted wave 
492C,w*e% (—) transmitted wave, (6.22) 


where arrows indicate the direction of energy flow. Therefore, from the energy 
conservation principle, we must have 


7P1010°E{ —5p C107? =$p.¢.0763, (6.23) 
or 


prcsl€t — €7)=p2C263. (6.24) 


This result is of desired form. For example, the case €,=0 indicates complete 
reflection, and yields €? = €?, or the reflected wave must have the same amplitude 
as the incident wave. (Notice €,= +€,, the plus sign for the complete reflection 
at the free boundary and the minus sign at the fixed boundary.) Second, if there 
is no reflected wave, €,=0, and all the incident energy is transmitted through 
the boundary. 
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To find the amplitudes €, and €, in'terms of €, (the given amplitude of the 
incident wave) we notice that 


ae vas (6.25) 


which results from the requirement that the displacement at the boundary be 
continuous. For example, at the fixed boundary, ¢,=0, and we indeed recover 
€-= —&,, the complete reflection with the polarity change in the reflected wave. 
At the free boundary, the displacement at the boundary was twice as large as the 
incident displacement. Equation (6.25) indeed yields €,=2¢€, with ¢,=€,, the 
complete reflection with the same polarity. 

Equations (6.24) and (6.25) are two simultaneous equations for two un- 
knowns, ¢, and €,. Solving these, we find 


mCP) 2 P2 _ ei T —Vp2T 


r= = 6.26 
CiPpit+C2p2 , J Pil + p.T : ( ) 
and 
2 Oak 
ifs (6.27) 


C2= . 
Jpi tT +Jp2T 


Notice that the tension T could have been canceled between numerator and 
denominator, but we did not do this. The reason is that the quantity 


Zm= {mass density x elastic modulus (6.28) 


has an important physical meaning and for the sound waves in solids, ./p, Y can 
play the same role. In the case of two strings the elastic moduli (tension) are 
common, but this is generally not the case. 

The quantity defined by Eq. (6.28) is called mechanical impedance. The 
concept of impedance was introduced in electrical engineering for electro- 
magnetic waves, but can be applied to mechanical waves as well. Of course, the 
mechanical impedance does not have the dimensions of ohms as electromagnetic 
impedance. 

For sound waves in a gas, Eq. (6.28) takes the following form 


Zm= poyP 


where p, is the volume mass density and yP is the elastic modulus. As we have 
seen already (Problem 11, Chapter 5), the impedance is given as the ratio between 
the pressure (or force) wave and the velocity wave. If one wishes to make an 
analogy between mechanical waves and electromagnetic waves, the following 
correspondence may be established 


Mechanical Electromagnetic 

Force wave <— Voltage wave 

Velocity wave < Current wave 
force wave voltage wave 


ay aL ETE <— = 
velocity wave current wave 
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Fig. 6.9. Wave reflection occurs whenever waves try to penetrate into a medium having a different 
mechanical impedance. If Z,=Z,, no wave reflection occurs. If Z,=0 or oo, the reflection is 
complete. 


The impedance Z,, is a quantity characterized by wave media. Using Z,,, 
we can rewrite Eq. (6.26) as 


Lea 
= —_— 6.29 


where Z, is the impedance of medium 1 and Z, of medium 2. From Eq. (6.29) 


we can draw an important conclusion: 


The condition for the absence of wave reflection at a boundary between 
two media is that the impedance of the media be the same. 


The fraction of reflected wave energy is given by (Fig. 6.9) 
: 2 Vide f 2 
(=) (752) (6.30) 
C1 Z,+Z2 
Example 3. Sound waves in air are incident normal to water surface. Calculate 
how much (in %) energy is reflected at the water surface. Water has a bulk 


modulus of 2.1 x 10? N/m?. Assume that the temperature of air is 20°C and the 
pressure is 1 atm. 


The water impedance for sound waves is 
Z water = pM = J10° kg/m3 x 2.1 x 10° N/m? 
= 1.45 x 10° kg/m? sec. 
The air impedance for sound is 
Zoic = s/pyP = 4/1.29 kg/m? x 7/5 x 1.0 x 105 N/m? 
= 4,3 x 10? kg/m? sec. 


Then the energy reflection coefficient is 


& ka Liwater 


2 
al a) = 0.9988 =99.88% 
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This indicates practically all energy is reflected at the water surface. Only 0.1% 
penetrates into water. 


Example 4. A pulse of amplitude 1cm is propagating along a string 
toward a boundary where the string is connected to another string having a 
mass density four times larger. Both strings are subject to a common tension. 
(a) Find the amplitudes of reflected and transmitted pulses. (b) Find the energy 
reflection coefficient. (c) Sketch qualitatively reflected and transmitted pulses 
after the incident pulse reached the boundary. 


(a) Since the elastic modulus (tension in this case) is common, the mechanical 
impedance is proportional to the square root of the mass density Z,/Z,=1/2. 
From Eq. (6.29), we find 

Z1 /Z> Fu i we 0.5 
(=e ae 
Z,/Z2+1 5 


and from Eq. (6.27), 


,= —4¢,— —033'cm 


a ¥ 
—1+Z2/Z, 
The reflected pulse has opposite polarity relative to the incident pulse as ex- 


pected since the second string is heavier and thus “harder.” 
(b) The energy reflection coefficient, Eq. (6.30), becomes 


ee: 2 
Beara a \ ie tase) 
Z,/Z2+1 3 9 
(c) See Fig. 6.10. 


The opposite case in which a pulse is propagating on the heavier string 
toward a lighter string is given as a problem. You will find that the energy 


€2 Gi sc = 0:67 cm. 


Before reflection 


bem 


After reflection 
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Fig. 6.10. Example 4. 
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reflection coefficient remains unchanged since 


Z,—-Z, ih Dacia 

VE INN AREA eS 
To summarize, we have seen that waves are reflected at a boundary where a 
discontinuity in (mechanical and electromagnetic) impedance exists. The same 
propagation velocity in two media does not necessarily ensure the absence of 
reflection at the boundary between the two media. The impedance must be the 
same. The subject treated in this section may be too advanced for you at this 
stage, but is an extremely important concept of any wave phenomena. We will 


study the reflection of electromagnetic waves in later chapters using the same 
concept, the impedance for electromagnetic waves. 


Problems 


1. A certain violin string is 50 cm long between its fixed ends and has a mass 
of 0.5 g. It sounds the A note (440 Hz) without fingering. 


(a) What is the tension to be applied? 
(b) Where must one put one’s finger to play a C note (528 Hz)? 
(Answer: 194N, 8.3 cm.) 


2. A string 2m long has a mass of 500 g. If the string is fixed at the ends with 
a tension of 20 N, what is the fundamental frequency of oscillation? 


(Answer: 7.1 Hz.) 


3. What is the fundamental resonance frequency of a 50-cm-long pipe with 
one end closed? What are the higher resonance frequencies? Take c,= 
340 m/sec. 


(Answer: 170 Hz, 510 Hz, 850 Hz,....) 


4. What are the resonance frequencies of a well 20m deep? Take c,=340 
m/sec. 


(Answer: 4.23: Hzl2 i ze2 125. 417-25) 


5. When wave reflection is not complete, incomplete standing waves are 
formed. Let the incident harmonic wave be €, sin (kx — wt) and the reflected 
wave be —Ié, sin(kx+ mt), where I is the reflection coefficient defined by 

_ reflected wave at x =0 
~ incident wave at x=0 


If ||=1, we have complete reflection and thus complete standing waves. — 


(a) Where does the amplitude maximum occur? Answer in terms of the 
distance from the discontinuity, x =0. 


(b) Where does the amplitude minimum occur? 
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(c) Show that the ratio between the amplitude maximum and minimum 
is given by 


1+(D| 
1—|r| 


This quantity is called the standing-wave ratio and is a measure of how 
much reflection takes place. 


A pulse 1 cm high on a string having a mass density of 50 g/m is propagating 
toward the boundary where the string is connected to another with a 
mass density 20 g/m. Both strings are under the same tension. 

(a) Is the boundary a hard or soft boundary for the incident pulse? 

(b) Find the amplitude (height) of the reflected pulse. 

(c) Find the amplitude of the transmitted pulse. 

(Answer: Soft, 0.23 cm, 1.23 cm.) 


The transverse wave on a string discussed so far is a one-dimensional 
wave having only one spatial variable, x. Generalization to multidi- 
mensional waves can be done by suitable changes in the elastic moduli 
and mass densities. As an example, let us consider transverse waves on a 
rectangular membrane whose four edges are rigidly clamped like a mem- 
brane of a drum. The membrane has a surface mass density p, (kg/m7) 
and is subject to a uniform, isotropic surface tension T, (N/m). 


(a) The wave differential equation for the vertical displacement €(x, y, ft) 
is given by 


Piha 
Go phox or 
What is the velocity of the wave on the membrane? (You should 


attempt to derive the wave equation following the same procedure 
used for the waves on a string.) 


(b) The standing waves on a string whose ends are clamped were described 
by 


e(x, t)=Ep sin (7 *) sin wt, 


where m is a nonzero integer and L is the length of the string. Show that 
for the standing waves on the membrane the appropriate expression 
for the standing waves is 


Ax gatl=c,.Sin (= «) sin (= r) sin cot, 


where m and n are nonzero integers. Explain why cos [(mz/a)x], 
cos [(nz/b)y] are not allowed for the clamped membrane. 
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(c) Show that the resonance frequencies of the membrane are given by 


a) aE TT (=) +(2) | (rad/sec). 
Ps a b 


Are the higher harmonics integer multiples of the lowest-order reso- 
nance frequency, 


[ Note: The harmonics are not always of integer multiples of the funda- 


mental in contrast to the case of strings. The ratio w(m, n)/@(m=1,n=1) 


may not even be a rational number. This explains why sounds created by a 
drum are rather uncomfortable. Analysis of a circular membrane reveals 
the same conclusion. In this case higher harmonics are always an irra- 
rational number x the fundamental. We have to know about Bessel 
functions to fully understand waves on a circular membrane. | 


The three-dimensional sound wave is described by 
aE _ 0 (0% , 0% 
OE PION ON? Moyer toes 
Following the procedure outlined for Problem 7, find the resonance 
frequencies of sound waves in a rectangular box having dimensions of 
axbxe. 
(Answer: 1, m,n=CsTL(l/a)* +(m/b)? +(n/c)”] with 1, m, n nonzero integers.) 


, C,=sound velocity. 


Make an order of magnitude estimate for the period of the earth resonance. 
The earth has a radius of 6400 km. Assume the sound velocity of 5 x 10° 
m/sec. 


(Answer: About 1 h.) 


A steel rod is joined to a copper rod at a smooth, flat surface. Steel has a 
mass density of 7800 kg/m? and a Young’s modulus of 2.0 x 101! N/m?, 
and copper has a mass density of 8900 kg/m? and a Young’s modulus of 


1.1 x 10'* N/m’. A sinusoidal sound wavetrain in the steel rod is incident — 


on the boundary. 

(a) Calculate the fraction of reflected and transmitted wave energies 
relative to the incident wave energy. 
(Answer: 1.3%, 98.7%.) 

(b) Calculate the amplitudes of reflected and transmitted waves relative 
to the amplitude of the incident wave. 
(Answer: 0.12, 1.12.) 

(c) What are the mechanical impedance of the steel and copper rods 
for sound waves? 
(Answer: 3.95 x 10’, 3.13 x 10’ kg/m? sec.) 


PROBLEMS Halal 


11. Glass and aluminum have approximately the same sound speed, 5.0 x 10° 
m/sec. From this, can we conclude that sound waves incident on a glass— 
aluminum boundary suffer no reflection? Explain. 


CHAPTER? 


Spherical and Cylindrical Waves; 
Waves in Nonuniform Media, 
and Multidimensional Waves 


7.1. Introduction 


We have frequently used the following representative waveform 
E(x, t)=€ sin (kx — ot) (78 


to describe all kinds of waves (waves on a string, sound waves in gases and 
solids, etc.) where &9 is the amplitude of the sinusoidal displacement wavetrain. 
The amplitude € 9 is a constant, which is to be determined by wave sources, 
such as a speaker for sound waves in air. (Recall that the power associated with 
mechanical waves is proportional to €3.) For a wavetrain described by Eq. (7.1), 
we observe the same amplitude €) everywhere along the wavetrain. Such waves 
are called one-dimensional or plane waves. 

It is a common experience, however, that we hear louder sounds as we get 
closer to a radio receiver. The radio receiver, on the other hand, can receive 
radio waves better at places nearer to the broadcasting station. A stone thrown 
into water creates water waves whose amplitude becomes smaller and smaller 
as the waves propagate radially outward. All of these examples indicate that 
wave amplitudes become smaller as waves in extended media propagate away 
from localized wave sources. In this chapter we study these geometrical effects 
on wave amplitudes. Also, we briefly study how waves behave in a nonuniform 
medium in which the wave velocity slowly varies as a function of coordinates. 
For example, we wish to understand why water waves increase their amplitude 
as they approach the shore. 


7.2. Conservation of Energy Flow, Spherical Waves 


As frequently stated, waves carry energy. The amount of energy passing 
through a unit area (1 m’) in a unit time (1 sec) was defined as the power density 
or intensity, J/sec-m?, or W/m?. For example, a plane sound wave described 
by Eq. (7.1) in either solids or gases has an average power density (or intensity) 


T=3PyCwo" Co (W/m”) (7.2) 
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where p,(kg/m°) is the volume mass density of the medium, c,, the sound 
velocity, and w=2zv(rad/sec) the angular frequency of the wave. For plane 
waves this power density is a constant, since &) does not depend on the spatial 
coordinate, x, measured from the wave source. In Fig. 7.1 we show the power 


P=IA (W) (7.3) 


going through the area A (m7) normal to the wave direction. We assume that the 
waves are confined within the area A. The power P is provided by a wave source, 
and should be a constant. Therefore, we may conclude 


Intensity (1) times area (A) is constant and equal to the power provided 
by the wave source. The area A is normal to the wave propagation, and 
covers the region in which waves are present. 


This is reminiscent of water flow through a pipe (Fig. 7.2). The flow rate 
(L/sec) through any cross section must be the same because of mass conserva- 
tion. For the energy flow with waves, the principle of energy conservation 
applies. 


Consider now a point wave source radiating waves (and energy) radially 
outward. We consider two areas, A, and A;, located at radii r; and rz, respec- 
tively. Since the area is proportional to radius squared, we have 

A, ed rt | 
Ay 13 
The wave intensity at each radial position is therefore inversely proportional 
to the radius squared. 


(7.4) 


fies ee 
; ines = (7.5) 
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Fig. 7.1. Sound waves in a uniform pipe have the same intensity everywhere. The power P is given 
by AI. 


Fig. 7.2. Water flow through a pipe with nonuniform cross section. Flow rate Av is constant. 
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since 1; A, =1,A,=const. Obviously, the wave intensity is larger as we go closer 
to the wave source, as intuitively expected. 

Waves characterized by Eq. (7.5) are called spherical waves. Sound waves 
created by a loudspeaker and radio and TV waves emitted from antennas are 
typical examples. It is noted here that spherical waves are not necessarily 
radiated isotropically, or uniformly, in every direction. 

Since the intensity is proportional to the wave amplitude squared, 6, 
[Eq. (7.2)], we find that the amplitude of spherical waves is inversely propor- 
tional to the distance r from the wave source, 


1 
Co(r) ~ a (7.6) 


Any vector quantity (velocity, force, field, etc.) associated with spherical waves 
in uniform media must have this 1/r dependence, as required by the energy 
conservation principle. 


Example 1. A loudspeaker is emitting sound waves in air with a power 
25 W in every direction (Fig. 7.3). Find (a) the wave intensity at a distance 25 m 
from the speaker, (b) the amplitude of air molecule displacement waves at the 
same position. Assume T = 20°C, p,=1.3 kg/m? (air density), and frequency is 
500 Hz. 


(a) Since the speaker is radiating sound waves in every direction, the area 
a distance r(m) away from the speaker is 42r* (m7). Then the intensity is — 


= faa 3.2 x 1073 W/m? 
= = —— ae < 
A 4nx (25)? m2 a 
8210 
= 10 10810 1078 )=958. 


Speaker | 


Fig. 7.3. Spherical sound waves. The speaker can be regarded as a point sound source at a 
sufficiently large distance. 
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(b) In the expression for the intensity 
T= Zp,Cy@*to (W/m’), 


p,(mass density)=1.3 kg/m*, c,,=343 m/sec (20°C), w=2zn x 500 rad/sec, and 
7=3.2 x 10° ° W/m?. 
Substituting these, we find 


1 2I 
éo=— 


ND ay 


= 12 xtL0Re ini. 


As we will see in Problem 6, the wave equation for spherical waves is given by 


C2 02 

<7 (re)=03 <5 (08) (1) 
or 

ae , (PE 20¢ 

sea lat ey 


which are fundamentally different from our previous one-dimensional wave 
equation. The general harmonic solution to these equations is 


| 


pepe pice. snap phaallys Bars (7.9) 
r k 


-as can be proved by direct substitution. Here c,, is the wave velocity and A 
is a constant. 


7.3. Cylindrical Waves 


| We do not have good examples of cylindrical waves, which are something 
_ between plane waves and spherical waves. To create cylindrical waves, we need a 
_long wave source. In Fig. 7.4, the cylindrical configuration is shown about the 


Long wave source 


Fig. 7.4. Cylindrical waves created by a long wave 
source. 
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Fig. 7.5. Surface water waves may be 
regarded as one example of cylindrical waves. 


long linear wave source. Since the area A is proportional to the radius r, AI = 
const requires 


1 


lece (7.1038 


iis 


or the wave intensity is inversely proportional to the distance (r) from the wave 
source. Consequently, the amplitude of the wave should be proportional to 
the square root of the distance, 


Ey —. (7.11) 
Jr 
Surface waves on water are probably the best example we can think of 
although the waves are not really cylindrical. They can exist only on the surface 
of water without deeply extending toward the bottom. However, since the 
energy associated with the surface waves can only propagate on water surface 
radially outward away from a wave source, we can still consider a cylinder witha 


small height h in Fig. 7.4, in which the surface waves are confined (Fig. 7.5). 


Cylindrical waves are described by the following differential equation 


OC eiico: ae Woe : 
> =c,,{—4+-—]}. 7.12 
ree & i r or (7 ; 
Unfortunately, this does not allow a solution like 
A 
— sin (kx — at) (7.139 


“ir 


although this approximately gives a correct answer at sufficiently large distance 


r from a wave source. Knowledge of Bessel functions is required to analyze 


cylindrical waves fully. 


7.4. Nonuniform Wave Medium 


We have studied in Chapter 4 the transverse waves on a string under a_ 


tension T. The tension is of course the same everywhere on the string and the 


velocity of the transverse waves 
iE 
Ce he 
Pi 
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is also the same everywhere on the strong. The string subject to a tension is a 
uniform medium for the transverse waves. Consider now a string hanging from a 
ceiling by its own weight (see Fig. 7.6). In practice, we have to use a string rela- 
tively heavy so that the string hangs straight. Let the linear mass density of the 
string be p,(kg/m). At a point distance x(m) away from the lower end, the 
tension T is given by 


= Opi x. (7.14) 


which now depends on the coordinate x! The velocity for the transverse waves 
then also depends on x and is given by* 


2 
. 


| 


(] 


| 


Cu(X) = 7 = gx. (7.15) 
l 


The string vertically hung is a nonuniform medium for transverse waves. 


In Fig. 7.6 the propagation of a pulse created at the top end is qualitatively 


Local 
Pulse velocity 
width 

Gfx) 


i 


Fig. 7.6. Transverse waves on a string hanging from a ceiling. The tension 7 is proportional to x, 
the distance measured from the lower end. The pulse sent out downward slows down as it 
propagates. Also the pulse width becomes narrower. 


_*A wave equation is derived in Problem 4 in this chapter. 
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shown. Observe the following: As the pulse approaches the lower end, 


1. The pulse propagates more slowly. 
The pulse width becomes narrower. 
3. The pulse height (amplitude) becomes larger. 


The pulse is squeezed as it approaches the lower end and the amplitude becomes 
very large when it reaches the lower end. This is understandable since the 
portion of the pulse behind the peak always tends to catch up with the peak, 
and thus squeezing takes place. 


Example 2. Surface Waves Near a Beach. The velocity of surface waves 
on water is given by 
CeO 


where h is the depth of water and g is the gravitational acceleration. Discuss 
how a pulse behaves as it approaches the beach. Assume a plane bottom. (See 
Fig. 7.7.) 


If the bottom is planar, the depth is proportional to the distance x from the 
beach and given by 


h=x tan @ 


where @ is the angle between the water surface and the bottom. Then the velocity 


of the surface waves is 
Ch= GAA GO 


which is mathematically identical to Eq. (7.15). Therefore exactly the same 
things happen as in the case of the vertical string: The pulse increases its ampli- 
tude and becomes narrower as it approaches the beach. 


Surfers use this pulse-steepening phenomenon. The final fate of the pulse 
when it hits the beach is catastrophic, an event with which we are familiar. 


Shore 


Water h(x) 


Fig. 7.7. The velocity of surface water waves depends on the depth h. As the wave approaches the — 


shore, it slows down. 


/ 


' 
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Cy (x) scans 


| < x atl 


Fig. 7.8. Breaking of water waves near the shore takes place when the amplitude becomes too 
large. 


The amplitude becomes so large that the waves break down, as shown in Fig. 7.8. 
Surfers enjoy big waves, but for those living near seashore, tidal waves 
(tsunami) created by earthquakes are terrifying. Although small when created 
by an earthquake far away, waves can gain enormous amplitude as they 
approach seashores. Tidal waves as high as 30 m have been recorded. 


7.5. Multidimensional Waves 


Waves we have been analyzing all have only one spatial variable (x for 
plane waves, r for spherical and cylindrical waves) and such waves are called 
one-dimensional waves. However, it often (very often, in fact) becomes necessary 
to introduce more than one spatial variable in analyzing wave phenomena. An 
example of “two-dimensional” waves is the standing waves on the membranes 
of a drum. In contrast to the one-dimensional counterpart, namely a string with 
both ends clamped, the frequencies of standing waves on a membrane under 
tension are not in general integer multiples of the fundamental frequency. 

Since analyses of a circular membrane require the knowledge of Bessel 
functions, which are beyond the scope of this book, we model it by a rectangular 
membrane having an area ax b, with its four edges rigidly clamped. We also 
assume that the membrane is under a surface tension T, (N/m) everywhere. 

The wave equation for the transverse displacement €(x, y, t) is now given by 


ies Eee 
Se S|) ENG 
ae (= ay a 
where c2,= T,/p,, with p, now the surface mass density (kg/m7) of the membrane. 
(Derivation of this wave equation is left as an exercise, Problem 10.) We wish to 


find standing-wave solutions to this wave equation. 
The standing-wave solution to a clamped string was in the form 


Ek Daaeo.S1n (= *) COS (Wy) (7.17) 


where n= 1, 2,3,... (integer), L is the string length, and w, =n, with a, =1¢,,/L 
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the fundamental frequency. (See Section 6.2.) The appearance of sin [(nz/L)x] 
is understandable since the string clamped at x =0 and L (both ends) requires 
that €=0 at x=0 and L at any time. In the case of the rectangular membrane 
whose edges are all clamped, we must have 


E=0 at x=Oanda 
Co, at y=0 and b 


at any time. Then we may try the following function for the displacement, 


E(x, y, )=é, sin (= *) sin (= ») cos (wt) (7.18) 


and see what oscillation frequency @ will satisfy the wave equation, Eq. (7.16). 
Noting 


and substituting these into Eq. (7.16), we find (derivation is left as an exercise) 


w? =c2, |("=) + () | (7.19) 
a b 


where m, n are nonzero integers. This already indicates that the higher harmonic 
frequencies of standing waves in a membrane are not in general integer multiples 
of the fundamental (m=1, n=1) frequency 


1 
=1,n=l)=c,n /s+—. 
ao(m N=1)=6.% FaM 


If a>b, the next resonance frequency is given by 


Ean 
olm=2,n=N=con “2 pe? 


which cannot be an integer multiple of the fundamental frequency. The third 


harmonic frequency is given by 


liad ac 8 
Om=hin=2)=ern oti (fo>a>6) 


and so on. Although some harmonic frequencies (m=n=2, m=n=3,...) are : 


integer multiples of the fundamental frequency, most are not even related to the 
fundamental frequency through rational numbers. This explains why sounds 
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coming out of a metal plate hit with a hammer are rather uncomfortable to 
our ears. 

In the case of a circular membrane (like the one in a drum), the ratio between 
any harmonic frequency and the fundamental is an irrational number. The 
fundamental frequency of a clamped circular membrane of a radius a is 


= 2.405 
a 
The second harmonic frequency is w= 3.832 (c,,/a), the third m3 =5.136 (c,,/a), 


and so on. Here c,,=./T;/p, is the velocity of the transverse waves on the 
membrane. 


Problems 


1. A speaker is radiating spherical sound waves with a power 5 W. The 
radiation is limited within a cone with a 20° angle as shown. Within the 
cone, the radiation can be assumed to be uniform. (See Fig. 7.9) 


Radiation 
cone 


eae) 


Fig. 7.9. Problem 1. 


(a) What is the power density 10 m away from the speaker? 
(b) At what distance does the intensity become 10°° W/m?? 
(Answer: 0.13 W/m’, 3.6 km.) 


2. Assuming that water waves obey the law of cylindrical waves, find the 
amplitude of water waves 50m away from a source. The waves have an 
amplitude of 15 cm when 10 m away from the source. 


3. A radio station is emitting spherical waves at 50kW. 


(a) Find the intensity 1 mi away from the station assuming isotrop 
radiation. 
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(b) Electromagnetic waves are characterized by electric and magnetic 
fields as we will see later. What is the ratio between the electric field 
at 1 mi and that at 10 mi? 

(c) A radio has the lowest receivable intensity of 3 wW/m?. How far can 
one bring the radio to listen to the station? 


(Answer: 1.6 x 1073 W/m?2, 10:1, 23 miles.) 


(a) Following the procedure used for the transverse waves on a string 
(Chapter 4, Section 4.6), show that the differential equation the trans- 
verse waves on a vertical free string should satisfy is given by 


DUR e as Gs 

ar? 9” ax? "9 ax 
where € is the displacement and x is measured from the lower end of 
the string. 


(b) Under what conditions can we use Eq. (7.10) for the velocity of the 
transverse waves on the string? 


A whip used by animal tamers is nonuniform. Explain why in terms of the 
amplitude of a pulse created on a whip. 


Show that ¢(r, t)=(A/r) sin (kr — at) satisfies the spherical wave equation, — 


either Eq. (7.7) or Eq. (7.8). 


Show that €(r, t)=(A/ /r) sin (kr — wt) approximately satisfies the cylindri- 
cal wave equation, Eq. (7.12). What condition(s) must be imposed for the 
solution to be sufficiently accurate? 


Discuss the wave-steepening mechanism of water waves on a beach in 
terms of energy conservation principle. 


We saw that water waves slow down as they approach a beach. Howcana 


surfer get accelerated by water waves then? 
Derive Eq. (7.16), the two-dimensional wave equation for a membrane. 


A rectangular membrane has edges 20 cm and 30 cm, a surface tension of 
5 N/m, and a surface mass density of 40 g/m?. 


(a) What is the velocity of transverse waves on the membrane? 
(b) Calculate the lowest-order standing-wave frequency. 
(c) What are the higher-order resonance frequencies? 


(a) Show that the wave equation for three-dimensional sound waves is _ 


given by 
ae “s 


aaa 


‘| 
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where 
C2 O27 02 
ee ee 


ye= (Laplacian). 


(b) Discuss the resonance frequencies of sound waves in a rectangular box 
having a volume a x b x c(m°). 


CHAPTER 8 


Doppler Effect of Sound Waves 
and Shock Waves 


8.1. Introduction 


The tone or frequency of a police car siren appears to change from higher to 
lower frequency when the car is passing by, even though the frequency of the 
siren is always constant. The policeman driving the car always hears the same 
frequency one would hear when the car is not running. Such an apparent change 
in the frequency caused by the motion of wave sources (the siren in this case) 
relative to an observer is called the Doppler effect. (C. J. Doppler, 1803-1853, 
an Austrian physicist, actually discovered the effect in light waves.) For sound 
waves in air, we have three agents: the sound source (the siren in the preceding 
example) emitting a wavetrain with a certain frequency, the observer, and the 
wave medium, air. All can be moving relative to others. 

Some objects, such as supersonic planes, can travel faster than sounds. So- 
called sonic booms created by these objects are alternatively known as shock 


waves. Shock waves contain large amounts of energy concentrated over a 


narrow spatial range and could even cause mechanical damage. 


In this chapter we study these phenomena caused by the motion of sound © 


sources relative to air and an observer. 


8.2. Stationary Sound Source and Moving Observer 


Let us first consider a stationary sound source emitting a sinusoidal wave- 


train with a frequency vo. We assume that air is stationary, too; that is, we have — 


no winds. An observer is moving away from the sound source with a velocity 


Ug relative to the wave medium, air (Fig. 8.1). We denote the sound velocity by 


FON INI NI NTO NN 
uo 
Stationary 
sound Moving 
source observer 


Fig. 8.1. Stationary sound source and moving observer. The net sound velocity for the observer | 


IS C,— Up. 
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c,. Since the observer is moving in the same direction as the sound wave, the 
apparent sound velocity relative to the observer is 


ie. (8.1) 


We assume that the observer is moving with a subsonic velocity, ug<c,, so 
that Eq. (8.1) is a positive quantity. If the wave source is stationary, it is emitting 
sound waves in every direction with the same wavelength /, determined from 
(Fig. 8.2) 

Cs 

A=—. (8.2) 

Vo 
The observer, moving or not moving, should always observe the same wave- 
length. However, if he is moving, the apparent sound velocity becomes c,— uo. 
Therefore the frequency v' he hears can be found from 


Vo vy’ 
or solving for v’, 
C,—Uu 
! Ky (0) 
varie ay ai'e (8.3) 
Ss 


Fig. 8.2. Wave patterns created by a stationary sound source S are symmetric in every direction or 
isotropic. 
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As expected, the apparent frequency heard by the observer is lower than the 
true frequency if the observer is moving away from the source. The case of an 
observer approaching the source can be given simply by changing the sign of 
Uo (Up <9), and the apparent frequency is higher. You should watch the sign 
convention chosen for the velocity ug. uo >0 if the observer is moving away 
from the source. If the observer is traveling with the sound speed, up =c,, the 
frequency becomes zero, since the observer is riding on the waves and does not 
detect anything varying with time. 

Let us derive Eq. (8.3) from an alternative point of view (Fig. 8.3). Assume 
that the observer is a distance /(m) apart from the second source at a certain 


instant, say t=O sec. One second later the observer has moved a distance — 


Uy X | sec=uo(m) and the distance between the source and the observer is 
1+ uo (m) at this instant. The time ty required for the sound wave emitted at 
t=O to reach the observer can be found from 


CLG = Il+uoto 
Or 


(sec). (8.4) 


Co = 
Cs an Uo 
Similarly, the time t, at which the wave emitted at t=1 sec reaches the observer 
is found from 


s(t, —1)=1+up+u(t, —1) 
or 
I+, 
ip aly (8.5) 


During the period of 1 sec, the source has emitted vy waves, but the observer 
hears vo waves in the time duration of 


Cs 


Cy — lo == (sec), 


C,— Up 
which is longer than 1 sec. In 1 sec the observer then hears 


Cs 


Vo 
Cs — Ug 
waves. This is identical to Eq. (8.3). 


¢=0 S————“ / ~~ 0 


t= 1sec S————___——__/ +_ y, —————__9 


Fig. 8.3. Atthe instant t=0, the observer is a distance /from the source, and | sec later, the observer 
is /+ Up away. 
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Example 1. A car moving at a velocity 50 mi/hr is passing by a stationary 
sound source of a frequency 500 Hz (Fig. 8.4). The closest distance between 
them is 20 m. Find the apparent frequency heard by the driver as a function of 
the distance x. Assume c, = 340 m/sec. 


In this case, the velocity of the car is not directed toward the sound source, 
and we have to find the component of the velocity vector directed toward the 
source (Fig. 8.5). It is given by 


Uy COS O=Ug m/sec, 


hnatena veygwiid baby 
wf 20" {x7 +207 
where we have converted the velocity of 50 mi/hr into 22 m/sec. Then the appar- 
ent (Doppler-shifted) frequency is 

C,+Up Cos 


v(x) =Vo 
Cs 


=500 ( +0.065 ea) Hz 
NIX LOE 
You should plot this as a function of x for —100<x<100m. At x=0, the car 
is moving purely perpendicular to the wave and at the instant when the car 
passes this point, the driver hears the true frequency, 500 Hz. 


Fig. 8.4. Example 1. Observer moving along a line not interesecting the source. 


S 


Fig. 8.5. The velocity component toward (or away from) the source is responsible for Doppler 
shift. 
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8.3. Moving Sound Source and Stationary Observer 


Next we consider an opposite case in which the sound source is moving ~ 


toward a stationary observer with a velocity u,. You may wonder why this case ~ 


should be different from the previous case discussed in Section 8.2, since it © 


seems what matters is only the relative velocity between the source and the ~ 
observer and an observer approaching to a stationary sound source should ~ 


hear the same frequency as a stationary observer hearing the source approaching 
him. This argument is wrong, however, for sound waves although it is correct for 
electromagnetic waves. 


Let the sound source be a distance | (m) away from the observer at a certain — 


instant say, t=O sec. Since the observer is not moving, it takes to =I/c, sec for 
the sound wave emitted at t=0 to reach the observer. One second later the 
source is ]—u, x 1 =/—u,(m) away from the observer, and the time at which the 
sound wave emitted at t=1 sec reaches the observer is 


l—u, 


(sec). 


RY 


During the period of 1 sec, the sound source has emitted vg waves, which is 
heard by the observer in 


u 
t; —to=1— — (sec). 
Cs 


Therefore the apparent (Doppler-shifted) frequency to be heard by the ob- 


server 1S 


1 Ce 


vy =Vo = Vo. (8.6) 


iy — 1 Cs — Us 


Compare this with Eq. (8.3). The velocity of the sound source u, appears in the 


denominator in contrast to Eq. (8.3). 

In the case of a stationary sound source and a moving observer, the sound 
velocity appears to change because of the relative motion, but the wavelength 
remains the same. Here the sound velocity remains the same, but the wavelength 
appears to change. In Fig. 8.6 circles indicate the locations of waves emitted by 
the source when it was at A, B, C,...,and so on, equally separated. We can 
clearly see that waves are squeezed in the region between the sound source and 
the observer, whereas in the region behind the source, the wavelength is elon- 
gated. 


Example 2. A sound source of a frequency 1000 Hz is approaching an 
observer who also has a sound source of the same frequency. When the observer 
hears 5 beats a second, what is the velocity of the moving sound source? Assume 
the sound velocity is 340 m/sec. 


We should recall that the beat phenomenon is caused by two waves of 
slightly different frequencies, and the difference appears as the beats [Eq. (2.49) ]. 


: 
: 


| 


| 
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Observer ® 


Fig. 8.6. Moving source and stationary observer. The wavelength changes are due to the motion 
of the source. 


Let the velocity of the moving source be u,. From Eq. (8.6), the Doppler-shifted 
frequency v’ is 


Cs 


i —— 


RE Vo; 
Cs — Us 


where v, = 1000 Hz and c,=340 m/sec. Then the frequency difference is 


u 
Ay = —V5=—— — Vo. 
Cy— Us 
Solving for u,, we find 
Av 
u, =——— Cc, = 1.7 m/sec. 
Vo +Ay 


8.4. General Expression for Doppler-Shifted Frequency 


We can generalize the two cases: (a) a stationary sound source and moving 
observer (Eq. (8.3) and (b) a moving sound source and stationary observer, 
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Fig. 8.7. Both source and observer are moving relative to medium (air). u, and ug are positive if 
they are in the same direction as the sound velocity. 


Eq. (8.6). If both (source and observer) are moving (Fig. 8.7), the apparent fre- 
quency to be observed is given by 


Cs—U 
‘ ee (8.7) 4 
Cs— Us 
Again you should be careful about the sign convention adopted here. We have 
assigned positive velocities (u, and uo) for those in the same direction as the 
sound velocity c,. If any of these velocities are actually against the sound 


velocity, a negative value must be substituted. 


Example 3. A police car is approaching a solid wall with a velocity 30 m/sec. 
If it is sounding a siren of a frequency 1500 Hz, what frequency of reflected 
sound waves does the policeman hear? Assume c, = 340 m/sec. 


The wall can be regarded as an observer who hears the Doppler-shifted 
frequency of the approaching siren given by Eq. (8.6), 


v= cs 
Cs — Us 


Vo; 


where u,=30 m/sec and vg =1500 Hz. When sound waves are reflected, the 
wall now acts as anew sound source with the preceding frequency v’. The policeman — 
is an observer who is approaching the sound source with the velocity u,. Then 
Eq. (8.3) applies, with the sign of u, flipped, and the frequency observed by the 


policeman is 


” 


Cue o 
=—_— y’, 
Cs 
Substituting v’, we find 
, Cstus 340 + 30 
y= vo == 
Cys — Ug 340 — 30 


= 1790 Hz. 


x 1500 Hz 


Notice that the frequency of the reflected wave is doubly Doppler-shifted — 


in the preceding example. 


Example 4. Show that if a wind of a velocity u,, exists in the direction of 
the sound velocity c,, the Doppler-shifted frequency Eq. (8.7) should be re- 


assumed to be much smaller than the velocity of light, 
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written as 


Co +Uy — Uo 
Co tUy — Us 


/ 


Vo- (8.8) 


We recall the fact that the sound velocity c, is relative to the sound wave 
medium, namely, air. Therefore if the medium is moving or a wind exists, the 
sound velocity relative to the ground becomes c,+u,, where u,, is the wind 
velocity chosen to be positive if the wind is directed in the same direction as the 
sound wave. Equation (8.7) should then be modified as 


" 


Cor thy 6 
= a a O 
Coa Up le 


where up and u, are the velocities relative to the ground. 


The Doppler effect in electromagnetic waves is given by 


Ve Vo; (8.9) 
C 


where c=3.0 x 10° m/sec is the speed of light in free space and wu is the relative 
velocity between a wave source with frequency vo and an observer, which 1s 
u| <c. For electromagnetic 


_ waves, only the relative velocity matters, and it is immaterial which is moving. 


This surprising fact stems from the relativity theory developed by Einstein, who 


discovered that electromagnetic waves in free space have entirely different 


_ properties from waves in material media, such as sound waves in air. According 
to the relativity, light velocity in vacuum is constant (c =3.0 x 108 m/sec) 


irrespective of the velocity of the light source. 


8.5. Shock Waves 


If the velocity of the sound source approaches the velocity of sound waves 
in air, Eq. (8.6) predicts that the Doppler-shifted frequency v’ becomes large and 
finally diverges when the source velocity is further increased up to the sound 
velocity. What happens if the velocity of the sound source exceeds the velocity 
of sound? When an object is traveling through air with a velocity u larger than 
the speed of sound c,, the object is said to have a supersonic velocity. The ratio 
u/c, is called the Mach number, after Ernst Mach (1838-1916, Austrian physi- 


cist and philosopher). A supersonic object has a Mach number larger than 1.0. 


Let us see if we can draw wave patterns similar to Fig. 8.6 when the source 
velocity u, is larger than the sound velocity c, (Fig. 8.8). Suppose that the source 
is at point A at t=O. After time ft (sec), the waves emitted at A are on a sphere 
with a radius c,t (m). Since u,>c,, the distance traveled by the source AS=u,t 
is larger than the distance traveled by the sound waves. The waves emitted at 
successive points, B, C, and so on, are on the line A’S, where the circles are 
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Fig. 8.8. Example 5. Shock waves created by a sound source moving faster than the sound velocity. 


most crowded. We can see that sound waves are all confined in a cone, and ~ 


outside this cone no sound waves are present and thus detected. The sound 
velocity c, is normal to the cone surface. 

The energy of the sound waves is mostly concentrated on the cone surface, 
where the wave pattern circles are most crowded. When the cone surface hits an 
observer, he detects the sudden arrival of a large amplitude pulse, which is 
known as a shock wave or sonic boom. : 


Example 5. A supersonic plane is traveling horizontally 1 km above the — 


we ae 


eae ew ee ee 


ee ee 


Oe 


ground. An observer on the ground experiences a shock wave approximately — 


5 sec after the plane passed directly overhead. Estimate the Mach number of 
the plane. Assume c, = 340 m/sec. 


In Fig. 8.8 the angle 0 between the axis AS and the cone surface A’S is | 


given by 


; Cc te9. C 
sinO=—, or @=sin™1(—}). 
us us 


However, sin @ is also equal to h/[./(5u,)* +h? ] (Fig. 8.9). Then 


Cs 


h 
us /(5u,)2 +h? 
Solving for u,, we find 


c,h Us h 
u, =—_————- or —= 


Bie Se Cs * ih Se 
Substituting h=10° m, c,=340 m/sec, we find 


Mach number = aoe 1.54, 


Cs 
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Fig. 8.9. Example 5. 


Supersonic objects are necessarily associated with shock waves, or they 


always create shock waves, which enormously increase the drag force acting on 
supersonic objects, since shock waves drain energy from them. Shock waves 
cannot be avoided no matter how well plane bodies are designed. 


Problems 


Assume that the sound velocity in air is 340 m/sec in the problems. 


1. 


A police car sounding a siren of a frequency of 800 Hz is approaching a car 

running in the same direction. The velocity of the police car is 90 mi/hr 

and that of the car 55 mi/hr. Assume that the air is still. 

(a) What frequency does the car driver hear before the police car passes 
the car? 

(b) After? 

(Answer: 842 Hz, 767 Hz.) 


Repeat Problem | assuming that a steady wind of 30 mi/hr against the cars 
exists. 


(Answer: 844 Hz, 768 Hz.) 


A whistle of a frequency 600 Hz is placed on the edge of an LP record (radius 
15 cm, 333 rpm). What is the lowest and the highest frequencies heard by an 
observer who is sufficiently far from the record? 


(Answer: 600.9 Hz, 599.1 Hz.) 


Note: The whistle frequency sinusoidally varies between these frequencies 
being frequency modulated. 


A boy sounding a whistle with a frequency of 800 Hz is approaching a wall 
that reflects sounds well. When he hears three beats a second, what is his 
velocity? 

(Answer: 0.64 m/sec.) 
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5. A bullet is fired with a velocity of 500 m/sec. Find the angle between the 
shock wave surface and the line of motion of the bullet. 


(Answer: 43°.) 


6. Whenever an object travels faster than the wave characterized by a medium, 
a shock wave is created. Surface waves on water are slow and you can easily 
create a shock wave by moving a finger dipped into water fast enough in a 
horizontal direction. Try this experiment. 


7. Ifarelative velocity u between the source of electromagnetic waves and an 
observer is sufficiently smaller than the speed of light (which is an electro- 
magnetic wave) c=3.0x 10° m/sec, the Doppler-shifted frequency 1s | 
given by 


/ ctu 
ya 


Vo; 


where u>0O when the source and the observer are approaching each other 
and u<0O when receding. When microwaves of a frequency 4.0 x 10? Hz 
are reflected from a jet fighter, the frequency is changed by 10 kHz. What 
is the speed of the plane? (This principle is used in highway patrol radar.) 


(Answer: 375 m/sec.) 


8. The exact formula for the Doppler-shifted frequency of electromagnetic 
waves 1S 
ed! 
V= ———— Vo 
Ali i 
where B =u/c and u is the relative velocity between the light source and the 
observer (u>0 for approaching, u<0 for receding). When starlight, known 
to have a wavelength of 5500 A (1 A=107 ® cm), observed in the laboratory, 
appears to have a wavelength of 6500A: 
(a) What is the speed of the star relative to the earth? 
(b) Is the star receding or approaching? (This is known as “redshift” of 
spectrum lines.) 


(Answer: u/c=0.16, receding.) 


CHAPTER 9 


Electromagnetic Waves 


9.1. Introduction 


We know that electromagnetic waves from AM radio waves to visible and 
invisible light can propagate through vacuum. That is, vacuum can be a medium 
for electromagnetic waves. This seemingly obvious fact was long disbelieved 
and the concept of “ether” prevailed for a long period of time. In mechanical 
waves such as sound waves in gases and solids, and transverse waves on a string, 
we have no difficulty in “visualizing” wave motion. In sound waves, for example, 
molecules move about their equilibrium positions, and we have seen that the 
motion of the molecules determines the kinetic energy and the displacement of 
molecules from equilibrium positions determines the potential energy, associ- 
ated with wave motion. Said conversely, in any media capable of storing kinetic 
and potential energies, mechanical waves can be produced and propagated. 

Close analogy can be found in vacuum. Take a capacitor first. A capacitor 
can store electrical energy in its volume. Although most capacitors are filled 
with dielectric materials, this is not essential. Dielectrics can be replaced by air 
or vacuum; that is, vacuum can store electrical energy. Next, take an inductor, 
which is capable of storing magnetic energy. Again, the magnetic energy is 
stored in the volume occupied by the inductor, which can be air or vacuum. 
Thus we draw an important conclusion. Vacuum is capable of storing electrical 
and magnetic energies, which correspond to two energies, potential and kinetic, 
in the case of mechanical waves. In any media capable of storing electrical and 
magnetic energies, electromagnetic waves can be produced and propagated. 

In an ideal vacuum, electromagnetic waves are completely dispersionless; 
that is, the phase velocity equals the group velocity for any frequencies, 


@ dw 

k dk 
Can you imagine what would happen to FM radio if this were not the case? 
If the electromagnetic waves were dispersive, two waves of different frequencies 
would be received at different times, and the signals would be all mixed up! 


Electromagnetic waves can be dispersive, however, in media other than 
vacuum. In fact, the velocity of visible light in glass is slower than that in vacuum. 


=¢=3.0x 10° m/sec. 
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More important, the velocity of light in glass, depends, although slightly, on 
wave frequency; that is, the electromagnetic waves in water are not dispersion- 
less. Another example is the propagation of shortwave radio around the earth’s 
surface, being reflected by both the earth’s surface and the ionospheric plasma 
surrounding the earth. As we have seen in mechanical waves, waves can be 
reflected whenever they enter another medium in which the propagation velocity 
(more precisely, the impedance) is different. As we will see later, the ionospheric 
plasma acts as a “soft” boundary. Visible light has no difficulty in penetrating 
into the ionospheric plasma since the plasma becomes essentially nondispersive 
at such high frequencies. 

In this chapter we derive the wave equation for electromagnetic waves using ~ 
the basic knowledge we have. In fact, all we need is the knowledge of Kirchhoff’s 
voltage and current theorems. Then we generalize the primitive method using 
macroscopic Maxwell’s equations (namely, Faraday’s induction law and 
Maxwell’s displacement current). Finally, you will be briefly introduced to the 
differential form (or microscopic form) of the Maxwell’s equations, which 
govern all electromagnetic phenomena. 


9.2. Wave Equation for an LC Transmission Line 


A ladder network composed of series inductances and parallel capacitances 
is called an LC transmission line or delay line (Fig. 9.1). This is an excellent 
analogue of the distributed mass—spring system (Fig. 9.2) we studied (Chapter 4) 
and in fact can describe electromagnetic waves under many practical situations. 


Inductor 
V9 16 L LE L 
ye ack | C | C | C | C jes SS 
Capacitor To load 


p= Ae ape Ax fe Ay ae — hx abe ga 


Fig. 9.1. LC transmission line. 


Spring constant 


Mass 


ra 


Fig. 9.2. Mechanical transmission line. 
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i (x, t) L i (x A t) L 
(oe Latenaly 
7 CHV x + Ax,t) 
ot 
‘Sian bag tiaee” ii 


Je 
= x + dx 
Fig. 9.3. Voltages and currents at one section of an LC transmission line. All quantities, V’s and 


i’s, depend on time also. 


We pick up one section of the LC line located at x, and assign currents and 
voltages as shown in Fig. 9.3. Kirchhoff’s voltage theorem requires 


CO ° 
Vixj=L 4 Vix +A) (9.1) 
and the current theorem requires 
OV 
i= C ae i(x + Ax). (9.2) 


The first term in the RHS of Eq. (9.2) should have been written as 


0 
Co37, 
ar (x +Ax), 


but if Ax is small, which we assume, we may Taylor-expand V(x +Ax) as 


y 
V(x+Ax)~= Vix)+ xo, (9.3) 
is 


and (0/0t)V(x+Ax) can be well approximated by (¢/ét)V(x). The current at 
x+Ax can also be Taylor-expanded as 


ai 
i(x + Ax)~ i(x) + Ax —. (9.4) 
Ox 
Substituting Eqs. (9.3) and (9.4) into Eqs. (9.1) and (9.2), we obtain 
OV Oi 
—Ax —=L— 9.5 
oan at a 
Oi OV 
—Ax —=C — 9.6 
BOT ee a 


_ which may be considered as two simultaneous differential equations for V(x, f) 
and i(x, t). Next, we differentiate Eq. (9.5) with respect to the spatial coordinate 


x, and Eq. (9.6) with respect to time t to obtain 
0?V 67i 


Benton Ox Ot 


(90) 
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607i 67V 

be Re: 
Ot Ox Ot 


Since 07i/0x dt = 07i/Ot Ox, the current ican be eliminated and we finally obtaina 
partial differential equation for the voltage V(x, 0), 


6?V_ (Ax)? 2V 


—A (9.8) 


— = 9.9 
Cian - "Ox? Org 
Exactly the same equation for the current i can be found 
Dee Ph NI) 
OA MAX) oui 9.10). 


eas Cs. 
by differentiating Eq. (9.5) with respect to t and Eq. (9.6) with respect to x. 
(You should work this out by yourself.) 


Equations (9.9) and (9.10) are of the form of a wave equation. The propaga- 
tion velocity is immediately found as 


(9.11) 
Or 


Cy =————. (9.12) 

Ane Kx 
But L/Ax and C/Ax are the inductance and capacitance per unit length of the — 
transmission line. Thus we have found that: 


The propagation velocity of voltage and current on a transmission line is 
determined by the inductance and capacitance per unit length, henry/m, 
and farad/m. 


This conclusion is in fact quite general, and once we know the inductance and 
capacitance per unit length of any transmission lines, the velocity can readily 
be found. 

Let us go back a little bit in the derivation of the wave equation. We assumed ~ 
Ax to be small, but did not specify how small it should be. When we wrote 
Eq. (9.2), we used C [0V(x)/0t] instead of C [6V(x + Ax)/dt]. This can be done if 


y) 


<|V 


OV 
ton wea 
eS 


as is clear from the Taylor expansion for V(x + Ax). For a sinusoidal waveform — 
of the voltage, V(x, t)=Vo sin (kx —at), with w/k=c,,, we find 
OV 
—=kV, cos (kx — at) 
Ox 
_ 2K 


7 Vo cos (kx — at). 


Sec 9.2 WAVE EQUATION FOR AN LC TRANSMISSION LINE 139 


Therefore |Ax (€V/0x)|<|V| requires that 


2n 
Ax ; <i, 
or roughly speaking, Ax must be smaller than the wavelength 1. Thus when we 
have a discrete LC transmission line as shown in Fig. 9.1, the propagation of 
voltage and current signals can be described by a dispersionless, linear wave 
equation only if the preceding condition (Ax < 4/27) is satisfied. This is the major 
limitation of this model, although it is possible to find an exact dispersion 
relation for the discrete LC transmission line (Example 2). 

This limitation seems very severe, but we do not have to worry about it at 
all in practical transmission lines, which in most cases are continuous. We saw 
that the propagation velocity is determined by the inductance and capacitance 
per unit length; that is, Ax can be taken as small as we wish. The inductance and 
capacitance per unit length remain as finite quantities no matter how small 
Ax is chosen. The most familiar transmission line is the one composed of just 
two conductor wires (Fig. 9.4). The inductance and capacitance per unit length 
can easily be calculated for such a system (see Example 4). 

Another important transmission line is the coaxial cable, which we will 
study in detail later. Usually, the coaxial cable is filled with dielectric material 
in order to provide mechanical strength. The dielectric in turn increases the 
capacitance per unit length. Consequently, the propagation velocity of electro- 
magnetic signals in coaxial cables is smaller than that in those filled with air, 
or in vacuum. As we will see, coaxial cables filled with air would have the 
propagation velocity 3.0 x 10° m/sec, which is the velocity of light in vacuum 
(or air). 

Let us now reexamine the dimensions of the vacuum permittivity ¢9= 
8.85 x 10712 C?/(m?-N) and permeability o=42 x 1077 N/A’. The dimen- 
sions of &),C*/m?:N, can be rewritten as farad/meter, since farad has the 
dimensions of C?/N-m. Thus the physical meaning of & is the capacitance per 


unit length in vacuum. Similarly, zo can be understood as the inductance per 
unit length in vacuum, 


C 
Eo ane (farad/meter) 


16, 
Uo =—— (henry/meter). 
Ax 


Thus the velocity of electromagnetic waves in vacuum can immediately be 
found as 


1 


J &oHo 


(This is the velocity of electromagnetic waves in unbounded vacuum or alr. 
The wave velocity of electromagnetic waves in bounded media, such as air- 
filled waveguides, is not given by the preceding expression and waves become 


(Gs= 


= 3.0 x 10° m/sec. 
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Diameter 


-R (Load) 


d 
emf Y) 


Upper line positively 
charged and carries 
a current into page 


Electric field lines 


Magnetic field lines 


Lower line negatively 
charged and carries 
a current out of page 


Fig. 9.4. Parallel-wire transmission line for low-frequency electromagnetic waves. Lower figure 
indicates electric and magnetic field lines. 


dispersive.) In dielectric materials, such as glass and water, the permittivity ¢ 
is larger, and the velocity of electromagnetic waves in dielectric materials is 
correspondingly smaller. 

Thus we have seen that the simple LC transmission line can model several | 
important media for electromagnetic waves. In the introduction, we emphasized — 
the fact that any media capable of storing both electric and magnetic energies _ 
can let electromagnetic waves propagate through them. Since the bulk ex- 
pression for both energies are CV * and 4Li? with C and L the capacitance and 
inductance, respectively, we can alternatively state that any medium having both 
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capacitance and inductance is capable of accommodating electromagnetic 
waves. 

Consider a highly conductive métal such as copper. We know that an 
electrostatic field cannot penetrate into copper. In other words, metals cannot 
store electrical energy. Thus electromagnetic waves cannot exist in metals 
with high electrical conductivity, and waves incident on metals are completely 
reflected. Conductivity in conductors plays much more dominant roles than 
permittivity for electromagnetic waves. In Section 9.7 we will see that electro- 
magnetic waves in conductors obey a differential equation entirely different 
from the usual wave equation such as Eq. (9.10). A static field should be dis- 
tinguished from a dc field, which is dynamic and associated with a current flow 
in conductors. A dc field can penetrate into a conductor, as we will see in the 
section on skin effect. 


Example 1. Find the velocity of electromagnetic waves in a coaxial cable 
filled with Teflon, which has ¢=2.0¢é 9 and = [Wo (Fig. 9.5). 


From 
1 
Go 
Eo 
we find 
1 


25-885 4100-4 Frm x4n x 10° 7 ym 


=2.1 x 108 m/sec. 


E, B confined here 


paavial Outer cover 


Cross section 


Fig. 9.5. Coaxial cable for high-frequency electromagnetic waves. There are no fields outside the 
cable. 
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Example 2. 


ELECTROMAGNETIC WAVES 


Chap. 9 


(a) For the LC transmission line shown in Fig. 9.1, derive a dif- 


ference equation similar to Eq. (4.7) for a mass—spring transmission line. (b) Show 
that the exact dispersion relation is given by 


A 
w? =4% sin? (*) 


for a harmonic wave V(x, t)=Vo sin (kx — at). Here wé =1/LC. 


hoff’s voltage theorem repeatedly, we obtain 


V(x—Ax)=L = i(x —Ax)+ V(x) 


V Oe . i(x) + V(x + Ax). 


Subtracting and rearranging give 


L = [ i(x) — i(x —Ax)] =2V(x)— V(x +Ax)—V(x—Ax). 


However, Kirchhoff’s current theorem yields 


Or 


i(x—Ax)=C : V(x) + i(x) 


i(x) —i(x —Ax)= — a V(x). 


Substituting (D) into (C), we obtain 


This is the required difference equation for the voltage. Note that this is mathe- | 


EE = V(x) =V(x+Ax)+ V(x —Ax)—2V(x). 


matically identical to Eq. (4.7), for the mechanical transmission lines. 


i(x — Ax) L i (x) L i(x + Ax) 
mooie Nal gece a 
Wh Saha sian x x + Ax At a 
a 


Fig. 9.6. Example 2. 


(a) Let us consider two adjacent units as shown in Fig. 9.6. Applying Kirch- 


(Ae 


(C) 


(E) 
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(b) Let V(x, t)=Vo sin (kx — wt). Noting 


62 
ig 


V(x +Ax)—V(x)=2V, sin Ea COs (ex + ) ot 


V(x —Ax)—V(x)= —2Vp sin SS] Cos (tx = = k) —_ ot| 


and thus 
sme eke 
V(x+Ax)+V(x—Ax)—2V(x)= —4 sin 1s Vo sin (kx — at), 


V(x, t)= —w?Vo sin (kx — ot) 


we find 


Note that the long wavelength limit corresponds to Axk <1. Approximating 
sin (Axk/2) by simply Axk/2 yields our previous dispersion relation, 

eax) 

ie Ee 


RA 


9.3. Coaxial Cable 


A cable composed of two coaxial cylindrical conductors is called a coaxial 
cable and is frequently used for transmitting electromagnetic signals from one 
device to another. Coaxial cables can confine electromagnetic waves within 
themselves and under ideal conditions the electromagnetic waves do not leak 
out, in contrast to the open, two-parallel-wire transmission line. Parallel-wire 
transmission lines are typically used for high-power, low-frequency (60-Hz) 
electromagnetic waves. At such a low frequency, the radiation loss is negligible. 
As the frequency becomes higher, however, the parallel-wire transmission lines 
become very ineffective because of the radiation loss; that is, the wave energy can 
easily leak out from the transmission line. Therefore at high frequencies, the 
transmission lines must be of closed type, such as coaxial cable and microwave 
waveguide. (It is a common experience that sound waves in a pipe can propagate 
a further distance than in free space.) 

Suppose that we have a long coaxial cable connected to a dc emf at r=0 
at one end (Fig. 9.7). The cable cannot be filled with charge instantly, since the 
electromagnetic waves should travel with a large, but finite speed. We assume 
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— p; (coulomb/m) 


Voltage wave 


ie 


Current wave 


a 


Fig.9.7._ When adc power supply is suddenly connected to a coaxial cable, both voltage and current 
waves start propagating along the cable. 


that the space between the inner and outer conductor is filled with air (or 


vacuum), which has permittivity ¢) and permeability uo. Our purpose here is to 


find the propagation velocity c of the charge pulse, pretending we do not know 
the wave equation which we found in the previous section. (Actually, we are 


cheating ourselves since when we assume that a square charge pulse can exist. 


in the cable, we have to assume that the electromagnetic waves in the coaxial 


cable are dispersionless; that is, the propagation velocity is independent of the - 


wave frequency. This can only be assured by the wave equation that we are 
going to find out!) 


Let p, be the linear charge density in the region to the left of the pulse front. _ 


(This p; should not be confused with the linear mass density we used for mechani- 
cal waves.) Since we have cylindrical symmetry, the radial electric field in the 


space between the inner and outer conductor can easily be found from Gauss’ 


law as (Fig. 9.8) 


21 Tr 
Next we notice that the current i should be related to the line charge density 
p, through 


i= pic, 


where c is the velocity at which the charge front is moving. (The wave propaga- | 


tion velocity c should not be confused with the velocity of charge carriers, 
namely, electrons in the conductors. What propagates at the velocity c is the 


perturbation in the charge density, and this has nothing to do with the electron | 
velocity, which is extremely small. A similar situation has already been en- 
countered in sound waves in which the wave velocity c, and the velocity wave - 


ihe A (9.13). 
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E profile B profile 


ExatO Viewed from 
outside the emf end 


Fig. 9.8. Electric and magnetic field profile in the coaxial cable. 


0é/6t were entirely different physical quantities.) Then the azimuthal magnetic 
field can be found from Ampere’s law as (Fig. 9.8) 


Mol Hopi 
= CG 


oOnr 2Qnr ae) 
From Egs. (9.13) and (9.14), we find 
Fe (9.15) 
Bo EqLoc 


Thus if we find one more relationship between the electric field E, and magnetic 
field By, we may find the propagation velocity c. 

This can be done if we apply Faraday’s law to a thin rectangle located at the 
pulse front at a certain instant (Fig. 9.9). (We neglect unimportant edge effects 
at the pulse front.) As the pulse propagates to the right, the magnetic flux en- 


closed by the rectangle increases. Thus an emf is induced along the rectangle 


Bette te 


/ 
am (* 
ar ae +++tltt [tt ]ee[ts | +e] +e ltt | +4] t 
Bo 


mm a a a a aa a a 


Fig. 9.9. Faraday’s law is applied to the rectangle. The magnetic flux through the rectangle is 
increasing with time. 
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edges 
d 
E-dl=— a (Bx dr). (9.16) 


The integral with a circle on it is called a closed line integral. ¢ E-dl can be 
interpreted as 


E cos dl, (9.17) 


where @ is the angle between E and dl, and the integration is over a closed loop 
of arbitrary shape (Fig. 9.10). In the present case the only contribution to the ~ 
integral comes from the edge AB, since the electric field is perpendicular to the 
edges BC and DA (cos 90° =0), and we do not have the field along the edge 
CD (Fig. 9.11). Then 


E-dl= —E, dr. 
(Note that along AB, 6=180°.) The RHS of Eq. (9.16) becomes 
d ax 
= 7 (Pe ax) = — Bo Ti agi — By drc. 
Then 
Eo Bac: (9,18) 
Mer ALOE See ee 


Fig. 9.10. Closed line integral. 


A D 


E, | 7 
By town fo | jofofe > ¢ dr 
B rg C 


Fig.9.11. The only contribution to the line integral comes from the edge AB, where E || dl. 
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From Eqs. (9.15) and (9.18), we find 


1 
c= =9.0«10!° (m/sec)? 
EgHo 


or 
c=3.0 x 10° m/sec, 


which is the desired velocity of propagation of an electromagnetic pulse in a 
coaxial cable filled with air. 

It is obvious that if the cable is filled with a dielectric material other than 
air, we have to replace €) by €=kéy, where x is the dielectric constant, and the 
velocity becomes correspondingly smaller. Caution: The dielectric constant k 
is usually a function of the frequency of electromagnetic waves. For example, 
water has x ~80 for static fields (v=0), but for visible light (v~5 x 10'* Hz), 
c— 1.8. 

Equation (9.15) can alternatively be derived from Ampere—Maxwell’s law, 
which states that a time-varying electric flux should induce a magnetic field. 
In other words, a time-varying electric field is equivalent to a current (displace- 
ment current). This is exactly how a current can flow through a capacitor. Let 
us consider again a thin rectangle that is perpendicular to the one we considered 
before. The electric flux enclosed by the rectangle ABCD induces a magnetic 
field along ABCD (Fig. 9.12). 


d 
Bedlee 
d EgUo dt (EX dl) 


dx 
= E, dl — 
EoHo dt 
= Catia. (9.19) 
Now the only contribution to the integral comes from the edge AB, and we have 
 B-dl=By dl (9.20) 
i “ea 
A E, 


oS 
fees} ¢ 
x bar 9 


: Ri Skt 
im eee [eel eel eel sel ee] eet lee 


: Fig. 9.12. Electric flux through ABCD is increasing with time, which induces a magnetic field 
- through the displacement current. 
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We then find 
Bg = EgloL, Cy 


which 1s identical to Eq. (9.15). 

Thus we have been able to derive the velocity of an electromagnetic pulse 
in a coaxial cable without using the wave equation. Once we find the velocity, 
we can calculate the current i for a given value of the emf (volt) or find the 
impedance of the coaxial cable. For this we have to assume a finite radius of the 
inner conductor a(m) and that of the outer conductor b(m). The electric field 
at radius r is again found from Gauss’ law (Fig. 9.13), 


sai spent for a<r<b. 
E90 


The voltage difference between the inner and outer conductor is then given by 


b b 1 
Vos ee ie ee ia ovile en 
F 2TE r 2TEo a 


But p,=i/c. Then 


zm ied : In (2) (Q). (9.21) 
2 


Since In (b/a) is dimensionless, we see that ./o/€> has the dimension of resis- _ 

tance, Q. You should check this directly from the dimensions for Up and é). 

The characteristic impedance we just found can alternatively be written as _ 
7- inductance per unit length 

~ \/ capacitance per unit length © 


(9.22) 


To see this let us find the inductance and capacitance per unit length of the 
coaxial cable. For every 1 m of the cable, the cable has p; coulombs of charge. 
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Fig. 9.13. Gauss’s law applied to a cylinder with radius r to find the electric field. Magnetic field | 
lines are shown for comparison. | 
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The voltage difference between the conductors is still V. Then 


PI 
7 = 2107 Ha (F/m). (9.23) 


The inductance of the cable can be found if we calculate the total magnetic 
flux existing between the two conductors, a<r<b. Since 


C= 


_ Hol 
2nr’ 


the magnetic flux per unit length of the cable is 


b . 
O;= | B dr are In (°) (weber/meter). 


21 
The inductance per unit length is then 
Oz Ho b 
L=—=—In|{—]} (H/m). 
oF In (°) (H/m) (9.24) 


We have not included the magnetic flux in the inner conductor in the in- 
ductance calculation; in other words we have neglected the internal inductance. 
This is allowed if the current flows only on the surface of the conductor (skin 
effect). Substituting these values for C and L into Eq. (9.22), we recover 


Vip is * In (7) (Q). 


You may wonder why we cannot simply use €9 and Up as the capacitance 
and inductance per unit length, particularly since we are considering electro- 
magnetic waves in air filling the space between the two conductors. Zo = ./Ho/€o 
indeed has the meaning of the characteristic impedance of vacuum (or air), 
but we cannot use this for the coaxial cable. The reason is that the electro- 
magnetic wave in the coaxial cable is not a plane wave. We saw that both the 
electric and magnetic fields depend on the radial position as well as, of course, 


x, the direction of propagation. For plane waves the impedance indeed becomes 
simply ./0/é9, but whenever the waves are confined geometrically, as in the 
_ case of coaxial cable, the impedance must be accordingly modified. 


The reason we call Z the characteristic impedance rather than the resistance 
is that the coaxial cable does not dissipate energy. The cable itself is a reactive 
medium composed of capacitance and inductance. It only provides a medium for 


| electromagnetic wave propagation. If we terminate one end by a resistor having 
the same value as the characteristic impedance, the energy is most effectively 
- transferred from the cable to the load resistor, without causing any reflection of 


electromagnetic waves at the terminating end. At this stage you should be 


reminded of the concept of impedance matching for most efficient energy transfer 
from a battery having internal resistance R;. If the load resistance matches the 


internal resistance R;, the energy dissipation in the load resistance becomes a 
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maximum. The physics behind this matching is now obvious. If the load resis- 
tance matches the characteristic impedance, no wave (and thus energy) reflection 
occurs, and energy is most efficiently transferred. 

Let us now take a look at the energy stored in the coaxial cable. Since we 
know both the electric and magnetic field as functions of the radius r, we can 
immediately find the local energy densities: 


p 
Electric E.D.=4¢,E2= a = (Um?) (9.25) 
10) 
1 2 
Magnetic E.D. =—— B; waite (J/m°) (9.26) 


Quo.’  8ner? 


But c*=1/é uo. Thus we find that the electric energy density is equal to the 
magnetic energy density just as in the case of mechanical waves in which the 
kinetic energy density equals the potential energy density. We conclude that 
for nondispersive electromagnetic waves, the same amount of energy is stored 
in both the electric and magnetic fields. 

The total energy density is 


Pi 
Ve 
8707 eor- 
pi 
Sie (J m?). (9.27) 


Then the energy per unit length of the coaxial cable is 


; pi b 
| W 2a dr— In (?) (J/m), 
2TE_ a 


and the power is 


7 2 
Pi b V -2 
Be Inj{-]=—+=i°Z (W), : 
6 one n (°) Zo (W) (9.28) 
which is equal to the power supplied by the emf, Vi, as can easily be shown. 


Example 3. Determine the ratio between the outer and inner conductor 
radii b/a of a Teflon- (¢ =2¢ 9) filled, 50-Q coaxial cable. 


The impedance is given by 


Then 
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Substituting «/19/€)9 = 377 Q and Z =50Q, we obtain 


b 50 
ne oy be ale 
In (?) nr/2 x 377 


lalla: 
or 


d a0: 

a 
As long as this ratio is used, a Teflon-filled cable has a 50-Q impedance irre- 
spective of its actual size, large or small. 


Example 4. Calculate the characteristic impedance of a parallel-wire 
transmission line. Assume that the conductors have a common radius a and are 
separated by a distance d much larger than the radius a. 


To find the capacitance per unit length of the transmission line, we let 
the wires carry + p,;(C/m) and — p, (C/m) line charges, respectively. In the plane 
containing the wires, the electric field is given by (Fig. 9.14) 


poeel 1 
E,= San 9 
2TE (: =) 


where r is the distance from the positively charged wire. Then the potential 
difference between the wires is 


d-a d-a 
Pi 1 I 
V= E. dr= = d 
i Heit | (e+ f 


Pp, _1_ (field due to the 
2ne9 d-r negatively charged wire) 


_iees 
27é9 1 


(field due to the positively 
charged wire) 


Fig. 9.14. Example 4. 
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Magnetic fields due to 
the currents, +Z and —I 


Fig. 9.15. Example 4. 


and the capacitance per unit length of the transmission line becomes 
C _ Pi -Réo 


ja VavReeneaa Gane 


The inductance per unit length can be found in a similar manner. For this 
purpose, we let the wires carry currents +J (A) and —I (A), respectively. The 
magnetic field at a distance r from the positive current is (Fig. 9.15) 


Lol 1 1 
B= 5 
2 (+75) 


Then the magnetic flux linked to unit length of the transmission line is 


O, Lol hte 1 i) 
Bats Doe be d 
hs arg |: ee { 


The inductance per unit length is thus 


L @® d 
ab al alg a eed gs avi} 
De EE Nir a 


Finally, the characteristic impedance obtains as 


ey! SRR: d 
Zi hat feen(4) (Q). 


In the previous section we found the energy density in the coaxial cable is _ 


WE : 

Pi 3 ) 

WwW =——, ; .29)9 
Fag lm) (9.29) 


9.4. Poynting Vector 
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Then the power density (energy flow per unit time and per unit area) is 


Pic 
seeds 2 rE pe 
am Hope 1 
2méor 2mr Uo 
B 
= Sa aati 
Ho 
Sb oH 6: (9.30) 


The quantity Ex H(=E~x B/u) is called the Poynting vector and is denoted 
by S. Its physical meaning is simply the power density (W/m). Furthermore, 
since S is a vector, it also tells us in which direction the electromagnetic energy 
is flowing. In the coaxial cable the electric field is radially outward and the 
magnetic field is in the azimuthal direction as shown, and the direction of 
E x B is indeed toward the load consistent with the direction of the energy flow 
(Fig. 9.16). 

From the arguments given above, it is now apparent that energy is not 
transferred in the conductors. Rather, the energy is transferred through the 
space between the conductors. The role of the conductors is only to confine the 
electromagnetic energy in the space between the conductors, thus preventing 
leakage. This is not surprising if you remember that vacuum (or air) is an excel- 
lent medium for electromagnetic waves. In contrast, conductors are an extremely 
poor medium for electromagnetic waves, as we have briefly seen before. 

Let us reexamine the energy flow in some simple cases in terms of the 
Poynting vector, S=E x B/uo. Suppose a de current is flowing in a resistor rod 
with resistance R (Fig. 9.17). The potential drop across the resistor is V =iR, 
and the electric field in the resistor is E=V/l. The magnetic field is azimuthal, 
and at the surface of the rod (use Ampere’s law), 


Gs, 
2na 
Then the Poynting vector S is radially inward, and its magnitude is 
EB V i 
See ee = Wm). 
Hoo Veena 


wes S (Energy flow) 


Energy E Energy 
supplier No fields outside absorber 


Fig.9.16. Electric field, magnetic field, and Poynting vector in a coaxial cable. The Poynting vector 
is directed from the emf to the load everywhere in the cable. 
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i (total current) 


J (current density) 


Ji Shel ara 


= 
T 

= 
< 
& 


Resistive rod 


Fig. 9.17. Poynting vector S around a resistor. S is radially inward everywhere. 


The total power flow through the surface is 
Pe Six 2nal=Vae (Ww): 


which is consistent with the power being dissipated in the resistor rod. In this 
case again, the energy is not carried in the conductor. Rather it is carried by 
the electromagnetic fields (dc) through the space surrounding the conductor 
and the resistor. 

Next consider a parallel plate capacitor C that is being charged (Fig. 9.18). — 
We know the following relationships: | 
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i (charging current) 


i 


Fig. 9.18. Poynting vector in a capacitor being charged. 


We also know that no conduction current is flowing through the capacitor, 
but a displacement current is, which is given by 


44 dV 
Midimiin dip 
Then the rate of energy storage in the capacitor is 
dV d 
P=iV =C —V=—(5CV’) (W). 
l dt dt (5 yp (W) 


_Ampere’s law still holds for displacement currents. Then the magnetic field 


atthe edge of the capacitor is 144; 4, cv 


Ona 2na dt’ 


The electric field is simply E=V/I. Then the Poynting vector at the edge is 


B Vt V 
mE eT oul aah Me) 


5 zz 
ign @ Uelarar 4 dt 


and we again have 


d 1 
=— (4CV’?). 
2nalS FF (5 ) 


The preceding argument is correct only if the rate of charging is sufficiently 
slow. If the capacitor is rapidly charged, E=V/I does not hold anymore. How- 
ever, Poynting theorem still applies. 

From these examples it is now clear that electromagnetic energy transfer is 
achieved in the form of the Poynting vector. An electric field or magnetic 


; 


field alone cannot cause the flow of electromagnetic energy. We must have both. 
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Furthermore, since the Poynting vector is the vector product between E and B, 
the Poynting vector vanishes if E is purely parallel to B, even though both are 
nonzero. In most electromagnetic phenomena we study, E is usually perpendicu- 
lar to B, and you do not have to worry about this complication. 


9.5. Plane Electromagnetic Waves in Free Space 


We know that radio or TV signals can be transmitted through air (or 
vacuum). We also know that solar energy is transmitted from the sun to the 
earth through vacuum in the form of radiation of various frequencies or wave- " 
lengths. Electromagnetic waves have a tremendously vast frequency range. 
Surprisingly enough, they all propagate with the same speed, c = 3.0 x 10° m/sec, 
the velocity of light in vacuum (or air, with negligible error). 

In Section 9.2 we almost got the wave equation for electromagnetic waves in 
free space. If we take L/Ax =po, and C/Ax=€9, we may indeed conclude that 
electromagnetic waves in free space should have the velocity 


A 1 
Pa = 3.0 x 10° m/sec. 


LG NV &0Ho 

However, it is far from obvious that we can analyze the electromagnetic waves 
in free space, which is a continuous medium for the waves, in terms of discrete 
inductances and capacitances. Also, the analogy does not tell us what the — 
electric and magnetic field should be, which we need when we calculate the 
Poynting vector associated with the electromagnetic waves. Here we directly 
derive the wave equation for electromagnetic waves in free space using the 
fundamental laws in electromagnetism, namely, Faraday’s induction law, and 
the Ampere—Maxwell displacement current law. 

For simplicity, we assume a one-dimensional or plane wave that is propagat- 
ing in the x direction, which is also the direction of energy flow. From the 
arguments on the Poynting vector, if we assume an electric field in the y direc- 
tion, E,, we must have the magnetic field in the z direction, as shown in Fig. 
9.19. Let us assume a thin rectangle in the x-y plane having a length of 1 m 
and width Ax (Fig. 9.20). We apply Faraday’s law to the rectangle. Since the 
magnetic flux enclosed by the rectangle is ®, = B,(x)Ax x 1, we have 


E-dl=E(x+Ax) x 1— E(x) x 1 


OE 
~Ax —. 
. Ox 
This must be equal to —0@,/dt = —Ax(0B/0t). Then 


me? sin kx 


B Bo sin kx 
“asi ca aL 
ete oe Bee Te a ha 
Jy 
X PX Axpq x x 
xX gx a 
«1 PP bied x ae 
x PX EXD Pye 
xb * He 
X x [xixbd xd x if 
F x Pebd x ri} 
Viewed xx bd x - 
A Xk by 
fom +z 2 ss 'B 
side out PR "A . 
XPXBAXE x °F 
aa a ha @ chi. 
EE]. ]. xPBEP YT |X °- 
Ss x Px Pp bad X “A 
che . xx Py * cr E lines 
Tee ERET: x Px Ped * “a 
“ - \ x Px x x °F 
*B out x Bin 


Fig. 9.19. Plane electromagnetic wave propagating in the x direction (“snapshot”). In the upper 
part of the figure the vector length corresponds to the local field intensity. In the lower part the 
number of field lines per unit length corresponds to the local field intensity. 


E as a function of x 


z (out) x x + Ax x 


Fig. 9.20. The magnetic flux through the rectangle is varying with time. 


[S57 
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Next consider a thin rectangle in the x-z plane through which an electric flux 
@,=E Ax x1 
penetrates (Fig. 9.21). The Ampere—Maxwell law requires that 


p B-dl= B(x) x 1— B(x + Ax) x 1 


=€oHo wo = coll Ax = , 
or 
0B OE 
_ 3x Cotto te (9.32) 


Differentiating Eq. (9.31) and Eq. (9.32) with respect to x and t respectively and 
eliminating B, we find 


Coke ghbaeo bE 
Ol Ent Pea (9.33) 
Similarly, we can find 
C1Bi. ih. 028 
= (9.34) 


OF mS ai One 


Equations (9.33) and (9.34) are our desired wave equations for the electric and 
magnetic fields in free space. 
The velocity of propagation is immediately found as 


= 3.0 x 10° m/sec. 


— 
Eglo 


y (out) ae x + Ax 


B as a function of x 


Fig. 9.21. The electric flux through the rectangle is time varying, which induces a magnetic field 
along the edges (Ampere—Maxwell law for the displacement current). 


| 
| 
: 
. 


: 
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If the medium has an electric permittivity ¢ and magnetic permeability py, the 
velocity should accordingly be modified to 


_ Let us see whether for the electromagnetic waves the condition that the 
electric energy be equal to the magnetic energy is satisfied. For this, it is sufficient 
to see if the energy densities are the same. The electric energy density is 


3€0E* (J/m°) 
and the magnetic energy density is 
5 Boom). 
Assuming a harmonic wave of the form 
E(x, t)=Eo sin (kx — at) 
B(x, t)=Bo sin (kx — at), 
we find from Eq. (9.31) that 
—kE, cos (kx —a@t)= — Bo cos (kx — ot), 
or 
kKEo=@Bo. 
Since w/k=c, we have 


E(x) t= cBKpt) 


which was found earlier in Section 9.3. Then 
46) E? =4¢ cB? 
1 
nid 


2) 


Indeed both energy densities are equal. In the preceding derivation we have 


assumed a harmonic wave. However, this is not essential and the equipartition 
of energy holds for any traveling electromagnetic waves of arbitrary form. 

Let us next calculate the Poynting vector for the case of harmonic waves. 
Since E is in the y direction and B in the z direction 


B 
S=Ex— 
Lo 


is directed along the x axis, which is the direction of the wave, and thus the 


energy flow. The magnitude of S is 
EB 
Ho 
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Substituting E= Eg sin (kx —q@t), and B= Bog sin (kx — at), we find 


EB 


S=—° sin? (kx — at) 


Lo 
=Ceg He sin™(kx—a@t) (W/m7). 
The root mean square value of S is 


2 E90 


Dane =$C89 EG an CEQ Dicms = ba | fear j chee (9.35) | 


2 


which is composed of 3céy E7,,, and 4c(Bz,,,/Uo) as required from the equipartition ' 


of energy between electric and magnetic fields. 
The characteristic impedance for electromagnetic waves in vacuum can 


still be defined by 
7~ inductance/m 
~ / capacitance/m 


— (M0_37709 (9.36) 
0) 


This quantity is important for antenna engineering. As we will see in Chapter 10, 


the impedance of antennas used for electromagnetic radiation (called the | 


radiation resistance) is proportional to this quantity. 
Since the energy density associated with the electromagnetic wave is 


CoE ba, hoE tat 5 — Bl (I/m) 

Ho 

we conjecture that the electromagnetic waves have a pressure (J/m? = N/m?) 
given by the same expression. The pressure associated with electromagnetic 
waves Is called the radiation pressure. [In gas dynamics the pressure exerted by a 
gas on a wall that can absorb all the particles impinging on it is given by 4nkgT 
where n(m~ *) is the molecule density, kz is the Boltzmann constant, and T (K) 
is the absolute temperature. For a wall that can elastically reflect particles, the 
pressure exerted is 2 x nkgT =nk,T. The radiation pressure we found above 
corresponds to the one-way momentum transfer, or the pressure exerted on an 
absorbing wall. For a perfect reflector the pressure exerted is twice as large, in 


complete analogy to the gas pressure.] Usually, this radiation pressure is 
negligibly small. However, the radiation pressure is actually the measure of the _ 


rate of momentum transfer, and it should be realized that electromagnetic 
waves Carry momentum as well as energy. Furthermore, a circularly polarized 
electromagnetic wave can carry an angular momentum. 


Example 5. A monochromatic light source radiates at an rms power of 
30 W isotropically. (a) What is the rms electric field at a distance of 5 m from 
the source? (b) What is the magnetic field (rms) at the same distance? (c) Find 
the radiation force exerted on a mirror placed normal to radiation at the same 
distance. Assume that the mirror has an area of 10x 10 cm”. 


Sec 9.6 REFLECTION OF ELECTROMAGNETIC WAVES 161 


(a) The rms Poynting vector is 


power 30 W 
SS Se = 0.0955: Win’. 
Anr? 4n(5)?m? ae 


This should be equal to E7,,,/Z, where Z = </Uo/E9 = 377 Q. Then 


Fe ST 100055 Wilh? 83171 O 


pete = 


= 6.0 V/m. 
(b) The rms magnetic field can be found from 
6.0 V 
Bens = Exms/C ine EU 2.0 x 107 8 tesla. 


~ 3x 108 m/sec 
(c) The radiation pressure exerted on a reflector is 
2 x €)E2,.= (N/m’). 
Then the force is 


F=2¢)E7,.A 
=2 x 8.85 x 1071? F/m x (6.0 V/m)? x 0.01 m? 


=6.4x10°'7N (negligibly small). 


Example6. The Poynting vector S = E x B/juo is interpreted as the intensity 
of electromagnetic waves, W/m’, which is equivalent to power density or energy 
flux density. How do you interpret the following quantities? (a) S/c, (b) rx S/c, 
(c) rx S/c?, where r is the distance from the radiation source. 


(a) Since S = céoE?,,, S/c is the energy density. However, this is alternatively 
interpreted as the radiation pressure (note J/m*?=N/m7), and furthermore as 
the rate of momentum transfer per unit area, that is, the momentum flux density. 

(b) rx (momentum vector) is the angular momentum. Therefore rx S/c 
may be interpreted as the angular momentum flux density. For pure plane 
waves this quantity is identically zero since r and S are parallel. 

(c) The quantity S/c? may be interpreted as the momentum density. There- 
fore rx S/c” becomes angular momentum density. 


9.6. Reflection of Electromagnetic Waves 


The concept of characteristic impedance introduced in previous sections 
can greatly simplify our understanding of the reflection phenomena of electro- 
magnetic waves. It allows us to quantize the concept of “hard” and “soft” 
boundaries that we introduced for mechanical waves. 

Suppose a transmission line having a characteristic impedance Z (Q) anda 
: load resistance R (Q) is connected to an emf (dc) at t=0 (Fig. 9.22). As we have 
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Voltage V —— 
wave 


Current 
wave | ee 


et: x 
l=%3 
Fig. 9.22. A transmission line having a characteristic impedance Z and a load resistance R is 
suddenly connected to an emf V. Both voltage and current pulses start propagating. The emf 


supplies energy that is stored in the transmission line and also dissipated in the load. 


Impedance Z 


V open (R = ) 
a SE 


ee 
2l 
at t tiie 


Current 
ati<¢< 4 


i= VIZ . Zi 


Fig. 9.23. Reflection at the open end, R= oo. 


seen before, both voltage and current pulses start propagating toward the load 
with a constant velocity c, which of course is determined by the medium. If the 
line is / m long, it takes the pulse I/c sec to reach the load. The question here is 
what would happen when and after the pulse front reaches the load? In Fig. 
9.22 we consider two extreme cases R=0o (open) and R=0 (short). If R=Z, 
then there should be no reflection at the load, and in this case the power transfer 
is most efficiently accomplished (impedance matching). 


: 
: 


Sec 9.6 REFLECTION OF ELECTROMAGNETIC WAVES 163 
Open End (R=). 


In the case of an open end, no current can flow from the point A to B since 
the resistance is infinitely large. That is, the current at x =! must be zero at all 
times. For this to be possible we must have a negative current of equal amplitude 
propagating toward the emf, after the pulse front reaches the open end (Fig. 9.23). 

The voltage, on the other hand, behaves in a completely different manner. 
At the open end, no voltage drop occurs, and the reflected voltage pulse must 
have the same polarity as before. Thus, after reaching the open end, a voltage 
of 2 V appears at the end. 

This can be argued in terms of electric and magnetic fields associated with 
electromagnetic waves. Since the reflected pulse must have a Poynting vector 
directed toward the emf, the electric field (corresponding to the voltage) must 
have the same polarity as the incident pulse if the magnetic field (corresponding 
to the current) is reversed, 


B 
S;=Ex— directed to the right 
Ho 


(—B) 


Lo 


S.= bx directed to the left. 


Thus we may conclude that at the open end the reflected voltage wave has 
the same polarity as the incident wave, while the reflected current wave has an 
opposite polarity with respect to the incident current wave. (This statement 
actually holds as long as the end is terminated by a resistance R larger than the 
characteristic impedance Z.) Of course, all the incident energy is reflected back 
at the boundary, and we have no waves beyond x =I. 


Closed or Shorted End (R=0). 


In the case of a closed or shorted end (Fig. 9.24) the polarity of the voltage is 
reversed, but the polarity of the current remains unchanged, since the voltage at 


the shorted end must be zero at any time, and the Poynting vector of reflected 


wave must be directed toward the emf end. 

Something seems wrong with this argument. If we short-circuit the terminals 
of a battery, a tremendously large current should flow, but Fig. 9.24 indicates 
that the current only doubles. How do we explain this? 

To answer this we have to find out what happens when the reflected current 

_ pulse reaches the emf, after time 21/c. If the internal resistance of the emf is small, 
which is usually the case, the reflected current pulse again sees a closed end at 
the emf. Thus, after t=2I/c, we have a current amplitude 3V/Z propagating 
toward the closed end. This multiple reflection process continues; the current 
amplitude builds up and eventually becomes dangerously large enough to 
destroy either the emf or the transmission line itself. This is the physics behind 
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of 
V Impedance Z Short 


Voltage 
als a = 2b 


Current . 
at pate SS a i= V/Z 


Fig. 9.24. Reflection at the closed end, R=0. 


short-circuiting, which in any case should be avoided in the laboratory. Of 
course, the time required for the current buildup depends on the length of the 
transmission line, but you can easily see that the time scale is extremely short 
because of the fast propagation velocity, which is close to or equal to the speed 
of light. 7 

In both cases (R= 00 and 0) discussed above, the reflection is complete or 
100%. No energy can go beyond the open or closed end except for small radia- 
tion that can be observed as leakage. For a finite load resistance other than the 
characteristic impedance, incomplete reflection occurs; that is, some energy is 
dissipated in the load, and the rest is reflected. For example, if R=2Z, the 
voltage reflection is V/3, and the current reflection is — V/3Z. In general, the 
voltage reflection coefficient is given by 


R-Z 
eave 9.39 
fmt AY 08g 
and the current reflection coefficient is given by 
Z—R 
l, =——— = -T). FS: 
I-RaZ v (9.38) 


Example 7. Derive Eq. (9.37), the voltage reflection coefficient, by using 
the energy method we employed for the reflection coefficient of mechanical 
waves, Eq. (6.26). 


Let the incident voltage be V; and the reflected voltage be V,. The power 
associated with the incident voltage is given by V?/Z, and that associated with 
the reflected wave is V?/Z. The resistor R dissipates energy at the rate 
(V;+ V,)?/R, where V;+ V, is the voltage to appear at the terminated end. Then 
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the power conservation principle requires that 


LO EN 


Lineal, 5 R 
Solving for V,, we obtain 
R-Z 
a V; 
R+Z 
which defines the voltage reflection coefficient 
R-Z 
Ty =. 
R+Z 


Example 8. In Fig. 9.25 discuss how the voltage wave develops after the 
switch is closed. 


When the switch is closed, a voltage pulse having an amplitude 
10 x 50/(50+ 50)=5 V starts propagating down the transmission line. (Note 
that the 50-Q transmission line essentially acts as a 50-Q resistor for the initial 
pulse, and the voltage dividing principle applies.) It takes the initial pulse 
30m/c = 1077 sec to reach the load end, where the voltage reflection coefficient 1s 


—20-50_ 
BHO 507" 


Then, after 10°’ sec, a negative pulse of 5 V x(—0.43)= —2.1 V propagates 
toward the emf end. When this negative pulse reaches the emf end, where 
impedance matching exists, it is completely absorbed by the 50-Q resistor, and 
no more reflection occurs. Then a steady state is achieved at a transmission line 
voltage of 5—2.1=2.9 V. This voltage is consistent with what we expect from 
the dc theory, which yields the resistor voltage of 


— 0.43. 


However, as we have seen, it takes a finite (although short) time to establish this 
dc, or steady state. The evolution of the voltage is shown in Fig. 9.26. (The evolu- 
tion of the current wave is left as an exercise.) 


500 Hh; =» S510) £0) 


c = 3.0 x 108 m/sec 


Ee 
be 30m >| 


Fig. 9.25. Example 8. 


20,0) 
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O=— = 10=7 sec 


NOQer Spe SEN axe 


-2.1V 
(reflected) 


t>2 x 10-7 sec 2.9V 


Load end 
Fig. 9.26. Example 8. 


Since the characteristic impedance for plane electromagnetic waves is 
given by 


the waves are reflected whenever they enter a medium with different permittivity 
and/or permeability (Fig. 9.27). In most media we may assume that the perme- 
ability is unchanged, being equal to 9. However, ¢, the permittivity, can easily 
vary. The velocity of visible light in water and glass is smaller than that in 
vacuum. (In water, c/1.33, and in glass c/1.5.) This is due to the larger values of 
permittivity in water and glass than é¢9. Thus the characteristic impedance of 
water and glass with respect to visible light is smaller than that in vacuum, 
377 Q. It is then obvious that the electric field associated with the reflected light 
has opposite polarity with respect to the incident light, since the reflection 
coefficient for the voltage (and thus the electric field) is negative. In other words, 
water (or glass) acts as a hard medium for the electric field associated with light. 


Air Z = V wo/ | 
“3 a? 377 0° | Glass Z = Vyo/e < V o/€o 


oe ee eee 


es 1 
Incident PRR | a 
| CYNWYD YY YW Transmitted 
Reflected “NSN SAVSANANVSAVSANVY | 
Cte 


oe eT ee ee ee ot eee 


Water 


Air ree ee 
or glass 


Fig. 9.27. Transmission line analogue of light reflection from water (or glass), which has a lower 
characteristic impedance than that in air. 
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This polarity change at a hard boundary is quite analogous to the case of 
mechanical waves, particularly the transverse waves on a string under tension. 
The polarity change of the electric field at hard boundaries plays important 
roles in Chapter 11 on interference. 


9.7. Electromagnetic Waves in Matter 


As we have seen, electromagnetic waves in vacuum are dispersionless and 
the propagation velocity c is independent of the wave frequency. This beautiful 
nondispersive nature breaks down for electromagnetic waves in matter. We 
have already seen that the velocity of electromagnetic waves in matter is dif- 
ferent from c=3.0 x 10° m/sec. Usually, it becomes smaller than c, as in the 
case of the light velocity in glass, for example. We also learned that the change 
in the velocity causes the change in the characteristic impedance, which in turn 
causes the reflection of electromagnetic waves whenever they try to penetrate 
into a different medium. 

Let us consider shortwave radio, which can be received at a place to which 
the waves cannot travel directly (along a straight line), or a point “out of sight.” 
Shortwave radio actually uses the reflection of electromagnetic waves by the 
ionospheric plasma surrounding the earth, and by the surface of the earth itself, 
which is a good conductor (Fig. 9.28). Plasmas are ionized gases in which equal 
amounts of negative (electrons) and positive (ions) charges coexist, maintaining 
gross charge neutrality. The ionospheric plasma is produced by the radiation 
(X-ray, ultraviolet) from the sun and trapped by the earth’s magnetic field. The 
plasma frequently becomes visible as aurora, depending on the solar activity. 


lonospheric plasma 
(conductor) 


/ 
Transmitter / 


‘ Receiver (out of sight) 


| Earth 
(conductor) 
if 
Fig. 9.28. Reflection of radio waves from the ionospheric plasma. The earth is a good conductor 


too for radio waves and multiple reflection can occur. The plasma and the earth form a waveguide 
for suitable frequencies. 
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In plasmas, charged particles are highly mobile and can easily be accelerated 
by the electric field associated with the electromagnetic waves. The motion of 
charged particles (mainly electrons because their mass is much smaller than that 
of ions) create a conduction current, which as we know induces a magnetic 
field in addition to the magnetic field associated with the waves. The magnetic 
field thus induced in turn induces an electric field according to Faraday’s law. 
As we will see, this electric field induced by the electron motion always tends to 
oppose the electric field of the incident wave. In other words, the incident wave 
would encounter difficulties whenever they try to penetrate into a plasma. 
Under certain conditions the wave just gives up and is reflected from the plasma. 

Exactly the same argument can be applied to the reflection from a metal ~ 
surface. Metals are characterized by the presence of large numbers of free 
electrons, or conduction electrons. For example, copper has about 107 free 
electrons in 1 cm*. Again these free electrons can well respond to an electric 
field or react to the externally applied field, thus preventing the field from 
penetrating. 

As far as the wave equation for electromagnetic waves is concerned, all 
we have to do is just add another current in the Maxwell-Ampere law, which 
had only the displacement current density 

0) ~ (A/m7) 
in vacuum. In the presence of a conduction current density, J (A/m7), the total 
current density thus becomes 


OE 
E09 yun 


and the Maxwell-Ampere equation now becomes 


Lies are 9.39) 
ree eal £0 AE . (9.39) 7 


Then if we can somehow express the conduction current J in terms of either E 
or B, our problem will be solved. 

To do this let us consider how the electrons are accelerated by the electric 
field E. Since the electric field E exerts a force —eE (e=1.6x107!9C) on an — 
electron, the equation of motion for the electron can be written as 

Ou ; 
m A oe eE (u=electron velocity). (9.40) 
We used the partial derivative 0/dt since we expect that the electrons would 
follow the wave motion of the electric field, which is a function of both the 
spatial coordinate x and time t. If we multiply Eq. (9.40) by the electron density 
no(m~ *) and the charge of the electron —e, we obtain 
OJ 


m ay noe Es (9.41) 


although it has one additional term due to the conduction current. 
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since the conduction current density J is given by 
J=—ngeu (A/m?). 
On the other hand, the time derivative of Eq. (9.39) is 


eB B27. Aad 
resin RCherrag ey 


Substituting 0/J/ét from Eq. (9.41) into Eq. (9.42), we find 


67B O7E | noe” - 
— —— =fn&9 | —> 
tax °° er MEo 


The Faraday’s induction equation is unchanged, 


ee Soleo) 
ex Om 
or taking the spatial derivative, 
Ole, ai 6°B 
Cieane icon 


Eliminating 07B/dx dt between Eas. (9.43) and (9.45), we finally obtain 


6°E 07E 
=Lo£o (Gee E) : 


ox Ot” |. Mes 
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(9.42) 


(9.43) 


(9.44) 


(9.45) 


(9.46) 


This is our desired differential equation for electromagnetic waves in a plasma. 
Of course, it reduces to the wave equation we derived before if we have no 
plasma electrons, np =0. Also note that in the equation of motion, we have 
assumed free acceleration of electrons, or neglected collisions between electrons 
and other particles in the plasma. We still call Eq. (9.46) a wave equation 


To see that the term due to the plasma electrons indeed tends to reduce the 


total electric field, let us assume a harmonic wave, 
E(x, t)= Eo sin (kx — ot). 
Obviously, 
07E 


Po wE, sin (kx — at). 


But the last term in Eq. (9.46) always has an opposite sign with respect to the 


term 07E/0t?, since the quantity noe*/még is positive definite. Thus the reaction 
effect of the plasma electrons is clearly seen. Plasma electrons tend to reduce the 


effective amplitude of the electric field, and wave propagation from vacuum 
| into a plasma must encounter some difficulty. 
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The quantity 


Noe? 


Méo 


has the dimension of sec” ”, as can easily be checked. (Do this.) The square root 
of this is called the plasma (angular) frequency and is written as 


Noe? 1/2 
Op= ( (rad/sec). (9.47) 
MEo 
The corresponding plasma frequency in hertz is 
Lvoine- V7 
= H 
2 eats ( | (Hz) (9.48) 
=8.97./n9 (Hz) (9.49) 


where the electron density no is in m7 °. The ionospheric plasma has the electron 
density in the range of 10''~10'* m~ *. The corresponding plasma frequency 
range is 2.8~ 28 MHz. In metals the electron density is much higher and of the 
order of 107? m~ °. The plasma frequency of metals is then around 3 x 10!* Hz, 
which is higher than the frequency of visible light, 5 x 10!* Hz. 

Let us now find the dispersion relation, or the relationship between w and k 
of electromagnetic waves in a plasma. For a harmonic wave of the form 


E(x, t)= Epo sin (kx — wt), 
Eq. (9.46) yields (Problem 18) 
aw? =k*c* +p. (9.50) 


A rough sketch of w as a function of k is shown in Fig. 9.29. Note that we now 
have a minimum frequency of electromagnetic waves that can exist in a plasma. 


Frequency w 


\. Forbidden 


Wavenumber k 


Fig. 9.29. Dispersion relation for electromagnetic waves in a plasma. 
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The cutoff frequency is given by the plasma frequency. We have no solutions for 
w below w,; that is, waves with a frequency below w, cannot exist in a plasma. 
Now we see why a plasma can reflect certain electromagnetic waves. Waves of a 
frequency well above the plasma frequency have no difficulties in penetrating 
into a plasma, but those with a frequency below the plasma frequency must be 
completely reflected at the boundary. Visible light has a frequency around 
5 x 10'* Hz, which is much higher than the plasma frequency of the ionospheric 
plasma. Thus light should have no difficulties in penetrating through the iono- 
spheric plasma. On the other hand, shortwave radio communication uses the 
frequency band between 3 and 30 MHz, which is subject to reflection by the 
ionosphere (Fig. 9.30). 

The dispersion relation we obtained has a peculiar property. The phase 


velocity w/k becomes 
Ww k?2 Ba 2 2 
=> — ay, lossy (9.51) 


which is faster than the speed of light, c. Is this not in grave contradiction to what 
Einstein found? According to him nothing can travel faster than light. What 
travels with the electromagnetic waves? Energy does. But we know that energy 
is carried at a group velocity dw/dk, rather than the phase velocity. The group 
velocity for w= J/k?c? +a; is 


P) k 2 
i a a 9.52) 


dk Jee+02 @ ° 


Vacuum Plasma 


v 


Fig. 9.30. Wave reflection from a plasma. Note that the refraction angle 9, is /arger than the 
: incident angle 0; for a plasma, in contrast to the refraction of visible light at the surface of water or 


: glass. This means that we cannot make a converging lens using a plasma. 
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4 


which can never exceed the velocity of light, c. Thus the dispersion relation does | 
not contradict Einstein’s relativity theory. 


Example 9. The dispersion relation Eq. (9.50) can be used to measure the 
average plasma electron density. Let a high-frequency (microwave) electro- 
magnetic wave whose frequency is higher than the plasma frequency go through 
a plasma slab having an electron density n and a width d (Fig. 9.31). In the 
absence of the plasma, the phase change due to the propagation over the distance 
d is kyd =(q/c)d, where ky =o/c. : 

(a) What is the phase ee in the presence of the plasma? i 

(b) Show that when w*>q,, the difference between (w/c)d and the phase ~ 
change found in (a) become proportional to the electron density. | 


(a) From Eq. (9.50), we obtain 


Then 
d 2 5 dw ' 5} 
ane O05 ae P= (oy oe 
(b) If w* >@;, we may expand ./1 —(w,/a) as j | 


: 1 fo \7 8 
1 -( “*) ~1— 5 5(2*] (binomial expansion). { ; 


Then 
dw Loe Ne 
kde a eas 
Cc 2X @ 
To generator <—. ys ~ ——> To receiver 

anes : 

Horn Horn 

antenna antenna 


—se 


Fig. 9.31. Example 9. 
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The difference between kod and kd becomes 


ldw> 

Leite aoe 

2c @ 
in which d, c, and wm are fixed parameters. Then the phase difference is propor- 
tional to w;, or the electron density. (This phase difference can be measured 
electronically, thus enabling us to determine the plasma electron density. This 


diagnostic technique is widely used in plasma research.) 


We saw that electromagnetic fields cannot penetrate into metals. Then how 
can we use, Say, copper wires as electrical conductors at all? For the free electrons 
in metals to move, we must have an electric field in metals. The dispersion 
relation we derived tells us no electromagnetic fields with frequencies below the 
plasma frequency of metals can exist in metals. For copper, f,~3 x 10° Hz, 
but we frequently use copper wires for transmitting 60-Hz (or 50-Hz) electro- 
magnetic waves (commercial electrical power) from power plants to wherever 
it is used. When we state that electromagnetic waves cannot penetrate into 
metals, we should have in mind perfectly conducting metals, or ideal conductors 
with zero resistivity. Although such conductors have been realized as super- 
conductors, their commercial availability is still remote, and we will have to use 
conventional conductors for decades to come. Copper at room temperature has 
a small but finite resistivity, as we all know. Its value is 1.7 x 107 § Q-m at 20°C 
and is one of the smallest among conventional metals. If the resistivity is finite, 
a dc electric field can fully penetrate into a metal. The electric field Eg, is related 
to the current density through 


ae Noes (9.53) 


(You should check that this equation is dimensionally correct.) This is the 
microscopic form of Ohm’s law. If we multiply Eq. (9.53) by the length / of a rod, 
we find (Fig. 9.32) 


Eee =o Var ha nlJ ac 


= RI, 


which is the macroscopic form of the well-known Ohm’s law. 


Fig. 9.32. Current density J and electric field F in a resistive rod. 
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Now we will see what happens to electromagnetic waves in a metal if it hasa 
finite resistivity. Equation (9.41) was obviously for the case of infinite con- 
ductivity or zero resistivity. But we now know that in the case of a de field, or 
when 0J/ét =0 (J #0!) Eq. (9.53) must hold. Then, Eq. (9.41) should be modi- 
fied as 


Co. 
m ay noe LE— nd]. (9.54) 


This equation is also derivable directly from the equation of motion in which 
we assume a finite collision frequency for the electrons, 


Ou 
m—= —eE—my),u, 


Ot 


where v, (sec” ') is a measure of how frequently electrons collide with either ions 
or neutrals to lose momentum. Multiplying this by —nge, we obtain 


oJ 5 
—= E—mvy,J 
m ay Noe my 


= 1567 E — BC J 
Noe 
which, when compared with Eq. (9.54), indicates that the resistivity 7 is given by 


my 


= 2 (Q:m). 
(0) 


i= 


Therefore the resistivity is a direct consequence of electron collisions. For 
copper, 7 =1.7 x 107° Q-m, and no ~ 107? m7 3. Substituting m=9.1 x 10731 kg 
and e=1.6 x 10° *? coulombs, we estimate the collision frequency of electrons 
in copper as 


nnoe” 1.7107" x10?" x (1.6 x 10° 7") 
Vos EE eee 
m 911073! 
=48 x10! sec”! 


This collision frequency in metals usually increases with temperature, and this 
explains why metal resistivity increases with temperature. 

In the limit of no time variation (0/dt=0, or w =0) in Eq. (9.54), we indeed 
recover E=nJ as required by Eq. (9.53). Thus our equations for three field 
quantities, J, E, and B, are Eq. (9.54) and 


(9.44) 


OB OE : 
— P= to(co = +). (9.39) 
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As before, to derive a wave equation for one field quantity, say J, we have to 
eliminate E and B from these three equations. 
The magnetic field B can easily be eliminated as before: 


07E foes Shamed) 
Pe =LHo | £0 ge! Bas : (9:35) 
From Eq. (9.54), we have 
m oJ 
ae Faiths (9.56) 


Substituting Eq. (9.56) into (9.55), we obtain 


67 fm es 67 { m Clb ees i OJ 0.57) 
=f & eae . 
Mee ct | | Nie? OF PP? et 
‘This looks terrible but don’t worry. The term m/nge?(0J/dt) can safely be neglec- 
: ‘ted compared with the term yJ under most practical conditions. Assuming a 
harmonic current form, J(x, t)=Jo sin (kx —t), we see that the amplitude of 
: m/ne?(dJ/ét) is (ma@/noe*)Jo which is to be compared with yJ 9. For copper, we 
have no~1x 107? m~° and 7=1.7x 107° Q-m. Even in the frequency range 
of microwaves, w=10!°—10?? rad/sec, ma/nge? is 
| On ALO a Oh? 


| ee oe eee te 69 
| iodo , 


which is much less than the resistivity of copper. Thus the term (m/nge’) x 0J/dt 
| can be neglected compared with nJ, in Eq. (9.57), and we have 
: a2J OF Ho a al 

P ax2 O° Bt on at 

| Next compare the two terms in the RHS. The amplitude of the first term is 
| E9 Up@*J, and that of the second term is Uo@Jo/n. We see that the first term can 
safely be neglected even in the microwave frequency range, w~10'* sec’. 
| Thus the original differential equation, Eq. (9.57), has now been greatly simplified 
as 

07 Uo OF 
| Ox? ..n ti 
Ofcourse, the other fields, E and B, should be described by the same differential 
equation, 

| 62E po OE 6°B fo OB 
5= and z= 
ON a eH uLOL Cyt Li sOL 

| A differential equation of the preceding form is called a diffusion equation. 
| It describes, for example, how rapidly an ink drop placed in water spreads (or 
| diffuses) and is one of the most important equations we have in physics. We shall 
study this equation later in Chapter 15. 


i 
1 


(9.58) 


(9.59) 


(9.60) 


i 


eee 
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The solution of Eqs. (9.59) and (9.60) can be found for a harmonic “wave” 
without too much difficulty. The term wave is used here in a somewhat broader 
sense than before. The equations contain the first-order time derivatives only, 
and do not have the second-order time derivatives present in the usual wave 
equations 

OE. | gas EB 
a” ax? 


Let us assume a solution of the form 


E(x, t)= A(x) sin (kx — at), (9.61)m 
for the differential equation for the electric field, 
07E Lo OE 
— = — _. 9.62 
Gilat, OF Cee 
Since 
OE dA 
a he sin (kx —wt)+kA cos (kx —at) - 
CE wa Au, dA Pete: 
Par ee sin (kx —@t)+2k a cos (kx —a@t)—k*A sin (kx — ot) 
and 
OE 
aaa @A cos (kx — at), 


Eq. (9.62) becomes 


dx? 


Since Eq. (9.63) must hold for any values of x and t, we must have 


d7A dA | 
(a _ iA) sin (kx —wt)+ (2% 7 jos 4) cos (kx—wt)=0 (9.63) 


ce k7A=0 9.64) 
ax? om ( | 
and 
dA 
Dias Bie de (9.65) 
Le Ly 
These are mere ordinary differential equations. We assume A(x) = Ave ?*. Then , | 
dA Ane 
me pra te 
and 
GAs Beth 
=7Aoe™ 
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Substituting these into Eqs. (9.64) and (9.75), we find 


Na ko (9.66) 
and 
Lyi 4 ee eG, (9.67) 
; H 
Then 
OUo 
= k = ——— 
i 2n ) 
and the electric field becomes 
E(x, t)= Ape” ™ sin (kx — ot), (9.68) 
where 
aN bade (9.69) 
2n 


A sketch of the preceding solution at a certain time (snapshot) is shown in 
Fig. 9.33. We see that the electric field in the metal spatially damps in an ex- 
ponential manner. The envelope becomes 1/e (e=2.7182)=0.37=37% of the 
value at the metal surface (x =0) at a distance 


7 
ee el (9.70) 
WUo 


This quantity, xo, is called the skin depth and indicates how deep an electro- 
magnetic wave can penetrate into a metal. In the limit of w—0 (dc), x») becomes 
infinitely large, being consistent with our experience. A dc field does not have 
any difficulty in penetrating into a metal, although it takes a finite time (skin 
time) for a dc field to penetrate. As wm increases, the skin depth becomes finite, 
being inversely proportional to the square root of the frequency. Even at 
60 Hz, the skin depth of copper is only 8.5 mm. Thus it is meaningless to 
make the diameter of high-voltage transmission lines much more than the skin 
depth, since the current is practically limited within a skin depth. As the fre- 
‘quency becomes higher, the skin depth becomes smaller (Fig. 9.34). At 1 MHz 
(AM radio waves), the skin depth is 0.07 mm; that is, the current can flow 
‘practically only at the surface of copper. 
You must wonder why a higher resistivity results as a less spatial damping, 
as indicated by Eq. (9.70). This is quite opposite to the case of an LCR circuit, 
‘in which a higher resistance (R) makes the oscillation damp faster (Fig. 9.35). 
Let us see if we can construct an equation similar to Eq. (9.62) using the pre- 
“ceding circuit as a unit element of a transmission line. As before, Kirchhoff’s 


: voltage and current theorems yield (Fig. 9.36) 


a 
: V(x)=Vix+ Ax) +L = + Ri 


: OV 
: i(x) = i(x + Ax) + C 
: 


+e-kx (envelope) 


sin kxe-kx (t = O in Eq. (9.68)) 


cos kxe-*x (wt = 3 min Eq. (9.68)) 


Normalized 
distance from 
surface kx 


Electric field in conductor 
(normalized by the surface value) 


aw —e-kx (envelope) 


/ 


Air—<————_ | —————> Conductor 


Fig. 9.33. Skin effect at metal surface. 
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Fig. 9.34. Skin depth of copper at room temperature as a function of wave frequency. 
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Fig. 9.35. Damped oscillation of LRC circuit. 
i (Get NG) 
L Py OE Ry AL R it R 
i “fens : t 
5 ee 
Fig. 9.36. An incorrect model transmission line for simulating skin effect. 
Or 
Kleen, (9.71 
—Ax —=L— i ; 
Ox Ot ) 
Oi OV 
SAN ee Ot DP? 
Ox Ot aie) 


From these, we find 


mv 67V OV 
a 0.73) 


eee ce eon 
which is clearly of the form of Eq. (9.20), in which we neglected the term 


2 


EoUo Be 


compared with po/n(6J/dt). In other words, we neglected the term associated 


with the capacitance é9 (F/m). In Eq. (9.73), we cannot do this, since if we neglect 
the capacitance (C0), we lose all the RHS, ending up with a trivial equation 


0°V 
Ox 


Thus our model is obviously wrong. 
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L i (x) L i(x + Ax) L 


— =o — 


Fig. 9.37. Correct model: Resistance in parallel with capacitance. 


A correct model is the one that has a resistance in parallel with the capaci- — 


tance. For the transmission line (see Fig. 9.37), we have 


OV Oi 
oi V OV 
— Ngee sos Cs 9.7 
ge R Ot 0.1 


These yield the following differential equation for the current i (derive this): 


067i L Gm ted ea): 
Be ike (cate 5): 0.70% 


This looks better, since we now have the capacitance term separated from the : 
resistance term. In fact, if we define L/Ax (inductance per unit length), C/Axmm 
(capacitance per unit length), and 1/R Ax (conductance per unit length), and — 


replace L/Ax by fo, C/Ax by é, and 1/R Ax by 1/n, Eq. (9.38) exactly corre- 


sponds to Eq. (9.20). In the transmission line shown (Fig. 9.37), it is obvious that _ 
as the resistance increases, the line dissipates less energy (since the resistance is — 
in parallel!) and the energy can be transferred further spatially, indicating less — 


spatial damping! 


Problems 


1. An LC transmission line has the following parameters: 
g CG 
——=1.0x10° * H/m, —-=20x 107!? Byam 
Ax Ax 
Find the velocity of electromagnetic waves on the transmission line. What 
is the impedance? 


2. Itis required that the velocity of electromagnetic waves in a coaxial cable 
be one-half of the velocity of light in vacuum. What dielectric material 
should be used? Assume p= Lo. 


3. Consider the inductance of an LC transmission line having a leakage (or 


stray) capacitance C, (see Fig. 9.38). 


| 
a 
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haere 


Fig. 9.38. Problem 3. 


(a) Show that the differential equation for the voltage is given by 
i ona AGS ae Gel ake 6: ery 
AOS Be (Ax) 2a 
Ot LCe Cx ie, CE Ox 


(b) Assuming a harmonic voltage V(x, t)=Vo sin (kx—qt), show that 
the dispersion relation is 


: 1 (Axe 
Spa an oe eal Y 
1h (C5 CM Ax)7 ke? LC; 


Note: This indicates that if there is a stray capacitance across the in- 
ductance in each section, the waves are no longer dispersionless. The 
phase velocity w/k is now different from the group velocity dw/dk, as can 
easily be checked. (Do this.) The dispersion relation can model interesting 
waves we encounter in several branches of physics. For example, shallow 
water waves can be well approximated by this dispersion relation. Another 
example is the sound wave in an ionized gas (plasma), which is called the 
ion acoustic wave. (We will study this in Chapter 15). 


A coaxial cable has an inner radius of 2 x 107+ m and an outer radius of 
3x107°m and is filled with a dielectric material of k =2.0. Find 


(a) The velocity of electromagnetic waves in the cable. 
(b) The characteristic impedance of the cable. 
(Answer: 2.1 x 108 m/sec, 115 Q.) 


A coaxial cable is desired to have 50-Q characteristic impedance. If the 
radius of the outer conductor is 2 mm, and the propagation velocity is to 
be 0.7c, what dielectric material should be used? What is the inner radius? 
(Answer: ¢&=2.04€ 9, 0.6 mm.) 


From the dimensions for E and B, show that the Poynting flux S indeed 
has the dimension of watts per square meter. (Introduce a vector H = B/1o 
having a dimension of amperes per meter.) 

Parallel-wire transmission lines are most commonly used for low- 
frequency (including dc) power transfer. In the schematic diagram of 
Fig. 9.39, sketch roughly the electric and magnetic field profiles, and show 
that the Poynting vector is directed from the emf to the load everywhere. 
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U 


R (Load) 
i 
Fig. 9.39. Problem 7. 
8. A long densely wound solenoid is storing magnetic energy. Discuss the 
mechanism of energy flow in terms of the Poynting vector. 


9. In Eq. (9.31), the electric field is in the y direction and the magnetic field 
is in the z direction. Show that Eq. (9.31) is equivalent to 


jk Ee 
a/ox dJdy afdz|=— =k 
(\ err nas) 


if we assume 0E/dz=0. Similarly, Eq. (9.32) may be written as 
i J k OE. 
C/OXANC/OCY. :0/02| =sopo aa 
0 0 B 
with 0B/dy=0. In general, 


i en i ek 
yd. A 
a/dx lay d/éz -(5 aga “) in(S 2 *) j (2 ” =) k, 
ne ve as y Z Z ne 


and this vector differentiation is written as 
Vx A (or curl A). 
Using V, we may generalize Eq. (9.31) as 


OB 
Vx E= -—- — 
$ ot 


and Eq. (9.32) as 
OK 
Vx B= —. 
x Eglo At 
These are called Maxwell’s equations in free space in which no conduction 


currents can exist. In the presence of a conduction current, the second 
equation should be generalized as 


Ot 


where j is the conduction current density (A/m7). 


Che, 
Vx B= (:0 +i). 
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A giant laser pulse has a power density 10°° W/m’. Calculate the rms 
value of the electric field associated with the laser pulse. 

(Answer: Eyms=1.94 x 10'* V/m.) 

A radio station is emitting 50 kW radio waves spherically.* Find the rms 
value of the electric field 1 mi from the station. 

(Answer: E,m;=0.76 V/m.) 

A 1-g target completely absorbs the energy of laser pulse (500 MW, 
10-nsec duration). Find the momentum to be gained by the target and the 
velocity. 

(Answer: p=1.67x 107% kg-m/sec, v=1.67 x 10° ° m/sec.) 

Discuss how the current pulse develops after the switch is closed for 


R=25Q, 50 Q, 100 Q (Fig. 9.40). Note that there is no reflection at the emf 
end. Does the final current reduce to what you expect? 


oe Z= 500 R 
10 V 


Fig. 9.40. Problem 13. 


Repeat Problem 13 for the case of Fig. 9.41. The current should eventually 
approach 1 A. Does it? 


10 V Z=500 100 


Fig. 9.41. Problem 14. 


Derive Eq. (9.38). 


A coaxial cable has the same characteristic impedance as free space, 
377Q. Can we conclude that electromagnetic waves reaching an open 
end of the cable should suffer no reflection since the impedances are the 
same? (The answer is no. Why?) 


Derive Eq. (9.50). 


* As we will see in Chapter 10, a radio station cannot radiate spherically or in every direction. 
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The dispersion relation of electromagnetic waves in a plasma [ Eq. (9.50)] 
does not allow a solution for w below the plasma frequency w,. Suppose 
an electromagnetic wave of a frequency much less than o, is incident on a 
plasma. Neglecting the term 07E/dt? compared with w3E in Eq. (9.8), 
show that the solution for E can be written as 


B= Eoe sit oe, 


where y = @,/c. The quantity c/,, is called the skin depth of a plasma with 
no resistivity. Evaluate this quantity for the ionospheric plasma assuming 
No = 10! m_ 


Discuss the tunnel effect of electromagnetic waves through a plasma 
(Fig. 9.42). If the plasma is semi-infinite, or if the thickness d is much 
larger than the skin depth c/w, found in Problem 18, the incident wave is 
100% reflected. However, if the thickness d is shorter than the skin depth, 
some energy can go through the plasma, and the reflection is no longer 
100%. Can you see why? 


WwW < W 


a 


Fig. 9.42. Problem 19. 


Show that the energy density of a plane electromagnetic wave in a plasma 
with amplitude of electric field Ep is given by 


pe dees ae 
Oo yOu a 
4&0 E2 (14254 2 *) =teob2 rms. (Aye 


Equation (A) indicates the energy partition among the electric field energy, 
kinetic energy of electrons, and magnetic field energy. 


Any waves tend to be bent toward a region of lower phase velocity. Usually, 
the electron density in the ionospheric plasma increases with the altitude. 
Consider an oblique incident wave. See why a wave with a frequency 
higher than the plasma frequency can be reflected back toward the earth 
by the ionosphere (Fig. 9.43). 


Height 2 


22. 
3. 
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Fig. 9.43. Problem 21. 


Note: This bending phenomenon is known as wave refraction. In fact, 
shortwave radio with frequencies higher than the plasma frequency of the 
ionosphere can be effectively reflected. The cutoff phenomenon at the 
plasma frequency can be well defined only for normal incidence. Of course, 
the refraction depends on the wave frequency, and for waves with fre- 
quencies much higher than w,, the refraction becomes ineffective. Visible 
light can go through the ionosphere at any angle of incidence. 

A mirage is caused by the same mechanism. (On a hot summer day 
the highway surface often becomes a perfect mirror, as you must have 
experienced.) The speed of light in air is slightly less than in vacuum, or 
the speed of light in air decreases as the air density increases. Any gas 
becomes less dense as it is heated. Thus the air density at the surface of a 
hot highway is less than that above where the air temperature is lower. 
Then the speed of light decreases with the height and light 1s refracted 
toward the region of slower velocity. 


Derive Eas. (9.73) and (9.76). 


There is a simple reason for the LCR line in Fig. 9.36 to be incorrect and 
that in Fig. 9.37 to be correct. Explain why in terms of the transverse nature 
of electromagnetic waves. 


Show that the electromagnetic waves in a plasma can be modeled by the 
following transmission line if L, Co, and C, are chosen such that (see 


ee ee 
a a iar = 


es 


Fig. 9.44. Problem 24. 
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Find the wavelength of electromagnetic waves at which copper becomes 
transparent for the waves. 


(Answer: A<3x107'°m. X rays have a wavelength shorter than this 
and can penetrate into copper.) 


A beam of electromagnetic waves is incident on a plasma lens. Does the 
lens act as a converging lens or diverging lens? 


Using the diffusion equation for a resistive medium 
07E mas Lo OE 


Fee 
estimate the time required for a dc electric field to penetrate fully into a 
copper slab 2 cm thick. Copper resistivity is 1.7 x 107? Q-m. 
(Answer: For a thickness d, penetration time ~ p19d7/n =~ 30 msec. This 
is the exponentiation time and should be regarded as an order of magnitude 
estimate.) 


The resistivity of the earth falls in the range 10~?-107Q-m. Assuming 
n=1Q-m, evaluate the earth skin depth as a function of frequency. (If 
the skin depth is much shorter than the wavelength in free space, the earth 
can be regarded as a good conductor and becomes an effective reflector 
for electromagnetic waves. For example, an antenna erected from the 
ground with a height h is effectively 2h long because of wave reflection, 
which is responsible for creation of an image of a conductor above the 
ground.) 


CHAPTER 10 


Radiation of Electromagnetic Waves 


10.1. Introduction 


So far we have been discussing how electromagnetic waves behave in some 
media once they are created, without investigating how they can be created. 
Radio and TV waves are transmitted by antennas (and received by antennas, 
too). In this chapter we learn physical mechanisms behind radiation. 


10.2. Fields Associated with Stationary Charge and Charge Moving with a 
Constant Velocity 


Suppose we have a point radiation source emitting electromagnetic waves 
spherically or isotropically in every direction. We saw in the section on Poynting 
vector that for the point source the Poynting flux is proportional to fle 
distance from the source), which of course indicates that the total power is 
conserved, 

4nr?S = power radiated by the source (const), (10.1) 
unless the medium is absorbing energy. Since the Poynting flux was given by 
S=cé Enns, (10.2) 
we find that the amplitude of the electric field must be proportional to r~ y 
1 
Ean- (10.3) 
r 


for spherical electromagnetic waves. This 1/r dependence is in contrast to the 
static electric field due to a point charge 


Bede (10.4) 
A4néor 


st 


which has r~2 dependence (Coulomb’s law). Therefore it is obvious that the 
radiation electric field cannot be due to static charge, or we can conclude that 
stationary charge cannot radiate electromagnetic waves. We can draw this 
conclusion from an alternative point of view. The Poynting vector is the product 
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between the electric field E and the magnetic field B/u. If a charge is not moving, 


we have no current and thus no magnetic field. The stationary electric field 
cannot induce the magnetic field either. Then the Poynting vector associated 
with a stationary charge must be zero, and we have no energy flow or radiation. 

What about a charge in motion with a constant velocity? We now have 
both electric field and magnetic field, and the Poynting vector is expected to 


la 
. 


Hi 


take a finite (nonzero) value. Suppose a positive charge g is moving in +x ; 


direction with a constant velocity (nonrelativistic) 


d 
r= = const <c (speed of light). 


We consider a circular disk with radius R located at x =0 on the x axis facing — 


perpendicular to the moving charge, as shown in Fig. 10.1. At a certain instant 
the electric field at the edge of the disk is given by the Coulomb’s law, 
gal 1 (10.5) 
 Anee Ro ex 
and its x component is 
caged ety 
* Areg (R? +.x7)2? 


(Notice that when the charge is to the left of the disk, x is negative, and E, is 


(10.6) 


positive, as is clear from the figure.) Then the total electric flux through the disk is 


R R 
qx R 
; \ £ 26 \ (R?-+x?)3? 


--#(; 
2E || [R24 x2 ) 


which is time-varying, since x is varying with time. Now we can apply the 


Maxwell—Ampere law for this time-varying electric flux to find the magnetic — 


v= = (const) 


Seed 


Fig. 10.1. Electric and magnetic fields due to a moving charge. Velocity v is constant. 
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field at the edge of the disk. 


dQ, 
PRB = 65 [lo ——— 
oHo it 
dx dW, 
=EoHo pian es 
Hoqv Re Uo qv R 
Re CAs wih: a(R eae 
(A quicker way to find this magnetic field is to use the Biot—Savart law, 
Uo idlxr 
dB=— 
Aq 


in which we replace i dl by qv, and take r=./R? +x”. This is a legitimate pro- 
cedure and you can always replace i dl by qv in the Biot—Savart law whenever 


_ you want to find the magnetic field due to a charge moving at a constant velocity.) 


Since both electric and magnetic fields are now found, we can calculate the 


Poynting vector at any point around the moving charge. Consider a sphere 
centered at the charge at a certain instant as in Fig. 10.2. The electric field is 
- normal to the sphere everywhere and the magnetic field is tangent to the sphere, 


being normal to the electric field. Therefore the Poynting vector is tangent to 
the sphere. In other words, the Poynting vector never penetrates through the 


: surface, and we conclude that energy cannot be radiated by a charge moving 
- with a constant velocity. | 


B (out) 
r seg 
- 
a 
ad 
= 
a 
Pn 
mat 
a 
Cae ting vector) 

+ v (const) S (Poynting 
q 


S 


Fig. 10.2. The Poynting vector associated with a charge moving with a constant velocity cannot 
go through a sphere centered at the charge. The charge cannot radiate. 
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Example I. Using the electric field Eq. (10.5) and the magnetic field Eq. 
(10.7), calculate the x component of the Poynting vector and then the total 
energy flow rate through an infinitely large plane placed at x normal to the x 
axis. Discuss the result. 


The x component of the Poynting vector is given by (See Figure 10.1) 


B 
S..=E, — 
Ho 
wet R qu R 
~ 4né (R? +. x2)3/? 4 (R2 + x2)3/2 
q7v R2 


SS W 2 
16ne) (R?+x2° “/™) 


Then the total energy flow rate becomes 


Power = | S,.27R dR 


0) 


21 R R3 
81Eq Jo (R*+x°*) 


The integration can be carried out by successive use of integration by parts 
(try this), and the power becomes 


epi inh 


W), 


Ze Ne 
where |x| is the instant location of the charge measured from the plane. Noting 


dx 
orl te 
dt’ 


we may rewrite the power as 


Ge deel | eres 
32né> dt (=)= dt | 
However, the quantity of q7/32né 9x9 (x9 >0) is nothing but the electric energy 
stored in the space in the region x > x9. (Problem). Therefore the power calcu- 
lated from the Poynting flux can be interpreted as the flow rate of electrostatic 
energy stored in space and has nothing to do with radiation energy. (The mag- 


netic energy is of the order of (v/c) x electric energy, and for nonrelativistic 
velocity uv <c, it is negligibly small.) 


Thus we have seen that (1) a stationary charge cannot radiate electro- 
magnetic waves and (2) a charge with a constant velocity (not speed, since a 
constant speed could mean the case in which a charge is going along a circular 
orbit, which can radiate energy!) cannot either. What other situation can we 
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have? We have not considered a more general case in which charged particles 
are subject to acceleration (or deceleration). This is exactly the case in which 
we can have radiation of electromagnetic waves. In radio antennas, electrons 
are forced to go back and forth in harmonic manner. Electrons are accelerated 
back and forth by a signal generator connected to antennas, which radiate 
electromagnetic waves. 


10.3. Radiation Fields Due to an Accelerated (or Decelerated) Charge 


Suppose a positive charge q originally at rest at point A is accelerated in the 
x direction as shown in Fig. 10.3. The acceleration lasts for At seconds only until 
the charge reaches point B, after which the charge moves with a constant 


Radiation 


Electric field maximum 


field lines 


Radiation v Coulomb field 


| Pde, | \ K nk 
| a a ON 
: Bs ee ate 
o 
4 ee hy 
| A 
| V4 


No kink A C No kink 


No radiation No radiation 
| field field, only 
| Coulomb field 
charge 
| q 

Cc (6 


Fig. 10.3. A charge under acceleration does radiate electromagnetic waves. Notice the kinks in the 
electric field lines. 
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velocity v. We assume the velocity is much less than the speed of light (non- 
relativistic). Let us see how the electric lines of force associated with the charge 


look. The electric lines of force of a charge stationary or moving with a constant _ 


velocity are just radially outward (Coulomb field). Thus the lines of force when 
the charge was at A, and at a point after B, say C, are all radially outward, 
although they are not concentric. Since the lines of force must be continuous, 


these nonconcentric lines must be connected somehow. Therefore the effect of | 


the acceleration appears as kinked electric lines of force as shown. The kinks, 
which are disturbance in the electric field lines caused by the acceleration, propa- 
gate with the speed of light. It takes At sec for the accelerated charge to move 


from A to B. The separation between the larger circle and the smaller circle is _ 


approximately cAt=const; if the charge is accelerated and moves slowly 
enough, relativistic effects are negligible. In the kinks, we obviously have electric 
field components perpendicular to the Coulomb fields. These transverse com- 
ponents are responsible for radiation. 

Consider a point Q in Fig. 10.4, normal to the velocity of the charge at a 
certain instant. Let t be the time after the charge passes point B (end of accelera- 
tion). At Q we have two electric fields. Ey, the radial component, is the Coulomb 
field and is given by 


“sae | 
Mig —., 10.8 
° Ate, (ct)? Oe 
Cc 
Total field 


Radiation field ae 


a4 Coulomb field 
E, 

| 

| 

| 

| 

| 

| 
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Fig. 10.4. Coulomb field Eo and radiation field E, at 90° relative to the motion of the charge. 
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The other is the radiation field E;, which is transverse to the Coulomb field. 
For the triangle OPQ, the edge OP=c At oc indicates the duration in which 
we have radiation. Since 


OR cAt _ Eo 


—— = — — 10.9 
PQ vt Ee ( ) 
we find 
q Dans | 
E;=-— : 10.10 
A Anteoc? At r ( ) 


This is exactly what we wanted. The transverse (or radiation) electric field is 


: 
| 


\ 
| 
| 


proportional to the acceleration v/At and 1/r! [The minus sign in Eq. (10.9) 
is due to the direction of E;, which is opposite to the direction of acceleration. | 
At an arbitrary point, we have fields at arbitrary angle 0; 


q vsing 
Ane, c? Atr 


anf (10.11) 


as is clear from Fig. 10.5. In general, the radiation electric field due to a charge 
under acceleration a is given by 


sin 0 
Er= a d o 


10.12 
Aneses yt ( ) 


| where the direction of E7 is normal to the radial vector r, and @ is the angle- 
_ between r and a. Notice that the field depends on the sign of charge q. If q is 
negative, the direction of the field must be reversed. See Fig. 10.6. 


E, (Coulomb) 


Radiation field 


vt sin 6 


bie 24) 


Fig. 10.5. Fields at arbitrary angle 0. 
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E, (radiation field) 


” 
E; 


a (acceleration) 


Fig. 10.6. General relationship among q(>0), a(>0 to the right), and E, (radiation field). 


One point must be considered here with some caution. The acceleration a 
is in general a function of time. For example, if the charge moves back and forth 
harmonically, the acceleration must vary harmonically too. Since the radiation 
reaches the point P after time r/c, what an observer sees at point P is the electric 
field due to the acceleration r/c sec before! Thus the correct expression for the 
electric field is 

sin 0 
reales a (10.13) 
The electric field is called the retarded electric field. a,_,;, indicates the accelera- 
tion r/c seconds before relative to the electric field. It properly takes into account 
the effect of finite propagation time of electromagnetic radiation. 

The magnetic field associated with the radiation electric field can easily 
be calculated from (see Sections 9.2 and 9.3) 


LR (10.14) 


Er(r, th=— 


or 
q  sin@ 


Br(r, t) At —r/c> (10.15) 


 Amege? or 

which must be normal to the electric field, and the radial vector r. The radiation — 

electric and magnetic fields E,, B;, and Poynting vector S are due to an acceler- 

ated charge (Fig. 10.7). Poynting vector S is radially outward, and its magnitude 

is given by | 
2 Hera A 

Sieg OW oat (10.16) 


l6n7E9c> or 
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E, (radiation electric field) 


S (Poynting vector, radially 
outward) 


B, (radiation magnetic field) 


| E, 

_ Fig. 10.7. Radiation electric and magnetic fields, E,, B,, and Poynting vector S due to an accelerat- 
| 

| ed charge. 


Example 2. Show that the instantaneous radiation power emitted by a 
charge qg subject to an acceleration a is 


(uit me 
eae. te om) 

The Poynting vector is the local power density (W/m). Then if we integrate 
the Poynting vector over the entire spherical surface having a radius r, we 
_ should obtain the total power. To carry out the surface integration, we note 
that the area of the thin circular belt having a radius r sin 0 and a width r dé 
(see Fig. 10.8) is 


| dA=2rnr sin 0 rdé 
=2nr sin 0 dO 


| Then the power through this differential area is 
dP=SdA (W) 
| =§S 2nr’ sin 0 dé 


Substituting the expression for S [Eq. (10.16)] and integrating, we find. 


| 27A2 Tt 
| pa [ ap= Ee, [" sin’ 0 


SIEQC™ Jo 
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Fig. 10.8. Surface of integration. 


However, 


Tt 1 
) sin? 0 i= | sin* 0 d(cos 6) 
1 


O ake 
1 
= (1 — x) dx (x =cos 6) 
elt 


si TL pie 
=2—3=3 


Then the total power becomes 


Note that the acceleration appears as a”, and the formula is equally applicable 
for the case in which the charge is subject to deceleration (a<0). 

The Poynting vector S has a strong angular dependence sin? 0, which 
becomes maximum at an angle perpendicular to the acceleration. This is called 
directivity of radiation intensity. All antennas have directivity, and it is in fact 
impossible to let an antenna radiate isotropically, or equally in every angular 
direction. 


10.4. Radiation from an Oscillating Dipole and Dipole Antenna 


Let us apply these results to more practical situations. The first example we - 
choose is an oscillating dipole, in which two equal but opposite charges undergo 
harmonic oscillations. Let the amplitude of oscillations (Fig. 10.9) be x, (m)j 
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wae 6) 


Observing point 


Fig. 10.9. Oscillating dipole radiates electromagnetic fields. 


and assume oscillations for the positive charge 
xi XG Sint 
and for the negative charge 


X= —Xpo Sin ot. 


| Then the acceleration for the positive charge is 


d*x 


RN AY sin wt (10.17) 


ay= 


_ and 


a_=+X9w" sin wt (10.18) 


| for the negative charge. Then the Poynting flux at a point distance r(m) away 


from the dipole is 

Dee, ad 
g° Xo) 1sinza8 
Janie (Pe aa sin? ot, (10.19) 


and its rms value is* 


G7xa@ nS 40 
Sims = 2 


(W/m2). (10.20) 


Si e4c OF 


Notice in Fig. 10.10 that the power is most effectively radiated in the direction 


perpendicular to the dipole, as in the case of radiation intensity due to a single 


charge. In fact, any antenna has a strong angular dependence, which is desirable 
for commercial radio or TV stations. 


*Note that the power is proportional to w*, or A~*. This explains why the sky is blue. Atmospheric 
molecules are dipole radiators excited by sunlight. 
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Fig. 10.10. Angular dependence of the Poynting vector due to an oscillating dipole. S is maximum 
at 0=90° and is symmetric about the dipole axis. 


Next, consider a short radio antenna. We assume that the length of the 
antenna is much shorter than the wavelength of the radio wave. This assumption 
means that the current on the antenna is of the same phase everywhere, and the 
whole antenna is just oscillating with a certain frequency, w. Of course, what 
oscillates are the free electrons in the antennas. 

Since we have many electrons, we have to add up the radiation electric 
fields due to the individual electrons. But the story is much simpler, since we 
already have the Poynting flux due to an oscillating charge (see Eq. (10.16)). 
Suppose that the antenna is /(m) long, has a cross section of A (m7), and has a 
free electron density of n(m~ °). The total number of free electrons is Aln and 
the charge is g=eAln(coulombs). Let a current Io sin wt flow through the 
antenna. Then the velocity of each electron is 


l 
v=—I, sin wt (10.21) | 
q 
since I =enAv. Therefore the acceleration of each electron is 
l 
pee Io@ cos wt, (10.22) 
ae ig 
or 
ga=IwI cos at. (10.23) 


Substituting this into Eqs. (10.13) and (10.16), we find 


ny lalo sin 0 


E Os wt (10.24) 


re 
Ameqco) UF 


i 


a 
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Fig. 10.11. (a) Radiation fields due to a short (<A) dipole antenna. (6) Formation of a dipole 


antenna from an open-ended transmission line. 


| and 


(axis leo sim-O.)) 64 
a Len eue 2 cos“ at (10:25) 


Let us evaluate how much total power the antenna is radiating. For this 


we have to integrate the Poynting flux over a spherical surface. 


The power going through the thin ring with an area 2zr sin 0 xr dO (see 
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Fig. 10.12) is 
dP =S,,- X 2nr? sin 6 dd 
(IwIo)* sin?0 . 
acy Se ie 2nr7 sin 0 dé 


lol)? 
wale sin30 d6. (10.26) 


~ 16m€9¢ 


Then the total power is 


Tt 2 
pes ) oe sin36 dO 


5 LOE nC 


I 2s Tt 
AULD, | sin30 d6. (10.27) 


ze 167€o Ce re) 

The integration was performed in Example 2 and its value is 4/3. Therefore the 
total power radiated by the short antenna is 

_ (lal)? . 4 (lal)? 


l6ne,c) 3 wets 


This expression enables us to define the so-called radiation resistance through 


(W). (10.28) 


Ryag eae Po sR gle — jg (10.29) 
or 
] 2 
yi alce SUOUA Pn ()) (10.30) 
O67EQC 


na antenna 


Fig. 10.12. Integration of Poynting vector S over the entire sphere yields the total power radiated 
by the antenna. | 
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Fig. 10.13. A charged particle in a magnetic field undergoes cyclotron motion and radiates since 
_ the particle is under centripetal acceleration. 


| 
| 
| 
Since 


| I ) 
| C= eel ees 


Sebo. A” 


we can rewrite the preceding expression as 


| Date (ANE Dye 
Ra =790|{ ~ Q 10.31 
rad 3 Eo () (3) ( ) ( 0.3 ) 


where \/o/é9 = 377 Q is the characteristic impedance of free space. Remember 
that the expressions for power and radiation resistance are all subject to the: 
restriction, |<, (short antenna). The generator connected to the antenna has 
_to supply the power radiated away in order to maintain a steady state. 
| In summary, we have seen that electromagnetic waves can be created (or 
radiated) only if electric charges are accelerated (or decelerated). A charge witha 
constant velocity (not speed!) cannot radiate electromagnetic waves. As an 
example of radiation from a charge with a constant speed, consider a charged 
particle in a magnetic field (Fig. 10.13). Charged particles undergo circular 
motion about a magnetic field line. The centrifugal force mv*/r is balanced by 
the Lorentz force qgvB, which of course continuously accelerates the particle. 
|The speed v is constant, however. The velocity v keeps changing its direction 
because of the centripetal acceleration. The charged particle indeed radiates 
electromagnetic waves, known as synchrotron radiation. 


| Problems 


/1. Inthe electron gun of an oscilloscope, a 20-kV potential is applied between 
| anode and cathode, which are 5 cm apart. Estimate the maximum radiation 
electric field at a point 1 m away from the gun assuming there are about 
4x10’ electrons in the gun. 


(Answer: 4.5 x 1077 V/m.) 
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2. We have seen that for creation of electromagnetic waves, we must have 
charge acceleration perpendicular to the direction of the Poynting vector. 
This is due to the transverse nature of electromagnetic waves. Discuss how 
we can create sound waves in air that are longitudinal. 


3. An AM radio station of 1 MHz frequency uses an antenna 20 m long placed 
well above the ground. 
(a) What is the radiation resistance of the antenna? 
(b) If the station is to be operated at 50kW power, what rms current 
should be supplied to the antenna? 
(Answer: 3.5 Q, 120 A.) 


Note: Ifan antenna /(m) high is erected above the ground, its “effective” 
length is 2/ (m). The reason is that the earth is a mirror (reflector) for electro- 
magnetic waves. This “method of images” will be studied in more advanced 
electromagnetic classes. 


4. X-ray (short wavelength electromagnetic waves, A~10~1°-107°? m) can 
be created when energetic electrons hit a surface of hard metal such as 
tungsten. Explain qualitatively the radiation mechanism. (Also see Chapter 
14.) 


5. An electron having an energy of 10 keV (=10* x 1.6x 10719 J) me 
cyclotron motion in a magnetic field of 1 T. 


(a) What is the acceleration on the electron? 

(b) Evaluate the initial rate of electron energy loss caused by synchrotron 
radiation. 

(Answer: a=1.0x10'? m/sec’, 6.2x 107 1® W=3.9 keV/sec. This is the 


initial loss rate. The electron gradually loses energy and the cyclotron radius 
becomes smaller.) 


CHAPTER 11 


Interference and Diffraction 


| 11.1. Introduction 


A harmonic wave in the typical form we used in previous chapters is given by 
A sin (kx — ot), 


which is characterized by the amplitude A and the frequency w or the wave- 
length A=2z/k. If we have only one wave source, the preceding expression is, 
in general, sufficient. However, as soon as we have more than one wave source, 
the total amplitude at a given observation point must be the sum of contribu- 
tions from each wave source. What is important here is the phase difference 
between harmonic waves, which we have not considered in detail so far. For 
example, if two waves of equal amplitude and frequency having no phase 
difference are added, the amplitude is doubled, and the intensity is quadrupled. 
But if the two waves are out of phase or have +2 or —7 phase difference, the 
total amplitude becomes zero. Therefore, depending on the phase difference, 
the total amplitude and thus the wave intensity can vary. 

Interference is the most fundamental nature of all wave phenomena. If 
one physical quantity exhibits interference, that quantity should have wave 
nature. 

In this chapter we study interaction among more than one wave, sometimes 
infinitely many waves. 


11.2. Interference Between Two Harmonic Waves 


Suppose we have two point wave sources separated by a distance d, as 
shown in Fig. 11.1. We assume that the two sources radiate waves at an exactly 
- identical frequency. Such a situation can easily be realized if, for example, two 
identical radio antennas are connected to a common signal generator. 

Consider a point P at which we place a wave detector. The distances between 
P and the wave sources are x, and x2, respectively. At P we simultaneously 
detect two different waves, since 


1. The field amplitudes, which are proportional to 1/x, and 1/x,, re- 
spectively, are different. 
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Coherent 
wave sources 


Fig. 11.1. Waves created by two coherent sources can interfere with each other. Here we assume 
X1, X2>d, A (wavelength), and in this case, the path difference can be approximated by d sin 0. 


2. The phases 22x,/A and 22x /A4, which are proportional to x, and x, 
are different. 
The amplitude difference may not be important if the point P is far away, so that 
X15 X2 > d. 


The phase difference given by 
2n 
P= (Xam ei) (A= wavelength) oi (11 
is, however, important and plays major roles in interference and diffraction. — 


The quantity x,— x, is called the path difference, and in the diagram the path — 
difference is given approximately by 


d sin 0, (11:2) 
If Mo Xe 
Consider two harmonic waves 
2 
E,=Eo si (kx, — aot), k= (11.3) 
£5 = 5 sin (kx,—ot), (11.4) ; 


created by the sources S, and S., respectively. Using the phase difference given — 
by Eq. (11.1), we may rewrite Eqs. (11.3) and (11.4) as 


EL, =o sin (kx, —ot) (113 
E,=Ep sin (kx; —ot + @). (11.5) 
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At the point P, the sum of two fields are observed. Thus the total field becomes 


i= Boab =2E 5 sin (sor +8) COs (S), (11.6) 
which is still a propagating wave. (Note sin A+sin B=2 sin [(A + B)/2] 
cos [(A — B)/2].) Its amplitude, however, strongly depends on the phase differ- 
ence. The effective amplitude is- 
Cos ? 
() 


and can vary between 0 and 2E9, depending on the phase difference. The maxi- 
mum amplitude 2Eo is realized when |cos (/2)|=1, or 


pen, (11.7) 


Or Ie 
=2mn (m=integer) (11.8) 
and the minimum amplitude 0 when cos (#/2)=0, or 
OS tre si, == (2m #1)n. (11.9) 


In terms of d sin 0, we have 


dsinO=md/_ for maxima, (11.10) 
and 
d sin 0=(m+4)A_ for minima. (11.11) 


These results can be found intuitively if we graphically superpose two 
waves as shown in Fig. 11.2. 

Consider the setup for demonstrating sound wave interference (Fig. 11.3). 
The path difference in this case is 2d, and if 


20=mA, 


the sound intensity should be maximum at the receiving end, and if 


the sound intensity should be minimum, or zero under ideal conditions. 

The recipe for various interference and diffraction phenomena we are going 
_ to study is nothing more than Eq. (11.6), that is, superposition of two or more 
harmonic waves with equal amplitude. If we have many wave sources, we have 
to add up more waves to find the total field, but the mathematics involved is 
no more than adding up sinusoidal functions. 

The distinction between interference and diffraction is not clear. Both are 
caused by the interaction among more than one wave. Conventionally, if we 
have relatively few wave sources, we use the term interference, and if we have to 
add up many (sometimes infinitely large number) waves, diffraction is used. 
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E = E£, + Eo = 2K; 
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(dashed) 


(a) 


E, E=E, + Eo =0 


N\ yh 
Bee 


(b) 


Fig. 11.2. Graphical superposition of two waves: (a) In phase—two waves add up and the amp- 
litude is maximum. (b) Out of phase—two waves cancel each other and the amplitude is zero. 
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Fig. 11.3. Interference of sound waves going through two different paths. Depending on d, the 
received intensity varies. 


11.3. Young’s Experiment 


We know that light is an electromagnetic wave. The wavelengths of the 
visible light spectrum* range from 4000 A (or 4 x 10-7 m) to 7000 A (7 x 1077 m). 
(1 A (angstrom) =107!° m.) 


*Light having wavelengths shorter than 4000 A (violet) is called ultraviolet light. Wavelengths 
longer than 7000 A (red) are called infrared. 
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This seemingly obvious fact was not so obvious before Young did the famous 
experiment in 1801—1803, known as Young’s double-slit experiment. The experi- 
ment clearly demonstrated the wave nature of light. (We will learn that light 
also behaves as particles, known as photons. In fact, both wave and particle 
nature coexist in light, or any moving physical object. For example, energetic 
electrons also have particle and wave nature. As we will see later, electron 
microscopes can “see” better than optical microscopes, since “wavelengths of 
electron waves” are much shorter than those of visible light. Quantum mechanics 
has been able to unify wave and particle nature.) 

The principle of Young’s experiment is already shown in Fig. 11.1. Instead 
of two point sources, as in Fig. 11.1, Young used two narrow parallel slits, 
illuminated by a monochromatic light source as shown in Fig. 11.4. If the slit 
opening is narrow enough, an interesting thing happens. The slits act as if they 
were new light sources. If the light source is placed on the bisector line of the 
two slits, these slits become light sources of equal phase, since the slits are equal 
distances away from the light source (no path difference). The slits act as line 
light sources, rather than point sources. Therefore light emitted from the slits 
consists of cylindrical, rather than spherical, waves. However, we do not have 
to worry about this, since all we need is just the path difference. Of course, the 
slits can be replaced by two pinholes, but this only complicates the analysis. 

That narrow openings (such as the slits) act as new light sources can be 
understood from Huygens’ principle, which may be stated as follows: All 
points on a wavefront act as new point sources. To illustrate this principle, let 
us consider a trivial case, a plane wave. As shown in Fig. 11.5, the new wavefront 
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Fig. 11.4a. Arrangement of Young’s double-slit experiment. In practice, the screen distance D 
is much larger than the slit separation d. 
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Fig. 11.46. Qualitative illustration of interference mechanism. Two families of concentric circles 
indicate radiation from each slit and are drawn with the same interval corresponding to the wave- _ 
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Fig. 11.5. Huygens’ principle applied to a plane wave. 


is formed as a tangent plane to all the waves created by the points on the old 
wavefront. The new wavefront then further creates another wavefront. This 
process continues and is observed as wave propagation. 

Suppose the plane wave encounters an obstacle with a small opening (Fig. 
11.6). In the opening, we can have only a few Huygens’ points (only one is shown 
in the figure), and behind the opening, the wave is not a plane wave anymore. 
If the opening is very small it acts as a point wave source, and behind the opening, 
we essentially have a spherical wave. The image formed on a screen is then 
widely spread. Later, we actually calculate this intensity profile for the case of a 
narrow slit in the section on diffraction. 

Now we return to Young’s experiment. Since the light intensity is propor- 
tional to E?, where E is the total field, we obtain from Eq. (11.7) 


1(0) =I cos? (5). (11.12) 
_ where 
2 
gm sin 0. 


If a screen is placed at a distance D(>d) parallel to the slits, we find 


d 
I(y)=Io cos? (5 x), (11.13) 
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Fig. 11.6. A plane wave is converted into a spherical wave when going through a pinhole, or into 
a cylindrical wave through a long slit. 


where 


sin 0= tan 0==(<1) 


is used, assuming a small angle 0. Then the maxima are located at 


AD AD 
2 er ard ea , 
y bai ) 2b d ) 


and the minima at 


1 AD 1\ AD 1\ AD 
dP nips eat sik bolt Gariecid bee aia Pon eel Cec 


rs Bate 2 a 2) ind & 
The separation between neighboring maxima (or minima) is 
AD 
erie (11.14) — 


Therefore by measuring Ay, D, and d, the wavelength 4 can be determined. 
The experiment works better for narrower slit openings. Larger slit openings 
complicate the intensity pattern formed on the screen because of diffraction 
effects, which we will study later. If the opening is increased further, the inter- 
ference pattern disappears and we simply have two slit images, although some- 
what blurred. This is due to the fact that for a large opening, the slits do not — 
behave as line sources. | 


Example 1. In Young’s double-slit arrangement, assume the slit separation 
d is 0.1 mm and slit-screen distance D is 50 cm. If a separation between neigh- 
boring maxima (or minima) of 2.5 mm is observed, what is the wavelength of 
light illuminating the slits? 


————— 
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Ficoll .7. Example: 


From Eq. (11.14), we find 


_Ayd _0.25 cm x 0.01/cm 
pipe ai 50 cm 


=5.0x 107° cm=5000A. 


A 


Example 2. Two loudspeakers connected to a common audio amplifier 
are 5m apart (Fig. 11.7). As one walks along a straight path 100 m away from 
the speakers, at what spatial period does the intensity vary? Assume 4 (wave- 
length) = 30 cm. 


From Eq. (11.14) 


2D els x 100 


Ay= aor m=6.0m 


11.4. Multislit Structure 


Let us see what would happen if the number of slits is increased. We assume 
that all slits are equally spaced and illuminated by a common, monochromatic 
light source. The case of six slits is shown in Fig. 11.8. The phase difference 
between two neighboring waves is 

_ 2nd 
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Fig. 11.8. Six coherent light sources are equally spaced along a straight line. 


Thus the total electric field is given by 
E=E, [sin (kx —mt)+sin (kx —a@t +0) 
+ sin (kx —wt+ 26) + sin (kx — wt + 30) 
+ sin (kx —@t+46)+sin (kx —@t+50)] (11.16) 


We would add these six terms term by term, but there is a more elegant way to 
do this. In alternating current circuit theory, we learned that two oscillating 
voltages V, and V> with a phase difference ¢ can be added vectorially (“phasors”). 
(See Fig. 11.9.) If we use this technique for the case of double slit, we immediately 
find that the amplitude of the total electric field E is given by 


E=2E, cos (5) 


consistent with Eq. (11.7), which is shown in Fig. 11.10. Notice that the vectors 
are introduced here just for mathematical convenience and have nothing to do 
with the electric field vector (true vector) associated with the light. The true 
electric field vectors are all in the same direction, if the observation point is 
far away from the light sources. 

Now we add up the six fields using ac theory. Since the oh difference (6) 
between two neighboring fields is the same everywhere, the six vectors form an 


Fig. 11.9. In ac circuit theory, two voltages should be 
Vi added vectorially. 
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amplitude Eo 


Fig. 11.10. Vectorial addition of two electric 
fields in the case of double-slit arrangement. 


amplitude Eo 


Fig. 11.11. Addition of six electric fields. Notice that the phase difference between any two 
neighboring fields is 6 (const). 


arc with a radius R. From Fig. 11.11, we find 


Ea /2 
i =sin 5 (11.17) 
db = 60 (11.18) 
and 
ad 
E=2K sin aul (11.19) 
Eliminating R and @, we find 
sin (66/2) 
me eh a 11.20 
Set (5/2) ica? 


(Do this.) 
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A more elegant way to derive this is to use complex variables. Noting 
sin A = Im (e'4), where Im indicates the imaginary part, we may write Eq. (11.16) 
as 


E=E, Im [e*(1+e+ --+ +e'°*)], 
where X = kx — wt. Since the amplitude of e’* is 1, the amplitude of E is given by 
E,|1 of ol? a glee: a! aise tefl? Sb 5 (ll ee (er ae 1 + e'?°)| 


Noting e'4+e7'4=2 cos A, the amplitude becomes 
) 
2E, COs (3)e +2 cos (20) | 


which is identical to Eq. (11.20). [Use sin 3A =3 sin A—4 sin? A in Eq. (11.20).] 
We can easily generalize this to the case of N light sources as 


sin (N6/2) 
eo (11.21) 


The case of the double slit corresponds to N =2, and we indeed recover Eq. (11.7) 
sin 0 0 
= = =e QE == Whe 
E(NG@2))=E;, sin (06/2) 9 COS (3) : 


The light intensity corresponding to the electric field given by Eq. (11.21) 
becomes 
sin* (N6/2) 
feed | 11222 
° sin? (5/2) (aha 
Here we need some mathematics. We want to know what would happen to 
the function 


sin Nx 


F(x) = 


=. ieAnt 
aoe ( integer) 


if we let sin x approach zero. Sin x =O occurs when 
x=mn (m=integer). 


Then sin Nx =sin(Nmz) also becomes zero, and we end up with 0/0, which is 
indefinite. Let x =mm-+e, with ¢ a small value. Since 


sin (mz + €)=Sin mm COS €+COS mT SiN €. 
=/- Sin 6, 


and sin N(mz+e)= +sin Ne, we find 


in Ne N 
Vinyl eo fart ee 


. N, 
x>mn eS Omr st ilag ‘e 


which is finite. 
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Then the light intensity J becomes a maximum whenever sin (6/2) =0, and 
its peak value is proportional to N”. Sin (6/2) =0 yields 


6 
| sa Seite ae OMG ogee 
or 
asin@=mA (m=integer). (11.23) 
The function 
1 sin* (N6/2) 
a 11.24 
F(0) N? sin? (6/2) ( ) 


indicates the relative intensity (maximum chosen as 1.0) and is plotted in Fig. 
11.12 for N=2, 5, and 10, as a function of a//A sin @. It can be seen that as N 
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(a) N = 2 O15 
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Fig. 11.12. (a) Equation (11.24) plotted as a function of 6/2x=d sin 6/A for the case of N=2. 
(This corresponds to the intensity profile in Young’s experiment.) (6) N=5.(c) N=10.(d) N large. 
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increases, the interference pattern becomes sharper and sharper. You may 
imagine what profile will result for N =100, say. The profile will be extremely 
sharp and will simply look like vertical lines located at 


“sin G=0) +1 ee 2a 

In optics we have a device called a spectrometer, which can tell us what 
intensity a particular wavelength has. In other words, a spectrometer can 
Fourier-analyze light and may be called an optical spectrum analyzer. The 
principle is the one we have just studied. The number of light sources is usually — 
in the tens of thousands, or more (N ~10*!). You may imagine how sharp the 
interference pattern should be for such a large N. Spectrometers have so-called 
gratings, a structure similar to the fine grooves on an LP record. (Actually, LP 
records can be a rough spectrometer. You can easily see color spectrum on the 
record surface—Problem 14.) 


Example 3. Consider a grating having 5000 grooves per centimeter. Then 
the separation between grooves (corresponding to the slits) is 


d =2x10°>*cm. 


cml 
~ 5000 
For red light of A=7000 A=7 x 107° cm, the sharp peaks appear at _ 


A A 
Singh cq 0, eh a ee 
a a 


=O, 0.353 OF OR EAS ee) 
disregard 


or | 
Goa 07 +20.) athaad: 
For violet light of A=4000 A =4 x 10~ > cm, the angles become 
Coe Oe Da + 23.6). + 36.9) eee ae 


violet 

All colors fall on €=0° and this angular location is not useful. The next 
peak in Fig: 11.13 (called order 1) can be used for spectrum analyses. Colors 
in the wavelength range 4000-7000 A fall between @=11.5° and 6 =20.5°. For 
the second order the angular range is between 23.6° and 44.4°, which is also 
useful. In this example the red light cannot produce a third- (and higher) order 
peak, and the violet light cannot produce a fifth- (and higher) order peak. 

The result [Eq. (11.22)] we obtained can also be applied to the interference 
pattern formed by an antenna array. In radio communication it is often desired 
that antennas have sharp directivity. As we have seen in Chapter 10, a single 
dipole antenna erected vertically radiates uniformly in all horizontal directions, 
or it has no horizontal directivity. For commercial radio stations this is a 
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Fig. 11.13. Grating spectrometer. Light falls normal to the grating. d=2 x 10°* cm 


desired feature. However, for antenna arrays used for instrumental landing of 
airplanes, for example, a strong directivity is needed. (As the wavelengths 
become shorter, the directivity can be realized by a principle completely different 
from interference. In microwaves, parabolic antennas are used. For such short 
wavelengths, the concept of geometric optics can be applied and parabolic 
antennas can be regarded as concave mirrors in geometric optics.) 

The wavelengths of electromagnetic waves used in radio communication 
are of course much longer than optical wavelengths, and the spacing between 
wave sources (d) can be chosen to be of the order of the wavelength. In fact, the 
spacing d is chosen at 1/2 in many applications. Consider an antenna array 
consisting of four coherent dipole antennas as shown in Fig. 11.14. In Eq. (11.22) 
we choose N =4, and d=4/2. Then the intensity becomes 

sin? (27 sin 6) 


l=! 11.25 
” sin? (7/2 sin 0)’ Same 


which can be calculated easily by either a programmable calculator or a com- 
puter (see Fig. 11.15). 

We can intuitively see that the array does not radiate waves along the array 
itself (9 =90°) since in this direction, A, and A, are out of phase (@=7z), and 
A, and A, are also out of phase. Thus at @=90°, the electric field is zero. 

Of course each antenna radiates radio waves with a power determined by 
the current supplied and its radiation resistance. By making an array, the 
angular distribution of the power can be made so that the power can be radiated 
in a preferential direction. It is like making a high hill by collecting rocks widely 
spread. By increasing the number of antennas, the directivity can be made 
sharper and sharper, exactly like the case of the grating spectrometer. 
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Fig. 11.14. Antenna array for producing strong directivity. Antennas are 4/2 apart. 
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Fig. 11.15. Polar plot of the interference intensity for the antenna arrangement of Fig. 11.14. 
Similar array arrangement can be used for receiving antennas when sharp — 


directivity (or high resolving power) is required. In radio astronomy an antenna 
array consisting of tens of antennas is not unusual. 


11.5. Optical Interference in Thin Films 


We frequently observe that a motor oil film on a water surface appears 
colored. Also, good cameras all have lenses coated with certain material (such 
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as MgO.) to minimize the light reflection from the lenses. Here we analyze the 
mechanism behind these phenomena. 

In Section 9.6 we learned that whenever electromagnetic waves in air try 
to penetrate into a medium having a characteristic impedance lower than that 
of air (./Uo/& =377 Q), the reflected electric field (or voltage) suffers a phase 
change of 2 (180°). Such a medium is called a “hard” medium. For example, 
glass has a dielectric constant of about 2.3 in the frequency range of visible light. 
Then the velocity of light in glass is about c/ 8/93 =().67c, and the characteristic 
impedance of glass for visible light is about 250 Q. This yields the electric field 
reflection coefficient. 


_ 250-377 | 
250430770 


and the power reflection coefficient 


e=0.04; 


— 0.20 


for light incident normal to a flat glass surface. (For oblique incidence the 
analysis becomes complicated, and we do not consider it here.) This indicates 
that about 4% of the incident light energy must be reflected at the glass surface, 
and about 96% can penetrate into the glass. I itself is negative, and the reflected 
electric field must suffer a phase change of z on reflection. 

With this knowledge we can now analyze the interference on a thin dielectric 
film (such as water film, soap film, oil film, etc.) placed in air (see Fig. 11.16). 

Consider monochromatic light, of wavelength J in air falling almost normal 
to the film. The electric field E, is the one reflected at the upper film surface and 
out of phase with respect to the incident field Ey, since the film is a medium 
harder than air. The electric field E, is due to the reflection at the lower surface, 
and in phase with respect to Eo, since air is softer than the film. But FE, travels a 
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Fig. 11.16. Reflection of light at both film surfaces causes interference. E, changes its sign relative 
to Eo, but E, does not. 
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longer distance by 2d than E,, and we have to take the path difference into 
account to calculate the total phase difference between E, and E>. Since the 
light velocity in the film is smaller than that in air by a factor Je/€o = Jk with k 
the relative dielectric constant, the wavelength in the film becomes shorter by 
the same factor. We define the index of refraction by 


n=/k=C/Cfim (11.26) 


which is the ratio between the two light velocities. 
The phase difference between E, and E, resulting from the path difference 
alone is 


However, since E, has a phase difference of z relative to Eo, the net phase differ- 
ence between E, and E, is 


If this total phase difference is an integer multiple of 27, or 


ibie —nt=m:2n 
n 7 oe ; 


we have constructive interference, or the reflected light is intensified. We may 
rewrite the preceding equation as 


i 
2d=(m+4)— — (m=0, 1, 2, 3,...). (11.27) 


Destructive interference occurs if 


tlle 


2d (11.28) 


n 
If the thickness gradually varies as shown in Fig. 11.17 many stripes appear 
at locations where 


7 f 
d=(m+4)— (m=0, 1, 2,3,... (11.29) 


is satisfied. (Also see Newton’s rings, Problem 7.) 

Coatings on camera lenses work on the same principle, except we now have 
three media—air, film, and glass (see Fig. 11.18). We assume that n,>n,;>1 
holds, where n, is the index of refraction of lens glass, and n, is that of the film. 
Reflected light now suffers z phase change at both surfaces, and we have 


yt 
ON ao Mr rnteeincaticd (11.30) 
n 
and 


A 
2d =(m+3) 


i for destruction. (11.31) 
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Fig. 11.17. Dielectric film of nonuniform thickness can cause interference stripes. 
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Fig. 11.18. Coating on glass is used to prevent light reflection. 
A particularly important case is the destructive interference, which of course 


indicates minimum reflected light intensity. The minimum thickness corre- 
sponds to m=0, and we have 


fe A _ wavelength in film 
Ran: 4 


This is the well-known quarter wavelength coating, which is routinely applied to 
high-quality optical devices. It is possible to reduce the reflection to less than 
0.1°%, depending on the uniformity of coating and the glass surface. 

The 1/4 coating alone, however, cannot completely eliminate reflection. It 
only gives us a necessary condition. Another condition to be imposed is that 
the amplitudes of E, and E, be the same. Then we can have complete destructive 
interference. Let I’, be the voltage reflection coefficient at the air—film boundary 
and I, that of the film—glass boundary. The impedances of air, film, and glass 
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are, Z,=377Q, Z-=377/n,Q, and Z,=377/n, Q, respectively. Then 


and 


Thus the amplitude of the electric field E, is 

E,= Iv; |Eo 
and that of E, is 

E,=(1+1T,)|P2|Eo. 
For complete destructive interference, E; = E,. Then for small I’’s, we find 
i, 

or, in terms of n’s, we have 

ni =n 1 
This can be rewritten in terms of the characteristic impedances as 

hg AVL VEN 


Although we have derived the condition for complete destructive interference 
n;=ngn, by assuming small reflection coefficients, this holds for any values of 
reflection coefficients. 


Example 4. Find the thickness of coating and its index of refraction to 
minimize light reflection on the surface of glass having n,=1.5. Assume A= 
5000 A in air. 


From nj=n,, we find ny = ./1.5=1.22. The coating should be 1,/4, where 
A, is the wavelength in the film. Then 


1 1 

ape Yi Lak ere eh i, 

ahs Aye es Fx 122 * 5000A 
=1.0x10°A. 


The concept of impedance matching using a quarter wavelength medium 
can also be applied to transmission line problems. When a load resistance 
R(#Z) is to be matched to a transmission line having an impedance Z, one 
should insert another transmission line which has an impedance JRZ and isa 
quarter wavelength long, between the load and the transmission lines. The 
impedance seen by the transmission line is then Z, or matching is achieved. 
Note that the wavelength 7’ is that of waves in the transmission to be inserted, 
and not necessarily equal to the wavelength in the transmission line to be 
matched. (See Fig. 11.19.) 
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Fig. 11.19. Quarter wavelength impedance 
transformer. 


11.6. Diffraction I (Fraunhofer Diffraction) 


We have seen that a narrow opening, such as a slit, can act as a new, light 
source. Even though a plane wave falls on a narrow slit, the slit emits a cylindrical 
wave in the region behind it (Fig. 11.20). In other words, light does not always 
travel along a straight line. Another example is AM radio waves, which can be 
received even behind a high mountain. AM radio waves can go around the 
mountain without too much difficulty. TV waves, on the other hand, are difficult 
to receive. You may intuitively see that short wavelengths tend to travel along 
straight lines, and long wavelengths suffer stronger bending, which we call 
diffraction. 

The analysis we are going to do for diffraction is very similar to what we 
did for multislit (grating) structure. As Huygens’ principle assures us, we may 
assume a large number of light sources equally spaced at the slit opening, which 
has a width a (Fig. 11.21). The difference between this and the multislit case is 
that here we have no definite spacing between two neighboring light sources. 


Light intensity 


Opaque screen 
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Fig. 11.20. A small opening (pinhole or narrow slit) “‘diffracts” light. Light does not travel in a 
straight line. 
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Figehigl. mN large number of coherent light sources to simulate the opening. 


Rather, we consider an infinitely large number of light sources, and eventually 
let Ax-0. 


If D is sufficiently large, the phase difference between two neighboring waves 
is given by 


mat 


A 


a constant along x. The diffraction in this case is called Fraunhofer diffraction 
and is the easiest to analyze. We may substitute the preceding 6 into Eqithi22) 


for the multislit case, 
sin? (F N Ax sin ) 


0) Ax sin 6, (era) 


A 


sin? (F ax sind) 
A 

However, N Ax =a, and if we make N very large, Ax becomes very small. Then 
we may approximate 


Jib 


(11.33) 


: 7 ; 7 ’ 
sin | — Ax sin 6 }~— Ax sin 6, 
A A 
Teh Mes 
=—-— asin 0. 
NA 
Therefore the intensity becomes proportional to a function, 
_ sin? 


I=—>, a=" a sin 0, (11.34) 
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Fig. 11.22. The function sin* w/a? plotted versus «. It does not diverge at ~=0. 


which gives the Fraunhofer, diffraction pattern (as a function of the angular 
location 0) caused by a single slit with a width a. 

The function sin? «/«? is plotted in Fig. 11.22. The angular spread is approxi- 
mately given by Ax~7, or 


aes (11.35) 
a 
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Fig. 11.23. Diffraction pattern caused by a small opening. 


226 INTERFERENCE AND DIFFRACTION Chap. 11 


and on a screen a distance D away, the vertical spread Ay is given approxi- 
mately by 
A 
AyzD- (11.36) 
a 
Thus the ideal square-shaped image that would be observed if there were no 
diffraction actually appears as a blurred image, without clear cut edges, as 


shown in Fig. 11.23. As the wavelength 4 increases the image becomes more 
widely spread out; that is, long wavelengths suffer stronger diffraction. 


11.7. Resolution of Optical Devices 


As long as light has wave nature, we cannot avoid diffraction. Diffraction 
imposes a Serious limitation on optical devices such as telescopes, microscopes, 
the human eye, and so on. Most optical devices have circular lenses or apertures, 
and we have to analyze the diffraction caused by a circular aperture, rather than 
a one-dimensional slit. The analysis, however, is complicated, and we do not 
attempt to do it here. It only introduces a factor of 1.22 in Eq. (11.35), and the 
angular spread for a circular aperture is given by 


sin g=1.22%. (11.37) 
with a now the diameter of the aperture. 

Consider two light sources separated by an angle f as seen from a lens 
(Fig. 11.24). Images formed by the lens are inevitably blurred because of diffrac- 
tion. Their angular spread is given by Eq. (11.37), about each image. If B becomes 
small, the two images are superposed, and we cannot tell which is which any- 
more. It is obvious that this critical angle is approximately given by @ itself. 


Example 5. Let us take a human eye as an example. We assume it has a 
5-mm aperture and wish to find the resolution for green light, 2=5500 A. 
(The human eye is most sensitive to the color green.) 

From Eq. (11.37) (notice sin 6~@ for small 6). 


=5 
ec apte 5554 LUBA cm 
0.5 cm 
=1.3x10>* rad. 


Thus if the two headlights of a car are 1.5 m apart, a human eye cannot resolve 
them as two separate light sources at a distance more than 


Oe Women 
pla Omers 
This sounds too good. Of course, we have assumed that the resolution is limited 


by diffraction only, and neglected other effects, such as the finite size of photo- 
receptors on the retina, aging, and so on. 


11:5:km. 
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Fig. 11.24. Two diffraction patterns (or images) get superposed on each other as the angle B 
becomes smaller. Light intensities are additive when the sources are incoherent. 


Equation (11.37) also explains why an electron microscope can “see” better 
than an optical microscope. The diffraction becomes smaller as the wavelength 
becomes smaller, and the resolving power improves. According to De Broglie, 
any object having a momentum p has a wave nature. Its wavelength is 


oe (11.38) 
P 


where h = 6.63 x 10° 34 J-sec is Planck’s constant (A= h/2n), which we will learn 
when studying photoelectric effects. Consider an energetic electron having an 
energy of 100 keV =10° x 1.6x 107 '? J. From 


4mv’ =eV, 
we find mv=1.7 x 10°77 kg m/sec. Then the wavelength associated with the 
electron is 
A4=3.9x10°!*m 
= O10 A. 
which is roughly 10° times shorter than visible light wavelengths (4000-7000 A). 


Thus the diffraction is expected to be small, and the resolution of electron 
microscopes is expected to be much better than that of optical microscopes. 


228 INTERFERENCE AND DIFFRACTION Chap. 11 


Another example is astronomical telescopes. The larger the aperture, of course, 
the more light is collected and the brighter the image becomes. However, a more 
important benefit is the higher resolving power. 


11.8. Diffraction II (Fresnel Diffraction) 


In Fraunhofer diffraction we assumed the distance between the slit and the 
screen is large enough so that the phase varies linearly with x, for O<x<a. 
If the screen is brought closer to the slit, however, this linear phase variation 
breaks down. 

We first consider an obstacle blocking a light beam. If there were no dif- 
fraction, the image on the screen would be a sharply defined step function. 
The actual image, however, is blurred, with a wavy structure, as shown in 
Fig. 11.25. Light can even go around the obstacle. 

In order to find the light intensity at the point P on the screen a distance y 
above the edge of the obstacle, consider the phase difference between the waves 
emitted from points A and B. The path difference is 


5 5 h2 h2 
/D? +h? -D~D Lens Sp oe 


which is proportional to h?, in contrast to the previous cases of interference and 


Fraunhofer diffraction. In these cases, we have assumed that D is almost infinitely 
large and the phase difference was proportional to h, as shown below. 
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Fig. 11.25. Fresnel diffraction pattern caused by a semi-infinite obstacle. 
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The phase difference corresponding to the path difference h?/2D is 
2x h? xh? 
h)=— —~=—— ; 
oh=— =, (11.39) 
in contrast to the case of multislit interference and Fraunhofer diffraction, in 
which we had 


2 
o(h) =— h sin 0, 
A 
independent of D, as noted in Fig. 11.26. 


To see this difference more carefully, consider two sources located at h, 
and h,, as given in Fig. 11.27. The path difference is given by 


MDE AUBLO RI D2 one 


h3 hj 
~p(1+53,)-p (1+) 


q 
q 


Fig. 11.26. If the point P is very far away from the light sources, the path difference is h sin 0 
independent of the distance D. 
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Fig. 11.27. As D becomes smaller, the difference between the angles 6, and 0, is not negligible. 
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Letting hy =h+h,, we find 
1 
Path difference a (2hh, +h’). 


If D>h,, h, we may approximate 


h 
sin 0~—. 
D 
Then the path difference becomes 


h2 
h sin 0+—. 
In G+ xD 
In the case of multislit interference and Fraunhofer diffraction, we retained only 
the first term by assuming D> oo. 

What about the amplitude of the electric fields? As we have seen before, the 
amplitude of cylindrical waves is inversely proportional to the square root of 
the distance. In the present case, the amplitude of the electric field emitted at A 
in Fig. 11.25 is 


1 
E,oc—— 


Db 
and that of the field emitted at B is 


1 

PBX 2 HaN4 

Thus if D* +h’, the amplitude difference is still negligible, and we may assume 

that the electric fields all have an equal amplitude. Otherwise, the analysis will 
be insurmountably complicated. 

Now we are ready to draw a phase vector diagram in Fig. 11.28 for the 

Fresnel diffraction. For comparison, the phase diagram for the Fraunhofer 


Fig. 11.28. Phase diagrams for (a) Fraunhofer and (b) Fresnel diffraction. 
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diffraction is also shown, which, as we have seen before, forms a circular arc, 
since the phase difference is proportional to the distance h. In contrast, for the 
Fresnal diffraction, the phase difference increases more rapidly, being propor- 
tional to h*, and the phase diagram becomes a spiral. Unfortunately, there are 
no simple mathematical equations to describe the spiral. The only thing we can 
do is to describe it in terms of a parameter h, noting that the length / along the 
spiral curve is related to the phase angle ¢ through 


mh? 
van 
/=const xh, 


where | is the total length along the spiral. The spiral (Fig. 11.29) is known as the 
Cornu spiral, which can be parametrically described by the so-called Fresnel 


integrals 
C(s)= ) cos (3 =) ds (11.40) 
0 2 
eae Py 
S(s)= ) sin ( =) ds (11.41) 
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Fig. 11.29. Cornu spiral. 
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Using the spiral, we can qualitatively discuss how Fresnel diffraction looks, 
when formed by an obstacle with a sharp edge. We choose the reference electric 
field Ep (located at the origin O) as the one emitted by the source located at the 
same height as the observing point on the screen (h=0 in Fig. 11.25). Consider 
an observing point on the screen above the edge, y=0. Huygens’ light sources 
below the point A in Fig. 11.25 are in the third quadrant in Fig. 11.30, and 
those above the point A are in the first quadrant. The amplitude of the electric 
field at the point P on the screen is then given by the length AP in Fig. 11.30. 
As y increases from zero, the length AP first increases, then oscillates about the 
constant length AA’, which corresponds to the field amplitude on the screen 
well above the edge and finally assumes a constant value corresponding to the 
length AA’. Note that the field amplitude at y=0 is just one half of that at y= oo 
(unperturbed field), and thus the light intensity at y=O is one quarter of the 
unperturbed intensity. , 

If the observing point P’ on the screen is below the edge, or behind the 
obstacle (y <0), Huygens’ light sources start at h= —y in the first quadrant in 
Fig. 11.30. The field amplitude is now given by AP’, which monotonically 
decreases as the observing point is lowered, and finally becomes zero. 

The light intensity I(y)oc E*(y) is qualitatively shown in Fig. 11.31. Fresnel 
diffraction (Fraunhofer, too) becomes more pronounced as the wavelength 
increases (Fig. 11.32). 
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Fig. 11.30. Method to find the total electric field at various positions y on the screen. Note 
E(y=0)=3E(y= 00). 
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Fig. 11.31. Fresnel irsensity ((y)) pattern constructed from the Cornu spiral. 
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Fig. 11.32. Diffraction becomes more pronounced as the wavelength increases. 


Problems 


1. In Young’s double-slit experiment, a fringe spacing of Ay=5 mm is ob- 
served. Assuming the slit separation d=0.1mm and the slit-screen 
distance D = 1 m, find the wavelength. 


(Answer: 5000 A) 
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In Young’s double-slit experiment, one slit is covered with a thin mica 
film. Discuss what changes should result. 


What would happen if the whole apparatus of Young’s double-slit experi- 
ment is immersed in water having an index of refraction of n=1.3? 


In the diagram (Fig. 11.33) S, and S, are two coherent wave sources, which 
radiate waves spherically in every direction. The field amplitude thus has 
1/r dependence. Assuming that the field vector is normal to the page, find 


the wave intensity along the x axis as a function of x. (Hint: At P, the 


amplitudes of the fields emitted by S,; and S, are not equal.) 


So 


BS 
S 
4 


Fig. 11.33. Problem 4. 


A dielectric film of MgO, is used to prevent reflection of ruby laser light 
of 4=7000 A from a lens. Assuming that the film has an index of refraction 
n=1.4, find the minimum thickness to be coated. 


Directional coupler. In microwave waveguide circuits, a device called a 
directional coupler is frequently used, when it is desired that microwave 
energy be branched off into another waveguide system. It consists of two 
waveguides joined together (Fig. 11.34). Through the wall, two holes 4/4 
apart are drilled. Explain why no microwaves can exist in the region III. 
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Fig. 11.34. Problem 6. 


Newton's rings. A planoconvex lens rests on a flat glass surface. Light of 

wavelength / falls normal to the plane surface (Fig. 11.35). 

(a) Find the spacing d as a function r, the radial position. Assume R 
(curvature radius) >r. 


10. 
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Pigs th35.) Problem: /: 


(b) Show that bright interference fringes are located at the positions 
given by 
r=[(m+5)RA]"?, 


where m is an integer. 


A spy satellite is said to be able to resolve two points on the earth a distance 
50cm apart. Assuming the satellite is 200km high and 4=5000 A, find 
the minimum diameter of the telescope carried by the satellite. 


(Answer: 24cm.) 


In single-slit diffraction what would happen if the slit opening is doubled? 
(Answer: The peak intensity is quadrupled, and the angular spread 
becomes one half. Check energy conservation (i.e., explain why the peak 
intensity is quadrupled even though the amount of light energy passing 
through the slit is only doubled). 


Diffraction in double-slit experiment. Assume each slit has an opening a 
in Young’s double-slit experiment (Fig. 11.36). Then, in addition to the 
interference, we expect diffraction due to the finite aperture. Show that the 
intensity on the screen is given by 


2 De 
I =I, cos? p(*) ; 


where 
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Fig. 11.36. Problem 10. 


In Problem 10, assuming d= 2a, plot the light intensity as a function of 0. 


Explain why AM radio can be received better than FM radio in mountain 
areas. 

(Note: You may wonder why TV stations do not use lower frequencies 
since lower frequencies can be diffracted more and received better. The 
reason is simply that it is impossible. When we say an AM radio wave has a 
frequency, say, of 540 kHz, what we actually mean is that the radio station 
uses a frequency band 520kHz< f <560kHz, where +20 kHz corre- 
sponds to the maximum audio frequency. For TV signals the required 
frequency band is of the order of 4 MHz! Thus the carrier frequency must be 
much higher than this, and in fact all TV stations have carrier frequencies 
around 100 MHz. Now we see why communication engineers are so 


interested in using laser light for communication. By increasing the carrier — 


frequency, more channels can be allocated and more information can be 
transmitted. Laser communication is already in use, in which the develop- 
ment of high-quality optical fibers has played the major role.) 


The schematic diagram of a spectrometer is shown in Fig. 11.37. Light 
enters the entrance slit, is reflected by a spherical mirror (M1), hits a 
grating (G), is reflected by another mirror (M2) again, and finally emerges 
from an exit slit. The grating is rotatable and a desired wavelength can thus 
be chosen. The distance between the grating and the slit corresponds to the 
slit-screen distance D in the text. 


(a) It is desired that the dispersion (AA/Ay) be 10 A/mm at the exit slit. 
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higt 11.37. (Problem 13: 


Assuming 2 =5000 A, D=1.3 m, and m (order) =1, find the number 
of grooves (in 1 cm) of the grating. 
(Answer: 7700/cm.) 

(b) Assuming that the grating has a width of 10 cm, estimate the halfwidth 
of the intensity profile at 4=5000 A. 


Hold horizontally an LP record close to your eyes and let the record reflect 
light coming from a distant light source. You will see color spectrum. 
Explain. 


Look at a distant point light source (a flashlight will do) through a nylon 
stocking. You will find several colored rings around the light source. 
Can you explain? (Rings around the moon on a foggy night are caused by 
the same principle. They are due to a diffraction by small water drops.) 


Consider a glass surface coated with a quarter-wavelength-thick dielectric 
film, as in Fig. 11.18. Show that the effective impedance for light incident 
on the coated glass is given by Z7/Z,, where Z, is the characteristic imped- 
ance of film and Z, is that of glass. 


Light of wavelength 6000 A (in air) falls normally on a plastic film that 

has a permittivity ¢=4¢éo (Fig. 11.38). 

(a) Ifthe film is to be a quarter wavelength thick, what should the thick- 
ness be? 

(b) Calculate how much (in %) energy is reflected and transmitted. 
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Fig. 11.38. Problem 17. 


(Answer: 750 A, reflection 36% transmission 64%.) (Hint: Usethe 
result of Problem 16.) 


18. (a) Calculate the radiation electric field from a half-wave dipole antenna 
(Fig. 11.39). Assume that the current is distributed on the antenna as 
I=I, cos [(22/A)Z]. 
(Answer: Ego Iy/r cos [(x/2) cos 0]/sin 8). 
(b) Sketch the radiation field pattern as a function of 0. 


Observing 
point: 


Fig. 11.39. Problem 18. 


19. (a) Using the expression for the radiation electric field due to an oscillat- 
ing dipole, Eq. (10.24), show that the amplitude of the radiation 
electric field due to a small oscillating current loop (Fig. 11.40) is 
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E) 


Ip sin wt 
Fig. 11.40. Problem 19. 


given by 


Mcl : 
paeue =*(2) sin 9 


Aree BNC 


where M =I za’ is the magnetic dipole moment. 
(b) Calculate the total power radiated by the magnetic dipole. 
(Answer: w*M?/12n€9c°.) 


CHAPTER 12 


Geometrical Optics 


12.1. Introduction 


In Chapter 11 we saw that the diffraction pattern strongly depends on the 
aperture size a. A small circular aperture essentially acts as a point light source, 
and no clear image can be formed on the screen behind the hole. As the aperture 
size increases, the diffraction becomes less significant and the image becomes 
clear. | 

Geometrical optics is one branch of optics in which we neglect interference 
and diffraction. We assume that a light beam propagates along a straight line 
in a uniform medium, neglecting the increase in the angular spread that is 
inevitable as the beam propagates. On encountering a foreign medium (from 
air to glass, for example), the light beam changes its direction, being reflected 
and refracted, but both the reflected and refracted beams again travel along 
straight lines. Geometrical optics can greatly simplify the analysis of conven- 
tional optical devices, such as mirrors and lenses, as long as the medium (e.g., 
lens glass) is uniform. Another requirement is that the boundary between two 
different media (air and glass, for example) be smooth. Otherwise reflection and 
refraction become random and the light beam is scattered. 


12.2. Reflection and Refraction 


Suppose a light beam falls obliquely on the flat surface of glass with an index 
of refraction n,. The light speed in glass is thus c/n,, or the wavelength in glass 
is shorter than that in air by a factor of n,/n,, where n, is the index of refraction 
of air (n,~ 1) (Fig. 12.1). 

You may know that the reflection angle 6, is equal to the incident angle 6,, 
just like the case of an elastic ball hitting a heavy wall. Here we prove this and 
also find the relationship between the incident angle 0, and refraction angle 0). 
Before doing this, we need some mathematics. As we have seen, a plane wave 
(Fig. 12.2) propagating in the x direction is described by 


E(x, t)= Eo sin (kx — ot), (12.1) 


where k= 27/A is the wavenumber. How can we describe the wave propagating 
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Fig. 12.1. Light falling on a glass surface at an angle 6). 
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Fig. 12.2. Plane wave propagating in x direction. 


obliquely as shown in Fig. 12.3? It is obvious that the wave is now written as 
E(x, y, t)=Eo sin (ks— ot), (12.2) 


where s=./x? + y’ is the distance along the straight line OS. The wave number 
k is still defined by k= 22/4. Now we rewrite ks as (note that cos” 0+ sin? 0=1) 


ks=k cos 0s cos 0+k sin 6s sin 0. 
However, s cos 0=x, and s sin 0=y from Fig. 12.4. Thus 


ks=kcos@0x+k sin @ y. (12.3) 
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Fig. 12.3. Plane wave propagating in an oblique direction. 
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Fig. 12.4. The wavenumber k is actually a vector directed in the direction of wave propagation. 


It is now clear that k is actually a vector directed along the direction of wave 
propagation. Its magnitude is given by 27/4, and its x component by k cos 0, and 
y component by k sin 0. We can write ks as 


ks=k-r, r=x+y (12.4) 
and a wave propagating in an arbitrary direction is conveniently written as 


E= Ep sin (k- r—at). (23 
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For the problem of reflection and refraction, we assign k,, k, and k, for 
the incident, reflected, and refracted waves, respectively (Fig. 12.5). The incident 
wave is actually composed of two waves, one propagating in the negative y 
direction, and another propagating in the positive x direction (Fig. 12.6). The 
component propagating along the x direction never hits the boundary, and the 
x component of k should not change. Thus 


ie: = Kix : 
The vertical component k,, should simply change its sign on reflection. Thus 


/ 
ae ee ea Ky. 


It is then obvious that the angles 0, and 0; must be the same. 

For refraction the x components k,, and k,,. are the same, as seen from Fig. 
12.7. The number of waves contained in a given distance along the x axis is the 
same in both air and glass. Thus 


k, sin 6; =k»-sin 6; (12.6) 


Fig. 12.5. k diagram corresponding to Fig. 12.1. Note that k,,=ki,=k»x. 
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Fig. 12.6. Decomposition of the incident wavenumber k,. 
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Fig. 12.7. (a) Change in the vector k on refraction. The component parallel to the boundary 


(k,) remains unchanged. (6) Illustration of refraction by wave planes. Note that the wavelength 
along x(A,) does not change. 


244 


Sec 12.2 REFLECTION AND REFRACTION 245 
However, the light velocity in glass is c/n,, or 
(OL 3C 
ky Ny 
‘Thus, recalling w/k,=c/n,, we find 


sin@; kz Nn, 


sinO, k, mq eee 
This is known as Snell’s law. 

There is a more rigorous way to derive the Snell’s law using proper boundary 
conditions for electric and magnetic fields associated with light, but let us be 
satisfied here with the preceding somewhat qualitative derivation. 

The physical meaning behind refraction is that light (or wave) is bent toward 
a region of lower phase velocity, as we briefly saw before (Chapter 9). Since 
the light velocity in glass is smaller than that in air, light 1s pulled by glass and 
k», is indeed larger than k,,. The reflection, on the other hand, is caused by 
impedance mismatching, which we also have studied. Glass has a lower charac- 
teristic impedance than air, and some energy must be reflected (about 4% for 
ordinary glass if light falls almost normally on glass). 

As an example of light refraction in a nonuniform medium, let us take a 
look at the bending of sunlight in the earth’s atmosphere. The air density 
gradually becomes lower with height (Fig. 12.8). The velocity of light in air is 
not exactly equal to c, but slightly lower, depending on the air density. Thus 
the light beam is bent toward the lower phase velocity region, where the air 
density is higher. This example is opposite to the case of mirage discussed earlier 
(Chapter 9, Problem 21). 

The index of refraction n of a given material (say, glass) is not a constant, 
but weakly depends on the wavelength 2. Shown in Fig. 12.9 is the index of 
refraction of flint glass, crown glass and quartz as functions of visible wave- 
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“ih of the sun 


of : at dawn 
2 Trajectory of light poe 


Altitude h 


Ve 
Earth 
Fig. 12.8. The index of refraction of air (1 atm, 20°C) is about 1.0003. At higher altitudes, air 
density decreases and so does the index of refraction. Thus the velocity of light becomes a function 
of the altitude, and light is refracted or bent toward the slower velocity region. 
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Fig. 12.9. The index of refraction of typical glass and quartz as functions of wavelength. 


lengths, 4000-7000 A. It can be seen that blue light is refracted more than red 
light, and this explains the prism spectrograph. This wavelength dependence 
of the index of refraction is undesirable for lenses and causes chromatic aber- 
ration, as we will see later. 


Example 1. Monochromatic (single color or wavelength) light is incident 


on 45° prism at an angle 40°. Taking n=1.5 for glass, find the total refraction 
angle « (see Fig. 12.10). 


For the refraction at the first surface, Snell’s law gives 
sin 40° 


= ify: 
sin 0, 
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Fig. 12.10. Example 1. 


Then 
sin 40° 
@,=sin7?(——— | =25.4°. 
,=sin ( 15 25.4 
Since 
0, ate 0, =45% we find 0, =19'6°: 
Applying again Snell’s law at the exit surface, 


sin 03 


: Vas 
sin 6, 


we find 
2 sin sinha ley)—= 300. 
Then the total refraction angle is 
a =(40° —6,)+(83—03) 
aS wilh a 

Example 2. Repeat Example | by assuming another wavelength for which 
n=1.46 (see Fig. 12.11). 
_, sin 40° 

1.46 
0,=45° —0, =18.9° 
0,=sin ’ (sin 0, x 1.46)=28.2°. 


ao) Onli 


0; = sin 


Then 
a=40°—6,+6;—60,=23.2°. 
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Red __ Other 
White Violet colors 
light Color 
splitting 


Fig. 12.11. Example 2. 


12.3. Total Reflection 


Consider a light beam emerging from the water surface into air. Water has an 
index of refraction of about 1.3. Then from Snell’s law (see Fig. 12.12) we can 
write: 


sin@, 1 


sin?, n 
As the incident angle @, increases, the refraction angle 0, increases too, and 
finally reaches 90°. The incident angle at which this occurs is 
cere 


sin Ln eI 


98% 
transmission 


Less 
transmission 


, SDs A/S 


More 


reflection Total (100%) 


2%, reflection 
reflection 
O.=) sin=1 Gel = 50:37 
(critical angle) 
Light 
source 


Fig. 12.12. Total reflection occurs when the incident angle 0, is larger than the critical angle 0.. 
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Air (n = 1) 


a Optical fiber (n > 1) 


Fig. 12.13. Hair-thin optical fiber can guide light that is totally reflected at the surface. The fiber is 
a dielectric waveguide for light. 


or 0, = 50.3° (for water). At angles larger than this, light is completely reflected at 
the boundary, and no light will come out of water. The angle is called the 
critical angle for total reflection. 

The optical fiber uses this principle of total reflection, as shown in Fig. 12.13. 
The light beam can be bent effectively along the fiber. Again for light not to be 
scattered at the surface, the fiber surface must be extremely smooth, without 
lumps. Recent development of high-quality optical fibers has enabled using 
laser beams for communication. The important aspects of optical fibers for 
communication are 


1. Small light attenuation and scattering. 
2. Low dispersion. 


Otherwise signals are strongly damped and/or dispersed, that is, the signal 
waveform sent out by a transmitter is severely deformed. 
_ Example 3. For what incident angles does total reflection occur at the 
vertical surface? Take n= 1.3 (see Fig. 12.14). 
From Snell’s law, 
sin 
sin 0; . 


Since 0, =90° — 6, and the critical angle 6, is given by 


sin 6, =cos 0, dal 
Re eee 
we find 
sin 0=1.3 x sin 0, =1.3./1 —cos? 0, 
=1.3x /1—1/1.37 =0.83 
or 


7G =56> 


Total reflection at the vertical surface occurs if the angle 0 is less than 56°. 
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| 
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6 


Fig. 12.14. Example 3. 


12.4. Reflection at Spherical Surfaces (Mirrors) 


Light reflection at a spherical surface works in the same way as that at the 
flat surface. The incident angle @ is now with respect to the curvature radius R 
of the surface, as shown in Fig. 12.15. Let us place a point light source 0 at a 
distance o from the mirror. We want to find out where a light beam leaving the 
source at an angle « to the axis finally hits the axis again. Let this distance from 
the mirror be i. Using geometry, we find 


a+20= 8, a+d=y 
or 
a+ Pp=2y. (12.8) 


Here we make a major assumption that will be used throughout this section. 
That is, we assume that all the angles—«, B, 0—are small. When measured in 
radians, this means 


0, Bu 1S (ray, 


This assumption can alternatively be put as h, 6 <o, i, R where h is the height of 
the point where the light beam hits the mirror and 6 is the deviation from the 
mirror center. 
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Fig. 12.15. Reflection at a spherical surface. 


If «, 6, y are small, we may approximate 
a~tano, B~tan B,y~tan y, 


since the Taylor expansion for tan x is given by (Chapter 3) 


tan Sanur ele ae 
5 Saeiaaas 
But tan «=h/(o—6)~h/o (6 <o), tan B=h/i and tan y=h/R. Substituting these 
into Eq. (12.8), we find 
sab ai. (12.9) 
which is the mirror formula. We define the focal length of the mirror as the 


image distance formed when the light source is placed far away, o> 00, f = R/2. 
Using this focal length, the mirror formula becomes (Fig. 12.16) 


—4+-=— 12.10 

mee ed ( ) 
Equation (12.10) can be generalized if we properly interpret the sign (+ or —) 
of all the quantities, o0, i, and f: The sign convention we adopt is 


0, i>0 for object and image in front of the mirror 
0, 1<0 for object and image behind the mirror 
es) for concave mirrors (R >0) 


f <9 for convex mirrors (R <0). 


252 GEOMETRICAL OPTICS Chap. 12 


Concave 
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Light from Cees 
a distant 
object 


Focal point 


FM = f = R/2 y 


Fig. 12.16. Rays parallel to the axis are all converged (or focused) at the focal point. 


Concave mirror 
f= +10cm 


Fig. 12.17. An example in which o=30 cm, f=10 cm, and i=15 cm. 


Let us work on the example in Fig. 12.17. If an object is placed at o= +30 cm, 
the image is formed at i= + 15 cm, as we easily find from Eq. (12.10). In high 
school you must have learned the method of ray tracing, assuming a finite 
height for the object. This works in the same way as the formula we obtained, 
since in Fig. 12.18 we have 


R h’ i 
eS, ee 
Dan OA O 
and 
h 
tan 0=—. 
an r 


Again assuming a small 0 so that tan 0~0, we readily find 
alias 


Oi Ree 
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Concave mirror 


(a) 


Convex mirror 


(b) 


Fig. 12.18. Finding the image location by ray tracing. (a) Concave mirror. (6) Convex mirror. 


The ratio between the heights h’ and h may be called the magnification m. 
We define 


ree vs (12.11) 
O 


so that m becomes positive for an erect image (arrows in the same direction) 
and negative for an inverted image (arrows in the opposite direction). In the 
preceding sample, 
15 
30 
which tells us that the image size is one-half of the object size and inverted. 


There is one more complication. Consider now o= +5 cm in the preceding. 
example. If we directly use the formula 


Lnnkitss4 
+. 


Ni — 0.5, 
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we find i= —10cm(m= +2.0), which tells us that the image is formed behind the 
mirror (i<0) (Fig. 12.19). But light can never go into the region behind the 
mirror, and the image in this case is not formed by real light beam intersecting 
with the axis. The image is formed by the beam extended toward the region 
behind the mirror (broken line in the figure). Such an image is called a virtual 
image, and the image formed by real light rays is called a real image. 


Example 4. Virtual Object. Consider a light beam falling on a concave 
mirror as shown in Fig. 12.20. To find the location of the image, using Eq. (12.10), 
we have to put o= — 30cm, since the beam intersects with the axis behind the 
mirror. From 


we find i=12 cm. 


Ww f= +10cm 


Eye 


fie 
See 
od —< I (virtual image) 
7 @ 


We 
Fig. 12.19. Example of virtual image, i<0. 
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Fig. 12.20. Example 4. 
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is 


\ 


Fig. 12.21. Ray tracing without assuming h <R. 


12.5. Spherical Aberration of Mirrors 


In deriving the mirror formula, we assumed that h, the vertical distance 
between P and the axis, is small compared with the curvature radius R. Under 
this condition the light beams parallel to the axis are all focused at i= R/2, the 
focal distance. Let us remove this assumption here and find where a parallel 
beam hits the axis after reflection. The maximum value of h is obviously R. 

In Fig. 12.21 we observe that 


aneee cos 26 
tan 20 sin 20 


R2=(R—6)? +h? 


i=o+ 


10 
sin 0=— 


Eliminating 6 and 0, we find 


i=R|1- . 
2/1 —(h/RY 


If h<R, we indeed recover i= R/2= f. As h increases, the image distance i 
becomes smaller and at h=(,/3R/2), i becomes zero. The variation of the 
focal distance with the height h is called spherical aberration and cannot be 
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~ 


Fig. 12.22. Incident rays parallel to the axis are not focused if the mirror aperture is large (spherical 
aberration of mirror). 


avoided as long as the reflector surface is spherical (Fig. 12.22). However, if h 
is small, or if the opening aperture is kept small, the aberration can practically 
be neglected. 

Spherical aberration can be avoided for light beams parallel to the axis by 
using a parabolic mirror (Problem 19). Microwave antennas usually have this 
parabolic shape to eliminate spherical aberration. 


12.6. Refraction at Spherical Surfaces 


Refraction at spherical surfaces provides us with a basis for understanding 
how lenses work. Here again we assume that all angles «, £, y, 8 are small or the 
height h is much less than the curvature radius R. This is necessary if the spherical 
aberration is to be negligible. In Fig. 12.23, we have 


y=BP+6, 
0, = + y 
However, Snell’s law requires 
sin 0; _ 


sin 0, 
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Glass n (index of refraction) 


Fig. 12.23. Refraction at a spherical surface. R is the curvature radius of the surface. 


where n is the index of refraction of glass. Then for small 6, and @,, we have 


sin@, 6, a+y 
~~ = a, 
sin 0, 0, y—p 


or 
a+np=(n—1)y. 
Using 
h h 
~-, ~-, d ~—, 
Oo : p an y R 
we obtain 
1 1 
Bee ees, (12.13) 
Ova R 
The sign convention we adopt here is as follows: 
i>O for image in glass or behind the surface 
10 for image in air or in front of the surface, 


in contrast to the case of mirrors. For the curvature radius R, 


R>O_ for a convex surface as seen from the object. 


R<0O_ for aconcave surface as seen from the object. 


As an example, consider a concave glass surface shown in Fig. 12.24. Since 
R is negative, we have 


or 


which indicates that the image is formed in front of the surface. 
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Fig. 12.24. Example of refraction at a concave spherical surface. 


12.7. Lenses 


The formula we obtained enables us to analyze lenses that have two spherical 
surfaces with curvature radii R, and R,. These surfaces must have a common 
optical axis. Otherwise the lens cannot form clear images. For the lens shown 
in Fig. 12.25, Ry >0 and R, <0 according to the sign convention for curvature 
radii. 

At the first surface, we have 


1 
O , 
where i’ is the location of the image if the second surface is absent. At the second 


surface, 


1 1 
aan Calientes (R, <0). (12.15) 


TE} 
This may need some explanation. The distance i can be regarded as an object 
distance and the image is formed at i’—/ in front of the surface (Fig. 12.26). 
(Compare this with Fig. 12.23.) Thus when using the refraction formula [Eq. 
(12.13)], we have to substitute —(i’—1)<0. Similarly, since R,<0, and the 
“object I” sees a convex surface, the effective curvature radius must be positive, 
—R,(>0). 


Fig. 12.25. A thick lens used for analysis. 
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Glass n 


Fig. 12.26. Rays can be reversed—explanation of Eq. (12.15). 


Now we neglect / compared with the distance i’, that is, we assume that the 
lens is very thin, />0. Adding the two equations, we find 


i'l 1 1 
Li Re SE et 9 (SE Cea ee “Jl 
+ a(n (zx x): (12.16) 
where the focal length f is defined by 
1 1 1 
—=(n—1){|— — —}. 1231y) 
7 ( (z x) (12.17) 


If f >0, the lens is a converging lens, and if f <0, the lens is a diverging lens. 
Four fundamental lenses are illustrated in Fig. 12.27. The lens formula 


Pays aaa | 

ey 12.18 

a ( ) 
is identical in form to the mirror formula, except for the sign convention for the 
image distance i. The magnification m is still defined by 


i 
m=— — 
O 


and can be interpreted in exactly the same way as the magnification for mirrors. 


R, R> R, R2 R,| | Re Ri || Re 
ne > 0 hot hy 210 R, >R2>0 Ry, = 0 
Ro <0 Ro>O 

f>0 f>0 et 70 


Fig. 12.27. Four fundamental lenses. 
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Example 5. Find the location and nature (real or virtual, erect or inverted) 
of the final image formed (Fig. 12.28). 


For the first convergent lens, the lens formula gives 


Lil 

50 sor 80 
or 

i= /795,.CmM: 


The magnification due to the first lens is 


m,=— == Se OE 
For the second lens we have —35 cm object distance (virtual!). Then 
oo el 
Soman 1 10 
or i’ = —17.5 cm, and mz = — 0.5. Thus the final image is formed at 17.5 cm to the 


left of the divergent lens, and the final magnification is 
m=m,m,=0.75. 


Since m> 0, the image is erect. The image is virtual since the ray does not intersect 
with the axis after going through the second (final) lens. 


In the preceding example let the separation between the lenses approach 
zero. Then the virtual object distance for the divergent lens becomes — 75 cm, 
and the final image is formed at i’ determined from 

1 sf 1 1 
SOY eS 3Gnthy 10: 


In general, if two lenses of focal lengths f, and f, are attached together, the 
compound lenses form a lens with an effective focal length determined from 


I ole) 
Tet i Jae aloe 


(12.19) 


I’ (first image) 


— 
Se nce: 
Mend oes, 
— 
Se eae! 
a 
— 


50 cm 40 cm————> 
75 cm 


Fig. 12.28. Example 5. 
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Good cameras or any high-quality aptical devices all have compound lenses to 
eliminate chromatic aberration, which we study next. 


12.8. Chromatic Aberration 


Besides the spherical aberration, which is common to both mirrors and 
lenses, lenses have another aberration problem. As we have seen before, the 
index of refraction n depends on wavelength. Blue light is refracted more than 
red light, and color splitting takes place (Fig. 12.29). This is extremely un- 
desirable for lenses, since we want lenses to form images of blue light and red 
light at the same location. Otherwise images become blurred. 

The focal length for blue light is given by 


and for red light (12.20) 


where ng is the index of refraction at blue wavelength, 5000 A, and ng is that at 
red wavelength, 6500 A. If ng =ng, we have no problems, but all glass materials 
used for lenses have dispersion, that is, the light velocity depends on wavelengths. 

There is an ingenious way to eliminate the chromatic aberration. Consider a 
compound lens (Fig. 12.30). Since the focal length of a compound lens is given by 


dasa 
Letowte: 


Fig. 12.30. Compound lens to eliminate chromatic aberration (achromatic lens). 
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the focal length for blue light becomes 
Rea ilet | 1 1 1 1 1 
a daaten for eee 
fete eee soe CR RC ae , RY 
and that for red light is 


1 1 1 1 
- — — — }=(ng—n,) | — —- — £224 
(Ng — Nr) (z x) (Np — Ng) (z x) ( ) 
the chromatic aberration can be eliminated. Since ng>ng, the compound lens 
must be composed of one convergent lens and one divergent lens. 


Example 6. Crown glass has ng=1.510, ngp=1.505 and flint glass has 
Ng = 1.630, ng=1.615. Design an achromatic compound lens having a focal 
length of 50cm. You may assume the compound lens consists of two lenses 
attached together having a common curvature radius as shown (Fig. 12.31). 


From Eq. (12.21), we have 


or 
R,=—2R, (A) 


From the formula for a compound lens, we have 


Fig. 12.31. Example 6. 
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or 
1 1 1 
—=0,.51 —+0.12 — 
Sigal bir) MAMI (B) 
- Solving (A) and (B) for R, and R,, we find 
R,=22.5cm and R,=—45cm. 


You should check that the compound lens indeed has a focal length of 50 cm. 


12.9. Optical Instruments 
Magnifying Glass. 


A convergent lens can create a virtual image with a magnification larger 
than unity. This can be seen from the formula 


sli 
Gare 
which yields 
a eel 
o f-o 


The magnification becomes large as the object distance o approaches the focal 
length. In practice, however, the image must be formed at a point where the 
human eye, which is also an optical instrument can form a distinct image without 
effort. For a normal person this distance is about 25 cm, or i= — 25 cm, since the 
image must be virtual. Also, the object should be placed near the focal point of 
the lens, and we can put o~ f. Then the magnification of a magnifying glass is 
im 32). 


Ds 
m=— === (>0) (12.22) 


=e 


I (virtual) 


~ 25cm Z 


Fig. 12.32. A magnifying glass. 
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Microscope. 


The microscope uses two convergent lenses called objective and eyepiece, 
as shown in Fig. 12.33. The objective lens has a focal length much shorter than 
that of the eyepiece. The objective forms a real image by placing an object 
slightly beyond the focal point, oZ f,. The image is formed at a point close to 
the focal point of the eyepiece, or practically at the length of the microscope L, 
since f; and f, are usually much smaller than the length of the microscope. 
Then the magnification of the objective is 


The rest is the same as that in the magnifying glass. The magnification of the 
eyepiece is 


25 
m,=— (>0)(f2 in cm) 
fa 
and the total magnification is 
25 er, 
m=m,m,=— <= (all in cm), (12.23) 
fifr 


which is negative. The image of the microscope is virtual and inverted. 
The maximum useful magnification of optical microscopes is at most 600. 
This limitation is caused by the diffractive nature of light. (See Section 11.6.) 


Eyepiece 


Objective 
| 


b}_@$ $$ 25cm 


Fig. 12.33. Principle of a microscope. 
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Objective § =—K———-~ 25 cm —_____> 
Distant lens (7S 
object 


= 


ae) Eyepiece 


Fig. 12.34. Principle of a telescope. The eyepiece can be a diverging lens. In this case the image is 
erect. 


Telescope. 


In the telescope the objective lens has a longer focal length than the eyepiece, 
in contrast to the microscope. Since the object is far away from the telescope the 
image of the objective is formed at the focal point, which is then magnified by 
the eyepiece (Fig. 12.34). The magnification is given by 


a fa 

where « and f are the angles subtended by the object O and the image I. The 
eyepiece can be either convergent ( f, >0) or divergent ( f, <0). Again the maxi- 
mum magnification of optical telescope is limited by diffraction. As we have seen 
in Chapter 11, the resolution of a lens having a diameter a is 


A 
hod | Paces 
a 


The resolution of the human eye was (Example 5), 


A 
pe 
Ae 
where a, is the aperture diameter of the human eye, a, ~5 mm. Then the maxi- 
mum magnification of the telescope is 


~~ 
bale 


baa 
ets 
which is proportional to the telescope diameter. If «=1 m, this value becomes 
200. 


12.10. Physical Meaning of Focusing 


Spherical surfaces for reflection and refraction are characterized by focal 
lengths. Consider a spherical reflector shown in Fig. 12.35. We saw that two 
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Fig. 12.35. Time required for light to travel from O to I is independent of «, or h, provided h is 
sufficiently small. 


rays leaving the object are focused at the same image position, irrespective of 
the height h, provided his much smaller than the curvature radius R, or provided 
the spherical aberration is negligible. Here it will be shown that the time required 
for light to travel along either path is the same, which is the physical meaning 
of focusing. 

In Fig. 12.35 the length OA is 


Dy 


lh 
OA=./(0—6)? +h? ~0—-6+— — 
DG 


and the length JA is 


Bee the Inhe 
IA=/(i—6)’ +h a Be as 


where we have made use of binomial expansion, noting 0, h <a, i. 
The quantity 6 can be found from Fig. 12.36. For the triangle OAB, we have 


R=./(R—6)? +h? 
or neglecting 67 
sees 
2R- 


Spherical 
surface 


—— 


Fig. 12.36. Ifh,6<R, d6~h?/2R. 
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Then the time required for light to travel from O to I in Fig. 12.35 is 
OA AI 
—- + —— 
C C 


1 hefi 1 
=—(0+i—20) (i) 
C 2C i 
me 


oso (t-3) 


OW Re 
and we see that the time is independent of the height h, or the light path. 
Similarly, it can be shown that in the case of lenses, the light propagation 
time is independent of the path as long as spherical aberration is negligible. 
Consider a convergent lens shown in Fig. 12.37. The geometrical distance along 
the path 1 is obviously longer than that along the path 2. However, the optical 
distance defined by the sum of 


n xX geometrical distance 


in each medium can be shown to be independent of which path light takes. 


Example 7. Recalling Eq. (12.13), show that the light propagation time 
along the path OAI (see Fig. 12.38) does not depend on the height h and is 


Path 1 


Fig. 12.37. If is small, light propagation times along paths 1 and 2 are the same. 


Glass n 


Fig. 12.38. Example 7. 
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equal to (1/c)(o+n x i). 
2 


h 
OA= (0+ 6) +h? xo+5 +5 


h2 
Al =./(i—6)? +h? ~i-d +=, 
ps 
where 6=h?/2R, as in the case of the spherical mirror. Then the propagation 
time along the path OAI is 
ilo zy 4 ae lain n) 1 
= ni) +—|—-+- ane 
Go) Ci: -E ‘ ZEVO R 
The quantity in the brackets [ ] is zero, from Eq. (12.13). Therefore the optical 
path OA +nAI is independent of the height h, as long as spherical aberration 1s 
negligible. 


Problems 


1. Light beam falls on the water-glass boundary at an angle of 30° (Fig. 
12.39). Find the refraction angle, 0. 


(Answer: 35.2°.) 


Fig. 12.39. Problem 1. 


2. Explain how heat haze is created on a hot day. 


3. Show that the apparent depth of a water pool if looked down normally 
is d/n, where d is the true depth and n is the index of refraction of water. 


4. A glass cube(n=1.5) hasa spot at the center. Assuming that the.cube has an 
edge of 2 cm, find what parts of the cube face must be covered so that the 
spot cannot be seen at all. 


(Answer: A circle around the face center with a radius 0.89 cm.) 


sg 


10. 


11. 


12. 
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Fermat’s principle. Show that the time required for light to travel from 
A to B is minimum when the angles 0, and 0, satisfy the Snell’s law (Fig. 
12.40). (Hint: Find the time t as a function of x. Calculate dt/dx. dt/dx =0 
yields Snell’s law.) 


Fig. 12.40. Problem S. 


Show that a mirror having a vertical size half of a person’s height is 
sufficient for the person to view his whole body. 


A spherical mirror has a focal length of +20cm. An object is placed at 
10cm in front of the mirror. Find the image distance, magnification, 
and nature (real or virtual, erect or inverted) of the image. 


(Answer: —20cm, m=2, virtual, erect.) 
Repeat Problem 7 for a mirror having f = — 20cm. 
(Answer: —6.7cm, m=0.67, virtual, erect.) 


When an object is placed at 60 cm in front of a mirror, a magnification of 
—0.5 results. Find the focal length of the mirror and the image distance. 


(Answer: f =20cm, i=30cm.) 


Does the image of a cubic object appear to be cubic when formed by a 
mirror? 

(Answer: No. The dimension along the axis appears as m, where m is 
the magnification in the vertical direction.) 


Locate the position of the final image and find the magnification (Fig. 
12.41). 

(Answer: 50cm in front of the lens; m= + 1.0.) 

Repeat Problem 11 by replacing the lens by a diverging lens having 
f =—20cm. 

(Answer: 11.6 cm to the right of the lens; m= — 0.04.) 
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f= +20cm f= +10cm 


30 CIN cm—___———+>| 


Fig. 12.41. Problem 11. 


13. Complete the table for four lenses—a, b, c, and d. The lengths are in 


centimeters. 
a b c d 
‘ps +10 +40 
O + 20 +10 +120 
i 
m 0.5 2 — 0.6 
Real? No 
Erect? Yes 


14. Find the location of the image (Fig. 12.42). 
(Answer: 15.8 cm right of the second surface.) 


Fig. 12.42. Problem 14. 


Fig. 12.43. Problem 15. 


is. 


16. 
17. 


18. 


19. 
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A solid glass sphere of radius R and index of refraction n=1.4 is silvered 
over one hemisphere. An object is placed at a distance from the sphere as 
shown in Fig. 12.43. Find the position of the final image. Neglect spherical 
aberration. 


(Answer: 0.1R in front of the silvered surface.) 
Repeat Example 6 for a compound lens of focal length 20 cm. Take R, = oo. 


An SLR (single lens reflex) camera can select lenses for different purposes. 


(a) Ifa50-mm lens is attached, what is the minimum object distance that 
the camera can focus? Assume that the maximum lens—film distance 
6.0 cm. 


(b) The 50-mm lens is replaced with a telephoto lens of focal length 
800 mm. What is the magnification of an object far away relative 
to that of a 50-mm lens? 


(c) Repeat (a) when a lens of focal length 20 mm is attached in front of 
the 50-mm lens. 


(Answer: 30cm, 16, 19 cm.) 


(a) Does the eyepiece of a telescope have to be a convergent lens? 
(Answer: No.) 

(b) Does the eyepiece of a microscope have to be a convergent lens? 
(Answer: Yes.) 


If a mirror surface is parabolic, rays parallel to the axis are all converged 
at a Same point irrespective of the height. Prove this (see Fig. 12.44). 


Keira 
; es 
EE 
TAT 
WAY 


\\Y 
\Z 


Fig. 12.44. Problem 19. 


WO Derive Eq. (12.12). 


22. 
21, 
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Reflection and refraction of electromagnetic waves (light included) at a 
medium discontinuity can be analyzed with the aid of Maxwell’s equations. 
One requirement resulting from the Maxwell equations is that the 
tangential component of electric field be continuous across the boundary. 
(We have already used this for the case of normal incidence in Chapter 9 
where the electric fields were always tangential to the boundary surface.) 
For the incident wave, there are two possible field configurations depend- 
ing on the orientation of the electric field, the field normal to the “incident 
plane” (Fig. 12.45a) and tangential to the incident plane (Fig. 12.45b). 
(a) For the configuration in Fig. 12.45a, show that the reflected electric 
field is given by 


sw sin730,) 
"sin (0;+0,) —~ 
where £; is the incident electric field. Does this reduce to the known result 
of normal incidence, 0; 0, 0,0? 
(b) For the configuration in Fig. 12.45), show that the reflected electric 
field is given by 
_ tan (6; —6,) 
"tan (0;+0,) | 


Note: For case (b), the reflected field becomes zero when 


0;+0,=5 (120 5=*) 


Plane of incidence 


E normal to the plane E in the plane 
B in the plane B normal to the plane 
(a) (b) 


Fig. 12.45. Problem 21. 
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or when tan 6;=n. This particular incident angle is called the Brewster 
angle and has important applications in polarization of light. For typical 
glass having an index refraction of n=1.5, the Brewster angle becomes 
56.3". 

Hint: Apply the boundary condition for the electric field and energy 
conservation principle. 


CHAPTER 13 


Fourier Analyses and 
Laplace Transformation 


13.1. Introduction 


In Chapter 2 we learned that the wave equation 


CONE: Oi 


NG ——— 
Ci BO 


can be satisfied by any function f as long as f depends on x and t in the form 
x+c,t. Although we have studied many kinds of waves (mechanical and 
electromagnetic) in terms of harmonic waves such as €9 sin(kx—qt), waves 
do not have to be harmonic. In fact, waves we experience in daily life are hardly 
harmonic. For example, radio waves emitted by a radio station are not pure 
sine waves. If they were, we would hear nothing, as we will see. However, 
studying waves in terms of harmonic waves is extremely important, because no 
matter how complicated a waveform is, it can be approximated by a collection 
of many harmonic waves. This technique is known as Fourier analysis, which 
is an extremely important mathematical tool in engineering and physics. We 
will also learn the method of Laplace transform, which is closely related to 
Fourier analysis and can significantly simplify solving differential equations. 


13.2. Sum of Harmonic Functions 


Let us see how a sum of several harmonic functions creates an anharmonic 
function. We consider the following function 


f(x)=sin x +4 sin 3x+4 sin 5x+ °°: (13.1) 


In Fig. 13.1, sin x +4 sin 3x, sin x +4 sin 3x +4 sin 5x, sin x +4 sin 3x +4 sin 
5x +4 sin 7x are shown. We can expect that as the number of terms in the sum 
increase, the function approaches a square function. Or said the other way 
around, we expect that the square function can be expressed in terms of a sum 
of many harmonic (sinusoidal) functions (Example 2). 


274 


1 sin x 


Qa x 


ve 
sinix +3 Sin 3x 


We ee 
Sie 5, SiN Saat ye SIN OX 


Fig. 13.1. Sum of harmonic functions creates an anharmonic (but still periodic) function. 


Bat be, 
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Consider another example, which is essentially the wave of AM (Amplitude 
Modulation) radio. Let us consider the following function: 


A sin ot+a sin (@+Aw)t+a sin (@—Aw)t, (83.2) 


which is a sum of three harmonic waves. Using 


sin a«+sin fp =2 sin wee COs cs 
Ds 2 
we can rewrite Eq. (13.2) as 
2 
A sin wt+2a sin wt cos Amt=A sin wt [ +5 COs sor : (133) 


which is shown in Fig. 13.2 for the case of 
2a/A=0.1 and Aw =0.1@. 


This is the amplitude modulation of the harmonic carrier wave A sin wt. The 
smaller frequency Aw corresponds to the audio frequency, which is at most 
2n x 20 kHz. 

Take a radio station having a frequency of 540 kHz. Centered at this fre- 
quency, the station occupies a frequency band from 540—20 kHz to 540+ 20 kHz 
in order to transmit audio signals. Each radio station should be allotted this 
40-kHz band centered at each carrier frequency. 


Example 1. Estimate the frequency band required for a TV station. 


Video (picture) signals are transmitted by amplitude modulation of the 
carrier wave. In American standards, 30 picture frames are transmitted every 


Period of: a ae eee wave 


Modulated 
Bee kept 


‘ue 
AAATMUTTNANT 


2 ne (period of carrier wave) 


Fig. 13.2. Amplitude modulation of a high-frequency wave (carrier wave) by a low-frequency 
wave. 
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second. Each frame consists of 525 horizontal scannings. Therefore if the 
resolution in the horizontal direction is to be of the same order as that in the 
vertical direction (the latter corresponding to the spacing between two neigh- 
boring lines), the time resolution must be of the order of 


1 
ese I ace: 
BO (alee 


The frequency corresponding to this pulse is about 1/0.1 wsec=10 MHz. 


In American standards the frequency band allotted for video signals is about 
4 MHz, since only halfis sufficient in practice because of the special transmission 
method (Single Side Band). A narrower band would blur the picture because of 
poor resolution. A wider band does not improve resolution since the vertical 
resolution is more or less fixed by the distance between adjacent scanning lines. 


13.3. Fourier Series 


Consider an arbitrary periodic function f(t) with a period T (Fig. 13.3): 
f(O= f(t +T). (13.4) 


Since both sin (2ant/T) and cos (2znt/T) (n= integer) are also periodic functions, 


we put 
2nt Ant 
f(J=ant+a, COS TT + az COS - aa, 


heme _ f4at 
+b, sin +b, sin a ee 
Ms 2mnt eA erent 
=dy+ >) a, cos lies ie \ 5, sin tks (13.5) 
= i fi n=1 ie 


where the coefficients a,, and b, are unknown coefficients to be determined for a 
given function f(t). 


fo) 


fti+T) =f@ 


ae 
period 


Fig. 13.3. A periodic function of an arbitrary shape with a period T. 
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It is convenient to introduce a new variable x =2zt/T. Then 


f(x)=do + = a, COS (NX) + y b, sin (nx) (13.6) 


n=1 


and the period of the function becomes 2z. To find a, and b,, let us recall 


oh lt, m=m 
cos mx cos nx dx = 
Ve Whee 


2 
| sin mx cos nx dx =0 


pie ; i, Win 
sin mx sin nx dx = 
0 0) mn; 
These can be proved easily by noting (see Appendix B) 
cos mx cos nx =4[cos (m+n)x +cos (m—n)x] 
sin mx sin nx =4[ —cos (m+n)x +cos (m—n)x] 
sin mx cos nx =4[sin (m+n)x +sin (m—n)x] 


and integrating over the interval from 0 to 2x. Then multiplying Eq. (13.6) by 
cos nx and integrating the result from 0 to 27, we find 


1 2 ; 
a=2 | f(x) cos nx dx (n= 1527337 er C137) 
0 
Similarly, to find b,, we multiply Eq. (13.6) by sin nx and integrate 
1 2 
b,=— | f(x) sin nx dx (n==\1 02) See (13.8) 
T™ Jo 
The coefficient ay can be found from 
1 2 
do = 5 | P(x ex, (13.9) 


that is dg corresponds to the average value of the function JAX 


Period — 


2a 
Fig. 13.4. Example 2. 
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Example 2. Find the Fourier series of the square wave shown in Fig. 13.4. 


The average of f(x) is zero. Then ay =0. Also, the function f(x) is odd, or 
symmetric about the origin 0. Then the even components a, =0. 


1 21 
b, =— ) f(x) sin nx dx 
@ Jo 


1 1 2n 

-7| | sin nx ix-| sin nx ax| 
ARG 0) 1 
1 a 


1 
=— (—cos nx) 
n 
Then the even terms (b., by, be, . . .) are zero, and odd terms are given by 


TT 


1 
+— (cos nx) 
n 


ur 0 


1 
=— [2-2 cos nz] 
nT 


4 4 4 
b,;=-, b bs=— 4... 


Tt eae 
Therefore the square wave train can be Fourier expanded as 
4. ste ee 
f(x)=— [sin x +3 sin 3x +4 sin 5x+ °°°] 
Tl 
We previously guessed (Fig. 13.1) that the function 


sin x +4 sin 3x+4 sin 5x+-°-:- 


would approach a square wave function as the number of terms is increased. 
This has now been proved. 


Example 3. Find the Fourier series for the sawtooth function shown in 
Fig, 13:5. 


Pig, 13.5. Example 3: 
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The average of f(x) is zero. Then ag=0. Again the function is odd, and 
a, =0. The Fourier coefficient can be evaluated over an arbitrary period irre- 
spective of location. Here it is convenient to choose the period from —z to 7. 


T 1 Tl 
+. | COS Nx ix| 
ae aay ete 


ee | - is cos (nz) — Z Cos (<n 
Tl n n 


pine 
SES Waa 1) (i= 1 2 Saat); 
TU n 


bas | * sin nx dx 


11 eh 4 


1 
et 1k COSI 
Tt n 


Therefore 
ae ere ‘ie 
f(x)=— [sin x —4 sin 2x + 3 sin 3x— ---]. 
Tl 
Note we have made use of integration by parts, 


[3 sin x dx = — x cos s+ | 608 x de = X' COS X- Sill oe 


13.4. Fourier Spectrum 


We have seen that any periodic function can be expanded in terms of 
harmonic functions. The lowest frequency is determined by the period T; as 
WM =2n/T, and higher harmonics have frequencies of integer multiples of the 
fundamental frequency. Although we discussed only Fourier expansion of time- 
varying functions, exactly the same procedure can be applied to any functions 
that are periodic in spatial coordinates. 

The amplitude of harmonics, a, and b,, can be plotted as a function of 
harmonic frequency. For example, the square wave function we studied in 
Example 2 can be characterized by the harmonic amplitudes shown in Fig. 13.6. 
Such a plot in the frequency coordinate is called a frequency spectrum and 
enables us to visualize the distribution of harmonics. Spectrum analyzers fre- 
quently used in communication research can directly display frequency spec- 
trums on a cathode-ray-tube screen. Also, the grating optical spectrometer 
(Chapter 11) can be regarded as a spectrum analyzer that can perform Fourier 
analysis in the wavelength domain. 


Example 4. Find the frequency spectrum of the amplitude-modulated 
wave given by 


f(j=A(1 +a cos w,t) sin o,t, a= t, 
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er 
wo = 7 
\ (fundamental frequency) 


Fourier amplitude 


wo 3a 5wo 70 w 


Frequency 


Fig. 13.6. Fourier spectrum of the square wave. 


where w, is the audio frequency and @, is the carrier frequency. 
The function f(t) can be rewritten as 


A sin w,t+ 3aA [sin (m,.—,)t+sin (w+ @,)t]. 


Therefore we obtain the spectrum shown in Fig. 13.7. 


Example5. Find the Fourier spectrum ofa single pulse shown in Fig. 13.84. 


The single pulse is not a periodic function and you may wonder how to 
Fourier-analyze such a function. There is a trick. We assume a pulse train with a 
period T (Fig. 13.8b), Fourier-analyze it, and eventually make T— oo. Consider 


F(w) 


A (carrier wave) 


Fourier amplitude 


We —Wq We We + Wa w 
Frequency 


Fig. 13.7. Example 4. 
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t; (pulse width) 


(=n) Time t 


(b) 
Fig. 13.8. Example 5. 


a pulse train shown above. Since the function is even, b, =0. 


t 
do = average of f(t) = 


e) 1h 
a,== | f(t) cos n@ot dt 


0) 


where ®,)=27/T is the fundamental frequency. Since 


f= (0<1<4) 


we find 


2) t,/2 48 
a,=— | COS NWot ar | COS NWot | 
E to T ~(t,/2) 


2 1 3 ty 5 ly 
tenes sin Ns —sin NWo Pe 


Recalling ® 9 =2z/T, and noting 


sin («— B)=sin « cos B—cos « sin B, 
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ORs ( ) 
dn =— sin| na — }. 
nt Es 


This spectrum is shown in Fig. 13.9 for the case T= 10r,. As T is increased, the 
spacing between adjacent lines becomes narrower, and in the limit of T— 00, 
we have a continuous spectrum, rather than discrete spectrum (Fig. 13.10). 


we find 


The preceding example indicates that even nonperiodic functions can be 
Fourier-analyzed. If a function is periodic, its Fourier spectrum is discrete. 
If a function is nonperiodic, its Fourier spectrum is, in general, continuous. 

The preceding example also reveals an interesting fact, about the relation- 
ship between time and frequency. The characteristic frequency band width for 
the single pulse with a width r, is about 27/t, as seen from Fig. 13.10. Then 


Pulse width x band width ~ 2z (const), (13.10) 


which indicates that if we want to transmit a narrow pulse, we have to use a 


F(w) 


Fourier amplitude 
f 


0 = Frequency w 


2nN F An Sar = 
a h ty 
2n 
Tr: 
Fig. 13.9. Example 5. 


F(w) 


Frequency w 
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Fig. 13.10. As T increases, the spectrum becomes continuous rather than discrete. 
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fo F(w) 


TAN AAAAAANE 


Continuous sinusoidal wave 
with a frequency wo 6) wo w 


Wave packet of length T 
and a frequency wo 


Single pulse t 
with a width + 0 . 


Fig. 13.11. Fourier spectra for several functions. Note that a smaller time spread results as a 
wider frequency spread. 


wider-frequency band. In Fig. 13.11 the Fourier spectra for some waveforms 
are schematically shown. 


13.5. Operator Method 


Harmonic waves are usually described by 
A cos (kx — at) or A sin (kx — at) 
as we have seen in previous chapters. Since 


cos «= Re e”* 
| (13.11) 
sin a=Im e”, 


it is More convenient to use the exponential function 


Aeilkx— ot) (13.12) 


to describe a wave. When we need a cosine wave, we take its real part, and fora 
sine wave, we take the imaginary part. 
Writing a wave in the form Eq. (13.12) greatly simplifies wave analysis. Since 
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re eilkx = ot) __ ikeik* — ot) 


Ox 


ne (Kx cot) = 


Ot 


we can simply replace 0/0x by ik and 0/ét by —im. For example, the wave 
equation 


< imei** — Bile 


Ore 
== ee 
ot? 
can readily be converted into 
(—iw)?E =(ik)*chE 
or 
aw a c2 k? 
which immediately yields the dispersion relation. 
Example 6. Find the natural oscillation frequency and the damping 
coefficient of an LCR circuit. (See p. 18.) 


The differential equation to describe the charge on the capacitor was 
(Chapter 1) 


rile void Cree pala 
= (), 
Fe oa eae 


Let us assume a solution of the form gy e ‘*’, where w may be a complex number. 
Using d/dt = —iw, we obtain 


a ass ae 0 
reel OO)! [eae (8) Ms = 
4 fie et 
or 


Solving for w we find 


1 _R 4 Re 
es ee (| os 


The complex frequency indicates that the oscillation damps as 


where 


R 
= Sete ee ead ) 13.14 
y=Im @ Tao ) ( ) 
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The oscillation frequency is 


2 2 
pA Pee he Sere a Wi) (13.15) 
Gay peels IG SAAD 
You should check that these results are consistent with Chapter 1. 


Electromagnetic waves can propagate without damping if the medium is 
loss-free as in ideal vacuum. In practice, all dielectric materials have finite con- 
ductivity although it is usually much smaller than that in metals. In Chapter 9 
we saw that a lossy medium has finite resistance in parallel with the capacitors 
(Fig. 13.12). Let the conductance per unit element be G/Ax. The characteristic 
impedance is then 


—iwL/Ax 
Lie 
io. S519) 
In the limit of G—0, this reduces to the lossless case. In general, the characteristic 
impedance should be given by 


7~ reactance per unitlength = /(—imL+R)/Ax (13.17) 
4) susceptance per unit length ./ (—i@C+G)/Ax’ 


For waves in unbounded space such as in air, the impedance becomes 


Zig ae (13.18) 
—1wWée+o 


where @ is conductivity (1/Qm). In the presence of loss, the impedance becomes 
complex. 

The propagation velocity in the presence of the finite conductivity can be 
found as follows. Kirchhoff’s voltage and current theorems yield (Fig. 13.12). 


x 
V(x)=L—+V(x+Ax) (13.19) 
oV 

Ol ee GV +i(x+Ax), (13.20) 
L i(x) L ix + Ax) L 


Fig. 13.12. A lossy wave medium can be modeled by a conductance in parallel with a capacitance. 
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from which we obtain for the current i 
Olle GO. Nee OT 


= 73321 
ean eC OR OE igi 
Substituting L/Ax = p19, C/Ax =e, and G/Ax =o, we get 
07i at Oi 
rece © ee) A oleh Vi (T3722) 


This is not the conventional wave equation because of the presence of the term 
having only the first partial derivative. 

Let us apply the operator method to find the propagation velocity. Re- 
placing 0/0x by ik and 0/ét by —iw, we find 


k? =euow@? + impos. (1273) 
Then the propagation velocity becomes 
a) 1 1 ; 
= : 13.2 
K J Eto ji en 
WE 


which is complex! The complex velocity should be interpreted as follows. Since 


ica 
K=R/éo@ ( +x) (1325) 
WE 


is complex for a real w, the function e“* exponentially damps, or the wave 
amplitude damps as the wave propagates. The damping length (e-folding 
length) is given by the imaginary part of k as 


ey 13.26 
Im k ( ) 


Since 


Im k can be found as 


Oo 2 11/4 a) 
Im k=@./éUo [ +(<) sin 5 (13:27) 
E 


and the damping length becomes 


1 Cm\ela Sarl 
ae f1+(2) ee (13.28) 
M/ELo WE sin 0/2 
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This quantity is often called the skin depth, which is a measure of how deep an 
electromagnetic wave can penetrate with normal incidence. 
The propagation phase velocity can be. found from 


w 1 GN at Weel 
—_ =| ] + {| — — 13:29 
Rek feu, +(<) cos 9/2 ( ) 


Example 7. Calculate the skin depth in soil for 1-MHz (AM radio range) 
electromagnetic waves. Assume that the conductivity of soil is 1077 1/Qm. 


From Eq. (13.28) 


Use LO <2 le 
~ 2nx 10° D0? x8 85 <al082 sin 6/2 sin 0/2’ 


where 
it 10s a 
Sn t 10° x 8.85 x gon) Bo. 
~5 rad, 


Then 6 =5.0 m, which is much less than the wavelength 4 = 300 m. Therefore the 
earth should be regarded as a good conductor. 


In the presence of loss (finite conductivity), the electromagnetic waves 
necessarily become dispersive since, as Eq. (13.29) indicates, the phase velocity 
depends on the frequency «. Dissipative medium is thus necessarily dispersive 
too. However, the inverse is not always true. 


13.6. Laplace Transform 


In solving differential equations, we usually guess a possible solution and 
substitute it back into the differential equation to see if the solution is correct or 
not. In most cases we depend on our own experience and skills. 

Let us consider a simple case 

d2 

Bit 4 edo (13.30) 

dx 
It can be observed that Ae ** + Be?* is a solution to the differential equation. 
To obtain the exponential solution, we have assumed a solution of the form 
e?*, which yields 


(D*? —4) f =0 (13.31) 
and 


D=+2. (13.32) 
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This is already one significant step to convert the differential equation into an 
algebraic equation. 

The Laplace transform exactly does this. It can convert a differential 
equation into a mere algebraic equation. What is more, the Laplace transform 
can automatically take into account initial conditions (or boundary conditions) 
in a natural manner. 

The Laplace transform of a function f(t) is defined by 


ro)= | e™ f(t) dt. (13.33) 
0) 
This has an interesting property. The Laplace transform of df/dt 1s 


ee) df i 
aS i 
|, e€ Tt CT 


Tar fe ev adr 
0 0 
= — f(0)+sF(s), (13.34) 


where f(0) is the initial (t=0) value of the function f(t). Similarly, 


rer ie Ee ( f(O ‘(0 
5 dt2 on s el a | )), (13.35) 
where f’(0) is the initial value of the derivative d f /dt. Therefore, differentiation 
in time corresponds to multiplying by s. Using these properties, we can convert 
the following differential equation 


de d 
“r+4 cay 25 
as 
s?F(s) + AsF(s) + BF(s) =sf (0) + f'(O) + Asf (0). (13.36) 


This can be easily solved for F(s). To find f(t), we can inverse Laplace transform 
F(s) into f(t). You can find several books in the library that have Laplace 
transforms of most fundamental functions. These Laplace transform tables can 
be used like logarithmic tables. Some examples follow. 


f(t) F(s) 
(1) 1 (step function) 1/s 
(2) t” (n integer) es 
1 
Se = 


Airs CREM) F(s—a) 
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f(t) F(s) 
(5) sin ct “a mos 
s 
(6) COS wt ia 


(7) 0(t) (delta function) 1 


1 
(8) Int —=—(Ins+0.577} 
s 
The delta function in row (7) needs some explanation. It is extremely peculiar 
but very useful. There are several ways to define the delta function. Here we use 


the following definition (Fig. 13.13) 


1 
lim =— QO<t<At 
Tet WE Coe Coe (13.37) 


1) (otherwise) 
The area under the delta function is unity as can be easily seen. Also, for any 
function f(t), 


| SBOvay ae f(0). (13.38) 


In engineering, the delta function is given other terminology, namely, the impulse 
function. A short disturbance given to mechanical or electrical systems can be 
well approximated by the delta function. 


Example 8. A capacitor charged to qo is suddenly connected to a resistor 
R (Fig. 13.14). Find the charge q(t). 


0) Time t 
Fig. 13.13. Definition of 6 function. 
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t=0 


S ¢ Initial 


—q charge 


Fig. 13.14. Example 8. 


The differential equation for the charge q is 
dd an 


aire? 


By Laplace transforming, we obtain 


1 
sQ(s)—o TRE Q(s)=0, 


where qo is the initial charge. Solving for Q(s), we find 


Srna 
C9) = RC 
Using row (3) in the table, the inverse Laplace transform q(t) can be found as 


e Re 


q(t) =o 


which is the familiar exponential damping. 


Example 9. Solve the differential equation for the LCR circuit in Example 
6. Assume that the capacitor has an initial charge qo and 


1 a Rey 
EGY N28 
The differential equation 


d*q Rdq, | - 
FT edi Ona 


can be Laplace transformed as 


R 1 
s*Q —(sqo+4q'(0)) ease dole, 0-0, 


is satisfied. 


0 


q'(O) is the initial current, which is zero.* Then 
(s+R/L)qo 
Os) = 5? -F(R/L)s 4 1/LG 
[s+ R/2L] 40 +(R/2L)40 
~ (s+ R/2L)? +1/LC —(R/2L)* 


*Recall that the inductor cannot instantly acquire a current. 
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Using (4), (5), and (6) in the table, we find 


Roo 
q(t)=qoe “7?” | cos wt +—— sin ot |, 
2mL 


ey 


You should check that the solution is consistent with that of Problem 12, 
Chapter 1, and compare the two methods. 


where 


Example 10. An ac voltage source Vo sin wt is suddenly connected to an 
RL circuit as shown in Fig. 13.15. Find the current i(f). 
Kirchhoff’s voltage theorem yields 


di 
L—+Ri=Vp sin ot, 
He gh ae 


which can be Laplace transformed as 


@ 
sLI(s)+ RI(s)=V nee: 
since i(0)=0. Then 
OMVo 
I(s) =——___~—_.- 
(s) (sL + R\(s? +?) 
_ @Vo 1 1 s Fs R/L 
a Ea? +(R/L) s+R/L s?+ 0% s* Foie 


The current i(t) becomes 

OMVo 1 
“Lo? +(R/L)? 
After many time constants, the current becomes harmonic and consistent with 
the result obtained from ac circuit theory. 


Rig 
i(t)= baer +—— sin wt—cos ot| 
oL 


Vo sin wt 


Fig. 13.15. Example 10. 
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Problems 
1. High-tone instruments (violin, flute, etc.) can play fast, but low-tone instru- 
ments (bass, tuba, etc.) cannot. Explain why in terms of Fourier spectra. 


2. Estimate the Fourier spectrum of the wave packet shown in Fig. 13.16. 
(Answer: Aq@~ 2x x 10° sec™’ centered at w = 2n x 10° sec™!.) 


—>+| K~1 psec 


pe tl ee 


Figyl3i16; (Problem, 2. 


3. Calculate the Fourier series of the triangle wave shown in Fig. 13.17. 


, 1 1 
(Answer f(t) =0.5 + (4/17) (cos Wot ages 3@ot ieee. S@pt+ °° ‘ 


Oo nx 10° seo"! 


fo) 
uh 


=) mt, @) 1 2 3 Time (msec) 
Fig. 13.17. Problem 3. 


4. Since cos(nwmot) is an even function of n, the Fourier series in Example 5 
may be written as 


{oye . A, COS(NW ot) 


n 


fo 


f(b = e—t2/a2 


Time t 
Fig. 13.18. Problem 4. 
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a,= sin Aes aaek 
natn a i ee age: 


In the limit of T— oo, the summation over n can be replaced by integration 
(N@o > @) 


where 


0.6) o@) F 
img, coxint)- | () cos(wt) da 


2070 n= — 00 27 


(a) Show that F(q) for the single pulse in Example 5 becomes 


Fo)=~ sin (3 0) 


F(q@) is called the Fourier transform of f(t) and in general can be calculated 
from 


F(w)= | f(t)e dt 
The inverse Fourier transform yields fo), 
(Eye | F(w)e"'' daw 
Qi ok 


(b) Find the Fourier transform of f(t)=e7'” (see Fig. 13.18). 
(Answer: F(w)=./nae~”@/*,) 


5. A certain wave in a plasma (ionized gas) is described by the following 


differential equation 
OF fa? , Bere 
ae Hb) E= OP BP 


where kp and q,; are constants. Find the dispersion relation and plot 
co/@,; aS a function of k/Kp. 


(Answer: w*/w?,=k?/(k? +k3)) 


6. A 50-Q coaxial cable has polyethylene dielectric that has ¢/we~2 x 1074 
at 1 MHz. Assuming ¢=2.3é9, calculate the e-folding damping length at 
1 MHz. 


(Answer: 315km. Dielectric loss is negligible. In practice, the loss in 
conductors is more important.) 


7. The mass in a mass~—spring oscillation system is suddenly hit by a hammer 
and instantly acquires a momentum p. Find the solution for the displace- 
ment from the equilibrium position. [Hint: The force given by the hammer 
is po(t), where 6(t) is the delta function, whose Laplace transform is 1.] 


(Answer: x(t)=(p//Mk) sin wt, o=./k/M.) 


CHAPTER 14 


Particle Nature of Light 


14.1. Introduction 


Young’s experiment (see Chapter 11) clearly demonstrated that light is a 
wave phenomena since interference can be explained only in terms of super- 
position of waves. In 1887, Hertz (the discoverer of electromagnetic waves) found 
that electrons can be released from a metal surface illuminated by light. Many 
people tried to explain this photoelectric effect in terms of classical theories, 
involving the wave nature of light, but no one was successful. Einstein introduced 
the concept of the photon to explain the photoelectric effect. Light behaves as 
if it were a collection of photon particles in the photoelectric effect. His theory 
could explain every aspect of the photoelectric effect. However, it should be 
emphasized that light does behave as a wave too. Both wave and particle nature 
can coexist in light. 


14.2. Photoelectric Effect and Einstein’s Photon Theory 


The experimental arrangement to study the photoelectric effect is shown in 
Fig. 14.1. If electrons are emitted from the metal surface, they can be collected by 
the anode and the ammeter deflects. The experimental results can be summarized 
as follows: 


1. Electrons can be emitted only if the frequency of light is higher than a 
certain frequency called the cutoff frequency. The cutoff frequency 
depends on the metal that is used. 

2. When released from the metal surface, electrons have a kinetic energy 
that increases with the light frequency. The energy does not depend on 
the light intensity. 


_ Wave nature of light fails to explain the presence of a cutoff frequency. 
One would think that electrons are emitted when they acquire sufficient energy 
by absorbing light energy. Then it is immaterial which frequency light has. By 
the same token, the wave nature of light is not consistent with the observation 
that the photoelectron energy does not depend on the light intensity. 
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Anode to 
Polished Monochromatic collect 
metal light electrons 


Electrons 
emitted from 
the metal surface 


Current 


Fig. 14.1. Arrangement for photoelectric experiment. 


Einstein proposed that monochromatic light of frequency v is a collection 
of photons each having an energy hv (J) where h=6.63 x 10° 34 J- sec is Planck’s 
constant. He postulated that electrons are emitted, being liberated by photons, 
rather than gradually absorbing light energy. Electrons, however, are bound to 
the metal and some energy has to be given to the electrons before they are 
released. This binding energy is called the work function W(J). Therefore, the 
difference hv — W would appear as the kinetic energy of the electron, or 


4mv? =hv— W. (14.1) 


This relationship is illustrated in Fig. 14.2. If the photon energy hv is less than 
the work function W, the electron cannot climb up the hill and cannot be released 
from the metal surface. This explains the cutoff frequency and the dependence of 
the kinetic energy on the frequency. 


Example 1. Sodium (Na) has a work function W=2.9 x 10719 J. Find the 
cutoff frequency v, for photoelectric emission. 
Wa) ei 29 Sc Oia iT 
h 663x107 54 J-sec 


=a x 10." HZ 


V= 


The corresponding wavelength is 


Pee AO sal ear 


c 


= 6900 A (red). 


Therefore visible light (4000-7000 A) can cause photoelectric emission from 
sodium. 
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1 
smu = hy = W 


hv > W 

Large 

photon 
Potential energy 
hill 

hv 
Short wavelength 
Work 
function 
Oo 


Small 
photon 
energy 


hv < W 


hv 


Long wavelength 


Fig. 14.2. Electron absorbs the photon energy hv. If the energy is larger than the work function 
(potential energy), the electron is released from the metal. 


Example 2. A metal having a work function of 2.3 eV is illuminated by 
ultraviolet radiation of A=3000 A. Calculate the maximum kinetic energy of 
photoelectrons emitted. 


4mv? =hv— W, 


where 
he 
aot 
POO 2CLOr a3) LOT 
BOCLO a: 
=6.63x 107? J=4.1 eV. 
Then 


lonp? 24110. FAB GV 
=3.0x10°!3J. 


In Chapter 10 we learned that accelerated or decelerated charges can create 
electromagnetic radiation. For example, if an energetic electron hits a hard 
metal surface (such as tungsten), X rays can be created. In this case the electron 
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experiences tremendously large deceleration and its energy can be converted 
into that of the X ray. This process may be called an inverse photoelectric effect. 
A more common terminology is Bremsstrahlung, which is a German word for 
Bremse (braking, deceleration) and Strahlung (radiation). 


14.3. Hydrogen Atom 


Neon signs use a gas discharge to create various colors. Incandescent 
lamps can create light for illumination. In this section, you will be introduced to 
quantum theory of radiation in order to understand the mechanism of radiation 
from atoms. 

If the radiation spectrum from a hydrogen gas is carefully analyzed, the 
spectrum is composed of many discrete lines rather than a continuous spectrum. 
As we have seen in the previous section, if the electron in the hydrogen atom 
somehow loses a certain amount of energy, that energy is expected to be released 
as electromagnetic radiation. 

The simplest picture of the hydrogen atom is that one electron is revolving 
around a proton. Let the distance between the electron and proton be r. Then 
the potential energy of the electron—proton system is 


e2 


U=— —— (J). (14.2) 

A4méor 
The Coulomb force keeps the electron from flying away, balancing the cen- 
trifugal force. 


mv? e* 
— =——_.., 14.3 
Fim SAT ETA ay 
Then the kinetic energy of the electron is 
e2 
smv* = (J). (14.4) 
8Eor 
The total energy E of the atom is found from U + 4mv’, 
e2 
E=— — (J). 
ae (J) (14.5) 


The question is: What is the radius r? According to classical dynamics, the 
radius r can be arbitrary, and each hydrogen atom could have a different radius 
and a different energy. That this is not the case is clearly evident from the 
discrete spectrum of radiation from hydrogen gas since if the radius is arbitrary, 
so is the energy, and we would expect the radiation spectrum to be continuous. 
We conclude that the radius must be discrete to explain the discrete spectrum. 

In 1913 Niels Bohr (a Danish physicist) proposed that the angular 
momentum of electrons in atoms is discrete. For the case of the hydrogen atom 


Sec 14.3 HYDROGEN ATOM 


the angular momentum of the electron is 


me?r 


tiers, ATE, 
‘He postulated that 
h 
mor =n — il ge he aan 
2r 


where h is the Planck’s constant. Then the radius r is given by 


h2 
=n? =n? x5.3x 10712 (m) 


mme 
and the energy becomes 
met 
= J 
8ech? n? W) 


which is shown in Fig. 14.3. 
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(14.6) 


(14.7) 


(14.8) 


(14.9) 


The state of n=1 is the lowest energy level that the ordinary hydrogen atom 
has. The electron in this bottom state can be brought to higher energy levels 
by electrical or optical disturbances (this process is called excitation). When 
this excited electron falls down to a lower state, it releases an energy that appears 
as radiation. Since the energy levels are discrete (Fig. 14.4), the frequencies of 


radiation are also discrete, 


1 1 
hy = AE = 13.6 | — — — 
y (= 7°) (eV). 


electron 
Came 


Fig. 14.3. A model of hydrogen atom: F,=e7/4égr* (Coulomb force) and F,=mv?/r (centrifugal 


force). 
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Quantum number n 


A? eR ales Malet 


—10 


Energy of hydrogen atom (eV) 


bgt BS) 


Fig. 14.4. Discrete allowed energy states of a hydrogen atom. 


Example 3. The electron in a hydrogen atom is excited to the second 
energy level. When it falls down to the bottom level, what radiation (in frequency) 
should appear? 

hy =AE = 13.6 (1—4) 
LOD Gai. al 
AE \ 4063 x40) 
= =_——_____ = 2 46 x 10!° Hz. 
rn eeaMio ta : 


The wavelength is 
Cc de 
Ae x 10-7 m 
v 


— 1200 A, 


which is in the ultraviolet range. 
Example 4. How much energy is required to completely free the electron 
in a hydrogen atom or to ionize the atom? 


A free electron corresponds to r= oo, or n= oo. Then, 


B= 136eV ee | 
00 i 


= 13.6 eV. 


This is the ionization potential of the hydrogen atom. q 
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14.4. De Broglie Wave 


In Chapters 3 and 9 we saw that waves, both mechanical and electro- 
magnetic, carry momentum as well as energy. The relationship between them 
was 


wave energy 


Momentum = (14.10) 


wave velocity 
Since a photon carries an energy hv at a velocity c, we expect that the momentum 
associated with a photon is 


This is indeed correct and a more rigorous proof can be given by quantum 
mechanics. 

Here we reverse the argument. We ask: Can we assign a wavelength A 
defined through 


A=- (14.12) 
Pp 

to any object having a momentum p? De Broglie argued that we can; that 1s, 
any physical object should have both particle and wave nature. In Chapter 11 
we saw that electron microscopes can have much higher resolving power than 
conventional optical microscopes because the wavelength associated with 
energetic electrons is much shorter than that of visible light. For example, the 
momentum of a 100-keV electron is 1.7 x 10°?” kg m/sec and the De Broglie 
wavelength is 3.9x 1071? m. This is about 10° times shorter than the wave- 
length of visible light (4-7 x 1077 m). If you recall that the resolving power 
is inversely proportional to the wavelength, it can be understood why electron 
microscopes can “see” better than optical microscopes. 


Problems 


1. It is sometimes convenient to consider light (or electromagnetic waves) 
as a collection of photons. Estimate the number of photons emitted every 
second from a 100-W light bulb. Assume that the light is monochromatic 
and has a wavelength 5500 A. 


2. A laser beam (4=6000 A) has a power density of 50 W/cm’. What is the 
photon density associated with the beam? 
(Answer: 5.0 x 10?/cm?.) 


3. Aluminum has a work function of 4.2 eV. 
(a) What is the cutoff frequency and wavelength for photoelectric 
emission? 
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(b) Ultraviolet light of A=1500 A falls on an aluminum surface. What is 
the maximum kinetic energy of emitted electrons? 


(Answer: 1.0 x 10!> Hz, 2960 A, 4.1 eV.) 


A hydrogen atom is excited from n=1 to n=4 energy level. 

(a) What is the energy at each level? 

(b) What energy is required for the excitation? 

(c) Ifthe electron falls down to n=1 level again, what is the wavelength of 
emitted radiation? 

(Answer: —13.6 eV, —0.85 eV, 12.8 eV, 970A.) 


Find the electron orbit radii and energy levels of a singly ionized helium 
ion which has one electron revolving around an « particle (two protons and 
two neutrons). 


(Answer: 2.7x1071!n? (m), —54/n? (eV).) 


Calculate the De Broglie wavelength of a 200-keV electron. 
(Answer: 2.7x 107 !? m.) 


Referring to the result of Example 2, Chapter 10, answer the following 

questions. 

(a) What is the acceleration acting on the electron in a hydrogen atom at 
the ground state? . 

(b) What is the approximate time constant for the electron to lose energy 
by radiation? | 

(Answer: 9.0 x 1077 m/sec”, 4.7 x 107 !! sec. This indicates that the classical 

model of a hydrogen atom consisting of a discrete electron revolving around 

a proton is unstable against radiation.) 


CHAPTER 15 


Nonlinear Waves 


15.1. Introduction 


Up to now, we have studied linear waves and oscillations. This is a drastic 
simplification to nature. Nonlinearity is a more common state, and in addition, 
its study makes life more interesting. Compare a drive through a flat region 
with that of a mountain. In Chapter 1 we encountered oscillatory phenomena 
and examined, in particular, the pendulum (Fig. 15.1). It was shown there 
that the equation of oscillation could be written as 

d*0 g 

—~=— sind 15 

dt? l a 
This is a nonlinear equation! Only in the very small region where 6 <1 was it 
possible to write 


arte, g 
dt? i 


fa (15.2) 


and obtain the simple oscillatory solution given there. 
Equation (15.1) is difficult as it stands, so let us relax the requirement that 
0<1to be 8 <1. From Chapter 3, we can write 


d’0 g (0 si) (15.3) 


dE reat 


We have introduced a parameter « (“bookkeeping parameter”) to indicate 
clearly the nonlinear term. Equation (15.3) is still formidable as it stands, but 
there are techniques available to solve it. We shall illustrate a powerful perturba- 
tion technique here, although there are others. 


M 


Fig. 15.1. Pendulum having a mass M and a length /. 
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The philosophy of the technique is to let 
0=9 + cA 4 679 + --- (15.4) 


where 0 > 0 S 9 S --- and ¢ is the same bookkeeping parameter. Substitute 
(15.4) in (15.3). 
ae 10 oe 69) a 672) be Lah = 


ee {0° +2) 4 929) 4 0-7 
l 


i + rao a ef) ae 679) Bade +e (15.5) 


We shall collect terms of this equation in orders of «. 


ee sil g0) (15.6) 
PED) _g 1 

Ke pe (CL): are (0)\3 

eer ci wi ° 31 Le ri. (15.7) 
ne) eae 1 

eee {0 ‘ [x00] (158) 


and so on. We could add more terms but would soon be lost in a sea of algebra. 
The solution of Eq. (15.6) can be immediately written down as 


6 = A sin wt +B cos wt 
where w =./g/l. If we now substitute 0 in (15.7), we can obtain an equation for 


0. To simplify, let B=0 in 0. Hence 


a7o) g i 
7 ae 51 =-4tA sin ct | 


1 I, 3 1 
aig | 7 sin or + gsin 3 
Recall that w=./g/l and note that there is a forcing term that oscillates at the 
same frequency as the terms on the left-hand side of the equation. The driving 
term that oscillates at 30=3./g/I creates no problem as far as the natural 
oscillation at the frequency w=./g/I. The solution for 0“) is straightforward 
and we write 


3 


1 gA 
0 = 4 sin wt + B cos at > sin 3mt 
1 gA® (15.9) 
ee cot Cos wt 
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Note that as time increases, the last term in Eq. (15.9) increases and 6") may 
eventually become comparable with or larger than 0, a violation of the 
assumption given after (15.4). This is a secular term. A similar result would 
ensue for the terms 0‘, 0°, and so on. Let us suggest a technique to get out of 
this dilemma, that is, develop a secular-free perturbation expansion. The tech- 
nique is also called a multiple time scale perturbation expansion and it has 
found extensive use in the study of nonlinear oscillations. 

In this technique, we define two (multiple) time scales given by t and t=et, 
where the same ordering parameter has been employed. Hence from (15.3), 
we write using the chain rule 


d_ @¢ i GOs 6 : 7) 

die-Ofy 20 Oba Olyrtl Oi 
We use the partial differential notation and treat t and t as independent variables. 
Hence we obtain from Eq. (15.3) 


Sead RNC? Wed eal. 8° 
ath Sl 9 a i 
(s+ aeoei ve? 2) (0 5) 


Substitute (15.4) into (15.3) and equate powers of ¢ 
679 


30). ae oh (15.10) 
009) 9 ag 1 
ar a arate ee as: 


and so on. 
The solution of (15.10) is as before 
0°) = 5(Asi! + A*e7'°*) where w =./g/I, 


and we use the exponential notation for convenience except that the constant 
of integration A depends on the slow time variable t=et, that is, A= A(t). 
The “x” indicates the complex conjugate. Substitute this solution in (15.11) 


q?9) 
Ot? 


2 
+ 070) = av [Ate + 3A7A*e! 4 3AA*e 1 4 A¥3 7 BOtT 


We shall choose the slow time dependence so the terms multiplying gre 


are set equal to zero. We eliminate the secularity causing terms in the equation 
by examining the slow time dependence of the solution. Hence 


OA : 
aa mie = |4 A=0 

OT 
oA* 


OT 


st ai! 2 * —() 
i 5 IAA 
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The solution of the first of these \ 
Ars Anot tr aae (15.12) 
Hence | 
9 =1f A eit Als Oea eae pt otd lA Say (15.13) 


and we note that the deviation of the resonant frequency depends on the square 
of the amplitude of the signal. The oscillation is essentially “detuned,” with the 
detuning being proportional to the signal’s power. 

One could conjecture at this stage that this “detuning process” could have 
profound implications if there were a coupling between two oscillatory systems, 
one with a natural frequency of oscillation m, being much higher than the 
second, that is, w, >a. If the first system is excited at a frequency w~«@,, the 
system may “detune” enough such that the difference is approximately w, and 
the high-frequency signal will “parametrically” excite the signal at w,. The 
coupling between electrons and ions in a plasma is an example that exhibits 
such behavior. 

Our first encounter with nonlinearity has had a dramatic effect. We shall 
see that it will produce several new features, such as shocks and solitons for 
wave propagation. New mathematical tools will be required and some will be 
introduced here. 


15.2. Nonlinear Wave Equations 


The derivation of nonlinear wave equations is usually quite straightforward. 
Just the simple equation of continuity 
On O(nv 
4, nv) _ 


Ci rOX. 


possesses a product of two terms and we encounter a nonlinearity. If a velocity 
depends on position x, the equation of motion for fluids 


mdv(x, Sten a as Ox 
dt — \at dx &t 


fav Ov 

=m tan =) = force 
also contains a nonlinear term. It is not difficult to find nonlinearity almost 
anywhere in nature. The problem arises when one tries to solve the nonlinear 
equation that has been derived to describe the phenomena. One can use the 
perturbation approach outlined in the previous section, use other techniques 
that are detailed in other books that just treat nonlinear waves, or find numerical 
solutions. Another approach is to be able to transform the equation of interest 
to a nonlinear equation that possesses known solutions. We illustrate this first 
with a slight generalization of Problem 3 in Chapter 9. 


0 
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The problem will be to derive a nonlinear wave equation for electromagnetic 
wave propagation on a nonlinear-dispersive transmission line shown in Fig. 15.2. 
In this transmission line Cy is a nonlinear capacitor such as a““VARICAP” ora 
reverse-biased p—n junction diode, the capacitance of which depends on the 
- voltage applied across it. Following the procedure outlined in Chapter 9 (and 
Problem 3), one can write the set of partial differential equations for the currents 
and voltages as 


OI dp(V) 
= =( 
aa ar i (15.14) 
OV el! 
je ==) (Bet | 
Ae weap me Rede) 
Cal ad 
ee (0 15.16 


where the current through the nonlinear capacitor is given by dp(V)/ot. From 
(15.14)-(15.16), we can eliminate J and I’ and write 


OV 102V aA(V) _ 
50x72 Léx? of.” WS 


The dependence of p(V) (p is a charge density, Coulomb/length) must be 
specified before we can proceed. The simplest choice is to expand p(V) in a 
Taylor series as 


eV) ~CoV —CyV". 
Therefore (15.17) can be written as 


LorV 0?V a+V 22 

ji ee ort Cs a aaa t Cy ay = (15.18) 
We can recognize some features of Eq. (15.18). The first two terms are identical 
to the linear wave equation studied in Chapter 10. As such, its velocity of 
propagation is given by c,=1/./LC, if the other two terms were absent. 
The third term accounts for the dispersion introduced by the capacitors Cs, 
and the fourth term is the nonlinear term. If the nonlinear term can be neglected 


Fig. 15.2. A typical section for a distributed nonlinear-dispersive transmission line. The nonlinear 
capacitor C(V) could be a reverse-biased p—n diode. The units are: L=henry/meter, Cs =farad- 
meter and C(V)=farad/meter. 


308 NONLINEAR WAVES Chap. 15 


and V ~ Voel**" 29, one derives the dispersion relation 


w 1 1 Ge 
ee tie pe eis) fate aly (15.19) 
Kn Cok aes, a=( 2Co 


which is illustrated in Fig. 15.3. 


@ 


Slope = 1/VLCo 


k 
Fig. 15.3. Dispersion curve for the linearized version of the transmission line shown in Fig. 15.2. 


Note that in the long-wave length limit (k =2z/A-0), the velocity approaches 
the linear velocity c,, >1/./LCo. In the shortwave length limit (k =2z2/A— 00), 
there is an upper cutoff frequency 1/./LCs, which is the resonant frequency of 
the “tank” circuit in the series arm. For frequencies above this value, the wave 
damps. 

To derive a well-known nonlinear wave equation, we shall introduce a 
technique entitled the reductive perturbation technique. We shall define two new 
variables 


t 
t=E!? (15.20) 


where ¢ is a bookkeeping parameter. The first states that we shall examine 
deviations in the wave frame. The ordering of the variables ¢!/? and ¢7/? reflects 
the dispersion given in the weakly dispersive limit (small k) in Eq. (15.19). 
Using the chain rule for differentiation, we write: 


Os PE 
6t Ot 0€ Ot at 


ORES ade 
Ox Ox OE Ox Ot 


0 
g Aer te 
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The voltage will be expressed in a perturbation series 


ee eee) i. 

ail Se Ti Sal (15.21) 
- Collecting all terms that have similar powers in (15.18), which is now trans- 
formed to the new variables é and t, we find to lowest order (0(e°)) that 


du) C du Cy d3u?) 
wis a tau 7 +3¢. 53 =0 (15122) 


This equation is the first of an extensive series of what are called nonlinear 
evolution equations and was studied first by Korteweg and de Vries to describe 
water wave pulses that propagate along shallow canals. In their honor, it is 
now known as the Korteweg de Vries (KdV) equation. Although it was derived at 
the end of the nineteenth century, it is still being extensively studied as it admits 
solutions which describe a topic of current interest, namely solitons. More about 
that later. 

Another approach to derive the KdV equation is suggested from quantum 
mechanics. In this approach one considers frequencies and wave numbers in the 
dispersion relation to correspond to the operators: w—i(d/dt) and k> — i(0/0x) 
and let the dispersion equation operate on a wave function y. Here we look 
at the long-wave length expansion given in Eq. (15.19) and write 


k CMa line x 
le a eca gas) 


cine Hamm, (bes Gov «oO Sue 


= + SS 
(Ot A MO OX De OO DG, Oe 


op dw Cs Ow 
iC ai) 
i nea: os (15.23) 


Let us transform to the wave frame defined by 
1 


oe ian 


tT=t (15.24) 
and Eq. (15.23) becomes 


OW Cs O*W 
1H Gn Ee NN 15.25 
: Bre Gs ae? ( ) 


One recognizes this as the linear part of the KdV equation (15.22). 

In Eq. (15.24) we have used the fact that the velocity was a constant. This 
can be extended to the nonlinear case by just asserting that the velocity depends 
on the amplitude, say 


1 
— 


1 
BCs xECe 


(L+aw) 
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Therefore Eq. (15.25) becomes 


ay "Cas OWES OW 
Ree Co" ob TIC, gee (15.26) 


where a= — Cy/Co. 

The second nonlinear wave equation that has received considerable 
attention is the nonlinear Schrédinger (NLS) equation. One can derive it from 
first principles using the idea that a force can exist in a medium (say, a dielectric 
or a plasma) that is given by Foc — V?, where ¢ is the amplitude of the modula- 
tion of a plane wave w(x, t), where 


W(x, N= (x, teilkox ot], (15.27) 


To find this force F, which is called the ponderomotive force or Miller 
force, we must examine charged particle motion in a spatially inhomogeneous 
oscillating electric field E(x, t), where 


E(x, t)= E(x) cos ot. (15.28) 


Assume that E(x >0)> E(x <0). During the first half cycle, a charged particle 
will be brought into a region of larger electric field and receive a stronger push 
to the left. During the second half cycle, the particle will be in a region of weaker 
electric field and the particle will receive less of a push to the right. In Fig. 15.4 


the particle motion in (a) a spatially homogeneous and (b) a spatially inhomo- 


geneous field are illustrated. In Fig. 15.4b, the dashed line indicates an average 
displacement of the particle’s motion which we will designate as xo. Its instant- 
aneous value is given by x =x9+x,. Hence the equation of motion is given by 


2, 


x 
m ee = gE(x, t) 


Or 


(15.29) 


t t 


Fig. 15.4. Particle motion in (a) a spatially homogeneous and (b) a spatially inhomogeneous 
field. 
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If we time-average this equation over one period defined by 22/m, we obtain 


xo = 0Eo 
Gietn © Bx. 


(x; COs wt), (15.30) 


Xo 


where { ) indicates a time average 
2n/w 
(x; cos wt)= | x, cos cot dt. 
0 


To find x, we use (15.29) with the approximation 


dx, OE 
dt2 —S and E0(Xo)> a X4 
O XO 
and write 
oe 
m aya ~qE (Xo) cos wt 
Hence x, = —(qE(xo)/mw7) cos wt. The expression for the time average becomes 
1 gE olXo) 
i ae 
and (15.30) is written as 
in. [ge OE 
PU q (Eo(Xo))* De eee (15.31) 


"ae «Ame? Oa 


An examination of Fig. 15.4b indicates there are two time scales for the 
particle’s trajectory, a fast time scale for the particle’s oscillatory motion and 
a slow time scale governing its drift motion. This illustrates the “multiple- 
time scale” discussed in the previous section. 

To derive the NLS equation, it is most convenient to assert that the dis- 
persion relation depends on this ponderomotive force and write 


¢|?). (15.32) 


o=a(k 


In Eq. (15.27), @ and ky correspond to the frequency and wave number of the 
carrier wave. Therefore Eq. (15.27) can be written as 

1 0? 
Dele ahs 


ale) 


k—ko)? + 
alt (k= ko)? + 


stg ko) += allel —leol) (15.33) 


O—Wo 


air |. 


The terms (w — wo) and (k— ko) are replaced by the operators i 0/ét and —i0/O0x, 
respectively, and Eq. (15.33) operates on the amplitude ¢. Therefore 


6 dw| a6\ 10°?a@| 076 6m ; 
DUALZ | Apes b Al ble a =0. (15.34 
(2 ays ok ko =) 7 Ok? ‘t Ox? 6\o|? ie lo] \p ( ) 
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One notes that a wave ¢ will move with the group velocity = 0w/0k\;,.. The 
substitution 


—\ — ow t a 
Ok |ko 
transforms (15.34) to the NLS equation 
: ao) 1 ee) 07 CM . 5 
rs 7% = 0. 15.35 
"Gt 2 OK? |g, OF ABE loos (@ Idol Ip (15.35) 


The KdV and NLS equations are two nonlinear wave equations that fall 
into the general category of nonlinear evolution equations that are currently 
topics of much current interest among soliton aficionados. Details of solitons 
will be presented later. We shall just examine solutions of the KdV and NLS 
equations here. 

To find the solution of the KdV equation, it is convenient to look for a “wave 
of permanant profile, “that is, a wave solution that does not change its shape as 
the wave propagates. To do this let €=&—(1/./LC,)t and Eq. (15.22) becomes 


ain Ce Aaa? Os di” 


Cerne ee ee a 15.36 
AOe Cede POGh Ci meee Opae) 


whose first integral is 


D 
io MiG, Cong eD 


where the superscript 1 is dropped for convenience, that is, U =u“. We shall 
look for a pulse solution that satisfies U0, dU/df—0 and d?U/dt?-0 as 
\¢| +00. Hence k, =0. The integral of Eq. (15.37) is found by multiplying Eq. 
(15.37) by (dU/df)d¢ and integrating 


Ue any Caray? 
— —+—— U?+-— | — ] =k 
a ar ey es (=) 2» 
where once again k, =0. The integral of this equation is 
U =U, sech? fExBo.6 go Clo, 
6Cs 3G5 
In laboratory coordinates it is written as 


CyU CyU 
U=U- sch] Gee(x— (14-22 Pealinad : (15.38) 


The velocity c of this “solitary wave” (so called because it is a single pulse 
shaped object as shown in Fig. 15.5) 
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Fig. 15.5. Propagation of a solitary wave. 


is given by 


Cy 1 
=)-b UG |; (15.39 
3Co : LEE 6 ) 
which indicates that its velocity increases with amplitude. The half-width of 
this pulse can be computed from U/U,) =1/2=sech? [.88]. Hence 
Bes 6CsLCy 1 


t 
ha Gee ur. (15.40) 


The product of the pulse’s amplitude times the square of its half-width is a 
constant. 
To find a solution of the NLS equation (15.35), we rewrite it as 


“ a2 


where 
aig! 070 i Cw 
2 OK |eo OI? ho? 
and we let |oo|? =0. We look for a solution of the form 
o(é, t= e'™ f (6). (15.42) 
Substitute (15.42) in (15.41) 
-0f +a Lr nf=0 (15.53) 
The first integral of (15.43) is 
2 2 4 
—Q a +3(4) +E const, (15.44) 


where the constant of integration is set equal to zero, as in the KdV equation. 
The second integral of (15.44) is 


pre fe sech| ve), (15.45) 
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Combine (15.42) and (15.45) 


o(é, t)= = sech [ee | Pg LS (15.46) 


We shall encounter the solutions given by Eqs. (15.38) and (15.46) later 
when the topic of solitons is discussed. 


15.3. Characteristics 


We have seen in the previous section that nature has provided several 
examples of nonlinear waves that included effects of dispersion. As such there 
arose solutions that tended to balance the effects of nonlinearity with the 
dispersion, and pulselike waves were found as solutions to the KdV and the 
NLS equations. You may have wondered, “What would have happened if the 
dispersive term were somehow absent from the equation?” Let us answer this 
by looking at two wave equations, 


Cue, Ou 


=( tSAt 
ot ee ( ) 
and 
Ou Ou 
= =(, 15.48) 
een ) 


In Eq. (15.47), c is a constant and therefore we have a linear equation. The most 
general solution is u(x, t)= f(x —ct), as we have already noted. Let us assume an 
initial condition of 


1—x? for |x|<1 
())e= 
u(x, 0) i erie (15.49) 
Hence at any later time, we can write 
1—(x—ct)* f —ct|<1 
ne (x—ct)* for |x—ct| (15.50) 
0 for |x—ct|>1 


This, of course, is a wave of permanent profile, and we illustrate it in Fig. 15.6. 

To solve (15.48) with the same initial condition that we used to solve (15.47), 
we must solve (15.48) along the characteristics defined by solving the character- 
istic equations. A first-order equation 


a a 
P(x, t, u) = + Olx, t, u) = Se tay (15.51) 


can be solved along a characteristic curve defined by 


dx dt du 
By Ocrs 
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z we : 


Fig. 15.6. Propagation of a pulse governed by a linear wave equation. 


From (15.48), we write 


dx dt du 
Uae 
so that along the characteristic 
dx 
rae u 


u is conserved. Applying this to the linear equation (15.47), we would obtain 
0x/0t =c. Therefore the general solution of (15.48) is 


u(x, t)= f(x—ut), (15.52) 


where f is determined by an initial condition. 

Before specifying an initial condition, let us contrast the characteristics 
obtained from the linear equation (15.47), dx/dt =c; with the nonlinear equation 
(15.48), dx/dt =u. This is illustrated in Fig. 15.7. In Fig. 15.7a the characteristics 
are all parallel, which implies that all parts of the wave travel with the same 
velocity c. In Fig. 15.7b, the characteristic curves travel with different velocities, 
parts with a higher value of u move faster. This is borne out by writing the 


x iG 


ih u increases 


t 
Fig. 15.7. Characteristics of (a) a linear wave equation and (b) a nonlinear wave equation. 
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solution for (15.48) as 


1—(x—ut)? for |x—ut|<1 
= a ps 
a) i for |x —ut|>0 ( ) 
Solving (15.53) explicitly for u, we obtain, 
i 
—; [(2xt—1)+(1—4xt+4t?)/7]  f —ut|<1 
hey ty a4 pe Oe EO Oo ea (15.54) 


0 for |x —ut|>1 


It is instructive to look at the characteristics posed by the initial conditions 
given in (15.49). They are shown in Fig. 15.8. From this figure we note that all 
characteristics that start (x>—1, t=0) will intersect characteristics starting 
(x > 1, t=0) at some time or other. An intersection of two characteristics implies 
two values of u, a physically impossible situtation. Hence we have to introduce a 
discontinuity, which in fluid dynamics is called a shock. 

In Fig. 15.9 we sketch the evolution of the pulse. Note that u(x, t) can have 
multiple values at some time T >0 when éu/0x changes sign from 0u/0x|,- 9 <0 
to du/Ox|,-7 >0. From (15.54), we compute 


Ou 1 1 At 
S| ola eT ee 


éx 
1 2t 
The zy =| 


and note that du/0x will change sign (through infinity) at a time T =4. 
This example can be generalized for an initial condition of 


x=1 


f(x) for |x|<a 


0 for |x| ><a, (38h) 


u(x, 0) -| 


Fig. 15.8. Characteristics for a nonlinear wave equation with the initial conditions specified by 
Eq. (15.49). 
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Fig. 15.9. Propagation of a pulse governed by a nonlinear wave equation. 


where f(x) is a continuously differentiable function with positive and negative 
slopes. Analogous to (15.53), we write 


u(x, a tA for |x —ut|<a 


0 for |x —ut|>a. ely 
Define the wave variable € as €=x—ut and compute from (15.56) 
du Of 0¢ 
Ore inOes On 
Of Ou 
PN LEN iy ake ea 
0g ( Ox i) 
Solving for du/0x, we obtain 
oe es (15.57) 


dx 1+t0f/0& 


Equation (15.57) expresses the slope of the profile of u in terms of the initial 

profile at €, where x is the position at time t of the point that was initially at & 

If 0f /0é <0, du/éx is infinite at a time T =1/(—@ f/0x). Therefore if the profile 

initially had a negative slope at some point €, then for 1>T =(1/—¢f lal) Sovran 

the solution is no longer single-valued in the neighborhood of the point 

Eo+ Tf (Eo), where &o is the point where (1/—0 f/0€) attains its minimum value. 
To show this we examine (15.57) at a time t, where 


1 
eT +e=(—sag) 


where ¢ is small and (€ f/0&)min Occurs at €=€ . Therefore from (15.57) 
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Ox E=f9,t=T te 


1+tdf/oé 
a Of /0E|z, 
i Of 1 
1+—]| |——, +é 
CC lel On 
0g Eo 
_! 
ie 
This implies 
oH oo and oH CO 
—_— —— — —> 
Ox T= 0 Ox TO 


Therefore we see that a linear wave travels without a change of profile. 
The role of nonlinearity progressively deforms the profile as it propagates. 
After some time t > T, the wave contains a jump discontinuity. As we have noted 
in the previous section, dispersion can enter and cause a wave with a constant 
profile to propagate even if nonlinearity is included. 


15.4. Self-similarity 


We have examined one technique to solve nonlinear wave equations that 
uses characteristics. If we put ourselves in the frame that is moving with the wave, 
the detailed processes in that frame may actually be diffusing in space. One may 
be able to transform the equation to a nonlinear extension of the diffusion 
equation 

d7n on 

D Poona =i (15.58) 
where D is the diffusion equation, which, as we shall see later, may depend on 
n, x, and/or t. We recognize this as the linear part of the NLS equation, where 
the term i= /-1 has been incorporated into D. The procedure that we shall 
outline in this section is an attempt to answer the question, “Can the variables 
n, x, and t be combined in some manner such that the partial differential equation 
(15.58) (or any PDE) could be transformed to an ordinary differential equation 
(ODE) that may be easier to solve?” For the wave equation we could set =x —ct 
and look for waves of permanent profile. We shall seek other solutions here. 

In particular, we shall seek solutions that leave (15.58) invariant if the 
variables are replaced by 


n=N(x, t, n, &)~n+fi(x, t, n) + O(e7) 


X= (x, t, n, &)~x + X(x, t, n) + O(e7) (15.59) 
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t=t(x, t, n, 6)~t+t(x, t, n) + O(e?), 


where ¢ is a parameter. To transform (15.58), one must apply the chain rule, 
collect all terms with like derivatives of n, and require that the transformation 
leaves (15.58) invariant, that is, it looks like (15.58) with barred variables re- 
placing unbarred variables. This will yield a large set of simultaneous equations 
to be solved. The solution of this set can be found and is called the invariants of 
the transformation group. The term group comes from algebra and was dis- 
cussed in the nineteenth century by Sophus Lie. The invariants are the self- 
similar variables. 

The above paragraph was rather formidable and has probably hidden the 
procedure from the reader. It is included only to let you know that there is 
some firm mathematical foundation for what we shall do. We can ride on the 
shoulders of the giants who have preceded us and who will carry us through the 
dense forest of algebra. Here we shall just choose the simplest linear group, 
which is defined as 


a 


n=a'n 
G=/x=a’x (15.60) 
t=a’t 


where a is a parameter and a, f, and y will be determined from invariance 
requirements. Several significant problems can be treated with this group and 
it will allow us to illustrate the procedure. In particular, a function F(y) is said 
to be“constant conformally invariant” (CCI) if F(y)= f(a@)F(y), where f(a) 
is some function of the parameter a. 

Substituting (15.59) into (15.58), we write 


0 (15.61) 


For (15.60) to be CCI under the transformation group G, one requires 
a—2B=a—y 


or y=2f. We shall defer until later the further specification of these constants. 

Instead, we now seek to determine the “invariants” of the transformation 
group G. This is achieved by employing a theorem from group theory. The 
invariants are obtained from QJ =0 where J is the invariant and Q is the operator 


Ail eae Siyaa | Grendel len 1S 
Oe Vell FP rl PERE Petal ae 
a 3 a 
pT As dc nel 15.62 
SD eed hang ne pe oe) 


The solutions of this first-order equation QJ =0 are obtained by solving the 
same “Lagrange subsidiary” equations that were written down when discussing 
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characteristics, namely, 


dn dx dt 


= aspen (15.63) 
—an —Bx —yt 


These “invariants” are the self-similar variables that we seek. One set of solutions 
of (15.63) is given by 


= and f= 5 (15.64) 


Recall from (15.61) that B/y=4. One could combine the terms in (15.63) in a 
different combination to obtain a different set of solutions also. 
Substitute (15.64) in (15.58) and obtain 


d*p fdp a 
es 1D geno re 
or 


do E dd a 
2 8 ED) ee a AD 15.65 
a(é/2./D)? —-2./D d(E/2JD) i SRP 


Writing the equation in this latter form, we can recognize that its solution can 
be written in terms of complementary functions erfc (+ E/2,/D) 


é bs a | 
Bi~2#”” erfc ( —=- 15.66 
sf a rte (=F) ( ) 


where i7*”” is an ordering parameter (i#./—1) and 


i verfe ea) =e 
Loerie (5) =erfc Facet 
2,/D oD 


b= Ai**” erfc 


and 


G a aaa 
jerie (ee nape = AP 
Cc (fe ee erfc tdt (n= 071) 2 
At this stage, the parameter «/y is still arbitrary. We shall specify it to 
satisfy boundary conditions or a conservation law. Note that (15.58) is a “third- 
order” equation with three boundary or initial conditions given while (15.65) is a 
second-order equation that requires only two boundary or initial conditions. 
Hence there must be a consolidation of these conditions. This can be seen below 
for the physically reasonable conditions. 


AX= 07, 10 
n(x, t=07)=0 


The third boundary condition could have one of two forms that would yield 


\ .p1e=s0)=0 (15.67) 


Sec 15.4 SELF-SIMILARITY aot 
self-similar solutions. They are 
n(x =0, t)=constant (15.68) 


or 
| n(x, t)dx =constant 
=O) 


Combine (15.64) and (15.66) and obtain 


By tt \am ’ erfc EA + Bi- **”’ erfc (eh 


For any time t, the first condition given in (15.68), which states that there is an 
infinite source of n at x =O, implies a/y =0. Therefore 


n(x, t)=A erfc ped =A eric 5 


where the constant B=0 in order to satisfy (15.67). 

Let us assert that the second condition, which states that the quantity n 
must be conserved in space, must also be invariant under the transformation 
group G. This is called the similarity postulate. Therefore 


[0 @) CO 
| ndxma*? | ndx 
= 06) 100 


and for this to be invariant 


ihe teal 
oy ae 
The self-similar solution is 
P(C) Ae 


nee he ay 2 eT. 
Jt JnJt 
where the constant A’ can be determined by substituting this in the integral in 
(15.68). You may recognize this solution as the “Green’s function” for the 
diffusion equation. In Fig. 15.10 we sketch the response of these two solutions. 
A general comment can be made about this solution that seems to be in conflict 
with what we have already learned about waves, namely, a signal or density 
can appear at x =00 at a time t=0". The amplitude may be very small but it is 
still there. Let us get ourselves out of this dilemma by looking at a nonlinear 
extension of (15.58). 

In particular, let us examine the dimensionless nonlinear diffusion equation 


0 On On 
- c =| M9 (r>0 (15.69) 


and let D=1. If we apply the group G defined by (15.60), we find the self-similar 
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(b) 


Fig. 15.10. Diffusion of a quantity n due to (a) a step function source at x =0 and t=0 and (b) a 
delta function source at x =0 and t=0. 
variables to be 


xX n 
c= ay and (9) = amaM= 1 - 


The corresponding ordinary differential equation for (€) is 


Cl lO, cee lee 
zl zt dé =| 25 ip ; Bk 
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If now 
1 
B ie E is \ 
Y i) Ne 
or 
spe 
Peleg aod 
(15.70) can be integrated once to 
Aap 1 
p Er €d =const. (b5i71) 


The boundary conditions that we shall employ are given in (15.67) with the 
additional requirement that there will exist a “sharp front” in the diffusion. 
We shall also impose the requirement that dn/Oéx=0 at x=0, which implies 
dp/dé|--) =0 and the constant of integration in (15.71) is zero. The integral of 
(15.71) is 


r Ee 1/r 
es 1-55 C<Co (15.72) 
0 Geo, 


ree? 
Co=| 2 5} | r>O0. 


The solution for r=1 is 


1 Nil 
0 Bs) 3: 


This solution is sketched in Fig. 15.11. 

We see that fairly simple solutions can be found for nonlinear partial 
differential equation. These solutions may be “attractors” in that solutions with 
different boundary conditions may approach this self-similar solution. In the 
cases presented here, it was possible to integrate the ordinary differential 
equation that arose from the transformation. If this is not directly possible, one 
can resort to approximate or numerical methods. The problem, however, has 
been greatly simplified. One could reduce the ordinary differential equation 
further, and Sophus Lie was able to reduce it to an algebraic equation with 
further transformations. 

To illustrate one approximate technique, we look at some ideas from 
boundary layer theory in fluid mechanics. Let us look at (15.65) with the con- 
stant «/y =0 


where 


ar )) sl (15.73) 


324 NONLINEAR WAVES Chap. 15 


0 1 oe 3 ¥ 


Fig. 15.11. Diffusion of a quantity 1 that satisfies a nonlinear diffusion equation. 


where 0= uD If @ and all its derivatives are zero as 0 00, one can integrate 
(15.73), at least formally, to write 


do dd da 
ee Der aul ees 26. 
Ge | Ok \ ’ Free 
or 
do ee de 
16 |p, =|, 20 75 40. (15.74) 


The philosophy of this technique is to make an “educated guess” on what 
the general solution should look like in order to satisfy the boundary conditions: 
p= o at 0=0 and 0 as 0 oo. A function that would satisfy this would be 


360 #63 
jal gees eg ee 0<0< 
P= (3 Ao mal %o 
0 


15:75 
O>o. ( 


Other choices could be made. The value of 05 is found by substituting (15.75) 
into (15.74) and performing the integration. 
We write finally 


ZU MESs ee me 
SS GES ee ements eae 
? 6o| (a le 268 aa) f 
which is a reasonable approximation to the solution ¢= dy erfc (x/./tD) that 
we found before. 
Approximate solutions have advantages in that they are fairly easy to 


obtain, follow from one’s intuition, and can be used to check numerical 
procedures. 


PROBLEMS JnD 


Problems 
1. Sketch the solution given in Eq. (15.9) if A= B=(1/3!)(gA°>/8l) =1. 
2. Consider a parallel electrical circuit consisting of an inductor L and a 
nonlinear capacitor (“VARICAP”) C(v). 
(a) Derive the equation describing the voltage oscillation. 
(b) Let C(v)~Cyo+C,V, where C,; <Co and describe what the solution 
should look like. 
3. Solve the nonlinear equation in Problem 2 using the multiple-time scale 
method. 
4. Sketch the solution given in Eq. (15.13) for various values of |A]?. 
5. Follow the derivation that yielded the KdV equation. Carry it out to next 
order. 
6. Derive the wave equation if the nonlinear capacitor had the relation 
C(V) a= CoV <x CV? 
7. Sketch the solution of the NLS equation. 
8. Using characteristics, find the solution of (15.47) if 
at < 
Tene 1—|X| for |X|<1 
0 for |X|>1 
9. Using characteristics, find the solution of (15.48) if 
1—|X| for |X|<1 
0) — 
Hoes) ‘0 for |X|>1 
10. In Problem 9 find the time when a shock will form. (Answer: t= 1) 
11. Find the self-similar solution of 
0 | 1 ow Vea. 
Oy| W oy a 
for the condition that |g w dy=const. 
(Answer: w=[t(y?/2t? + const] ') 
12. Find the self-similar solution for the set of equations 


“) a 
a, 
di dp 
poet aa) 
ARO 
1= pk. 


1 
(Answer eee en = ss] 


b) cane La 
t+to i t+to (t+to)* 
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14. 
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Starting from the equation 


ae ae 6G ae 6a 
Wn Ag Be os | ax? 


show that by change of independent and dependent variables that this can 
be transformed to 

oe, E q 

mere blagis 

Fp OX 1) Ox 


Find the self-similar solution of 


where 6, =0do exp [BJE] subject to 
E(x=0,t)=1, E(x=0o, th=E(x, t=0*)=0 

You should use an approximate technique to integrate this. 
For the equation 

Of Gaon Os yb iclp ae 

=> >= fees ee >= 

Oni p= ep Op)|. 1p, OVEp 
show that the self-similar variables 


Pp f (Pp, t) 
ae and @(¢)= Bi 


will allow it to be converted to an ordinary differential equation. If p= —3a 
solve this equation. 


> 


CHAPTER 16 


Solitons and Shocks 


16.1. Introduction 


The reader is aware of the many famous rides on horses that have been 
taken in the course of history. Lady Godiva’s ride and Paul Revere’s ride are all 
well known. To this list we shall add the ride of John Scott Russell along the 
canal in Scotland as he described it in the following words: 


I was observing the motion of a boat which was rapidly drawn along a narrow 
channel by a pair of horses, when the boat suddenly stopped—not so the mass of 
water in the channel which it had part in motion; it accumulated round the prow 
of the vessel in a state of violent agitation, then suddenly leaving it behind, rolled 
forward with great velocity assuming the form ofa large solitary elevation, a rounded, 
smooth and well-defined heap of water, which continued its course along the channel 
apparently without change of form or diminution of speed. I followed it on horseback, 
and overtook it still rolling on at a rate of some eight or nine miles an hour, preserving 
its original figure some thirty feet long and and a foot to a foot and a half in height. 
Its height gradually diminished, and after a chase of one or two miles I lost it in the 
windings of the channel. Such, in the month of August 1834, was my first chance 
interview with that singular and beautiful phenomenon.... 


He called this wave the “great primary wave of translation” and also wrote: 
“The great primary waves of translation cross each other without change of any 
kind in the same manner as the small oscillations produced on the surface of a 
pool by a falling stone.” These observations were reported in the middle third of 
the nineteenth century to the British Association for the Advancement of Science. 

In addition to observing the soliton in the canal, Russell performed a series 
of experiments to study his observations. He used a shallow water tank with a 
piston at one end. In Fig. 16.1 we reproduce one of his figures, where E(x, t)|max = 
oh/h~ 010%). 

At the end of the nineteenth century, Korteweg and de Vries were able to 
derive an equation to describe these waves. We encountered this KdV equation 
in Chapter 15 and we rewrite it in dimensionless form as 


Ou. du. .0°u 


SPA 
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Fig. 16.1. Sketch of a shallow water tank experiment and the evolution of the wave. 


One of the first large-scale calculations to be performed on a digital com- 
puter was by Enrico Fermi, John Pasta, and Stan Ulam at Los Alamos in 1955, 
using the MANIAC computer. They investigated a large set of coupled non- 
linear difference—differential equations that would model a crystal structure. 
With a large amplitude sinusoidal excitation, they expected that harmonics 
would be generated because of the nonlinearity and that the energy would 
eventually thermalize. However, they found after some time that the energy all 
returned to the fundamental mode. This paradox, which will be discussed later, 
is called FPU recurrence. 

In 1965 Norman Zabusky and Martin Kruskal numerically investigated the 
KdV equation and found that solitary waves solutions given by 


u=< sech? FE (x— a] (16.2) 


2 


could collide with each other and survive the collision. They coined the word 
soliton to describe this wave. There has been an exponential growth in interest 
in these waves among scientists, mathematicians, and engineers that continues 
to date. Textbooks on these waves are starting to appear and many features in 
nature are being described with soliton properties; for example, the giant Red 
Spot on Jupiter has been thought to be a soliton of a Rossby wave, waves on 
beaches in certain parts of the oceans have soliton properties, light waves guided 
by glass filaments have soliton properties, certain signals carried by nerve fibers 
are thought to be solitons, and so on. 

As for solitary waves, some important properties of solitons can be deduced 
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from (16.2). First, the product of the amplitude of the pulse c times the square 
of its width (1/,/c)? is a constant. Second, its velocity in the laboratory frame = 
Co(1+c) is amplitude dependent where cp is the linear velocity of the system. 
What distinguishes a soliton from a solitary wave is its ability to survive a 
collision with another soliton. A large-amplitude soliton can catch up with a 
smaller one and just pass through it. 


16.2. FPU Recurrence 


The easiest way to jump onto the “Soliton frame of reference” is to under- 
stand first the FPU recurrence phenomena. The fact that a difference scheme 
was used on the computer will introduce numerical “dispersion” in that there 
will be a minimum length that can be studied that is dictated by the difference 
length in the numerical scheme. Hence we should be aware that the problem 
will be both nonlinear and dispersive. As we shall focus on the KdV equation, 
we shall write the dispersion relation in dimensionless units as 


w ~ k(1 — bk?) or k~a(1+aqa’), (16.3) 
which is Eq. (15.19) of Ch. 15 and is shown in Fig. 16.2. 
Let us assume a wave of the form 
p= o sin [Wot —kox] (16.4) 


is excited at x =0 and propagates into the nonlinear dispersive media. Because 
of the nonlinearity, harmonics will be generated, that is, 2W 9, 2k9; 3m, 3ko,.... 
From Fig. 16.2 it is noted that a wave with 2m, and 2k, does not satisfy the 
dispersion relation (16.3) and will therefore not propagate. However, a signal 
2W o, k* does, and it can propagate. Therefore two signals exist at the same point 


Pa=Pao Sin [2Wo9t — 2kox], 
dp =Ppo SIN [2Wot —k* x]. (16.5) 


2W0 


ko 2ko ke k 


Fig. 16.2. Linear dispersion curve in the long wavelength limit of Eq. (16.3). Dashed line is the 
curve w=k. 
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The sum of these two waves is (let dao = Pyo) 

Pat by= ao {Sin [2Mot —2kox]+sin [2wot —k*x]} 
=2dqo sin [2w9t —3(2Ky +k*)x] 
x cos [4(2k) —k*)x]. 
This is an amplitude-modulated wave that is a minimum at x =L, where 
$(2ko —k*)L= —na, 
from which we write 
$[ 2a 9 —2W9(1 + a(2m9)? JL = — na 


Or 
nT 


en (16.6) 


daw 

Additional modes could be included using this analysis, but the algebra 
becomes horrendous. This is the first example illustrating the delicate balance 
between nonlinearity and dispersion that is required in order to understand 
solitons. 


16.3. Properties of Solitons 


To understand the properties of a soliton from a mathematical point of 
view we could resort to advanced techniques, such as the “Inverse Scattering 
Transform” or “Spectral Transform.” These are beyond the scope of this section 
and are detailed in several books dedicated to this subject. We shall just try and 
find a two-soliton solution to the KdV equation using a procedure given in the 
book of G. Lamb. 

To do this we write down the one-dimensional time-independent 
Schrodinger equation as 

d*y 

Fat -U@ly=0 a<x<b (16.7) 
where 4 is an eigenvalue, U(x) is the potential well and the boundary conditions 
are at x=a and b (which may be at + 00). If U(x) were zero and a and b were 
finite with the amplitude specified as y=0 at x =a and b, the solution of (16.7) 
would yield 


ya(x)= sin [Ay(x— a) oad, 2; 30) 


where 
nt 
" (b-a) 
Although it is easy to obtain this solution and the reader knew it already, 
it contains some important features that need to be further commented on. 
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The main new feature that may not have crossed your mind is that the eigen- 
value .//,, does not change in time. You will think that this is not important 
since (16.7) did not contain any time variation. True, but we shall see that this 
is an important observation. 

Potentials other than U(x) =0 can be used in (16.7) and still solutions can be 
obtained. For example, the potential U(x)=—2sech? x with the boundary 
conditions y(x = + 0)=0 leads to one eigenvalue 4, = —1 with one solution 
y=sech x. From quantum mechanics, we can interpret this as a particle con- 
fined in a potential well whose shape is proportional to sech? x with the eigen- 
value 4 being proportional to the energy that the particle can possess. 

Let us now ask the question, “What would happen to the solution of (16.7) 
if the potential well U(x) depended on a parameter a (the parameter « could be 
time ft), i.e., U(x, «)?” If « varied, we might expect that the eigenvalue /,, should 
also vary. The replacement of U(x) by U(x+«a) merely translates the potential 
and would have no effect on the eigenvalues. The potential would then satisfy 
the equation 


dU dU. ; 

Ren Gm 
There are more complicated and more interesting equations that will leave the 
eigenvalues unchanged. As we shall see, one of these is the KdV equation 


oU OU FU 
—+U —+—,=0 16.8 
Ot ie Gs eeu AN) 
where we have made the obvious switch of the parameter « being replaced by 
time t. 
To show this, we rewrite the time-independent Schrédinger equation as 
C2 
at us Say (16.9) 
Ox 
where U is the potential and U = U(x, t). It is convenient to write this in operator 
notation as 


Ly = Ay (16.10) 


where L=(07/0x”)— U(x, t), since we will want to do some differentiation. 
Therefore 


d(Ly) Oy OL OA oy 
CNT EALARINY GREE ab EET Tele Gy ee 16.11 
dt eG at? re et ot \ 
Also 

O(Ly) oy Oy OU 


Aad casieaniia a ds 
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Therefore 
OL oU 
—=- —. 16.12 
Ot Ot ( 
We are now free to specify the temporal dependence of y. We choose it as 
oy 
LE RS 2. 16.13 
ee (16.13) 


where B is some linear differential operator that must be determined. Let us 
write the following equation 


dU OA 
pes 24) ey 16.14 
ay +(LB 1) ae ( ) 


and expand. 


oU , by _ ALy)_ aA 


ae ap oe ee ee 
OU Oy CY, OL ick 
Ree de ton hee ae 
OA 
ae 
where we have used (16.12). Therefore if the operator B is chosen properly, then 


the eigenvalue will be independent of time! The choice of B is not a priori 
straightforward but requires some ingenuity. 


0 


Ot 


The expression (LB— BL) can be constructed such that it is devoid of differ- 
ential operators and contains only U and its spatial derivatives. This will lead 
to a partial differential equation for U(x, t) that, wien satisfied, implies that 
0A/ot =0. 

As a first example, let B=ad/0x where a may be a function of U and its 
spatial derivatives. Hence 


a 6 ar 
EB Bhp se ty Sree (ie 
( y (= v) (« =| “ies (= v) y 


_ 20a ory Oa yh oU 

~ Ax Ox? Ox? dx Gx 
If the coefficients of 0*y/dx* and dy/dx are equal to zero, then (BL—BL)y= 
ay(0U/0x). This implies that a is a constant. Therefore (16.15) becomes 


dU aU aA 
(- Fra) y= - 2S), (16.16) 


| - oP tL B-BL)| y=0. (16.15) 
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If we require that 0//dt be zero, then U must satisfy 
OU £0 
a Ses a—_ = 
Ot Ox 


whose solution is U(x+at). This solution was conjectured earlier. 
Let us look at a slightly more complicated yet more interesting value for 
the operator B, namely, 


0, (16.17) 


3 


0 0 
AN cl 
: peer ereaie 


where a is a constant. Using this, we compute as before 
BBL y=(< — v)(« Stl ets) y 
(eleriealie-e) 
-(2 3a =) cat(S+2 4 34 =) 2 
HE ie Seine) ' (16.18) 


The vanishing of the coefficient of d7y/0x? leads to f = —3aU + C,. The vanish- 
ing of the coefficient of dy/0x where we have included the value for f leads to 


Og 3a 
—=— —U+4+C,. 
Ox 4 Oe 
Finally, ‘ 
3a dU 67U 3 oU 
LB—BLly=| — —~au+C, ])— 
L ly a a+ a ki; ely 
3a oU our) 3 oU 
=| | — — — — U 
( +1) einnide? 2° nar 
From (16.14) we write 
OU oU 7) 67U OA 
— —+3—+6U — —4—~|y=-— y, 
Ait, Ole cs =| at > 
where we have chosen the constants a= —4 and C, =0. Let x=x+3t, t=tand 
the term within the brackets becomes 
oU oU 67U 
acd ib) Gene RA a tee (), 16.19 
is Ot Ox ec: ( ) 


since we desire 0//dt to be zero. Except for a numerical constant, (16.19) is the 
KdV equation (16.8). 
In conclusion, if the potential well of the Schrodinger equation evolves 


334 SOLITONS AND SHOCKS Chap. 16 


according to the KdV equation, the eigenvalue will remain a constant. This 
procedure is called “finding the Lax operator,” in honor of its originator. 

We have seen that a potential of the form 2 sech?x that satisfies the KdV 
equation will allow the eigenvalue of the Schrodinger to remain a constant in 
time. Let us relook at this and see if we can say anything about the interaction 
of two solitons. It turns out that we can obtain a formula that describes the 
interaction of two solitons, and it follows a technique devised by Bargmann. 

Assume that there exist potentials for the Schrodinger equation 


d? 
=e Oy 0 (16.19) 
Ox 
such that the solution can be written in the form 
y=el¥™F(//, x). (16.20) 


F (SA, x) is a polynomial in me Let us choose the simplest case 
Vie = [207 bias) ies 6s), 


a ne this in the Schrddinger equation and separate terms in powers 
of A 


dx 
2p ee iI eiV4x 0), 


These terms lead to the equations 


\- AL2JA + iax)] + 21/2 |S us WO) 12/8 + ia(x)] 


O((/A)°): 
EO a (16.22) 
dx 
O(JA)!): 
— 2da(x) 
Te —2U=0. (16.23) 


Eliminate U between (16.22) and (16.23) 
da(x) da(x) 


Te + a(x) ag == (} (16.24) 
whose first integral is 

da{x) -La(x)]? \ 5.5 

as + 5 Sa (16.25) 


where 21/7 is the constant of integration. The substitution a(x) = 2(d/dx) (In w(x)) 
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ee eee af vee) ye 


dx (x) co(x) 
clo(d2o(x)/dx?)—[deo/abvF? , Cdeotxydsy]* 


(x)? (x)? 


transforms (16.25) to 


or finally 
d? a(x) 
ibe 


— p*o(x) =0, 


whose solution is 
COW) = Er Be 
Using the equation of O((./A)"), we write 
da(x) Dhak 
— B= — [hn (0) 


= —2y? sech? px 


= 


ifa=f and if «#f, 
U(x)= — 2p? sech*(ux — 9), 


where @=4ln B/a and «=a(t) and B= f(t). 
Substitution of this last expression into the KdV equation 


oU OU 02 
MERELY 24 (fo ae os 
at Fs ee 
leads to 
dp 
=4)3. 
Ot H 
Therefore 


U = — 2p? sech?[ ux —4p7t] 


or the single soliton solution. 
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(16.26) 


(16.27) 


(16.28) 


(16.29) 


(16.30) 


(16.31) 


Let us now extend this analysis to the case of two solitons. In this case, we 


choose 


yo =el¥** [42 + 2i./ha(x) + b(x)] 


(16.32) 


and substitute this in the Schrodinger equation. Define a(x) =(d(In c(x))/dx) as 
before and solve the resulting fourth-order equation. After considerable algebra 


and with appropriate choice for all constants, we can finally arrive at 


4 cosh (2x — 8t)+ cosh (4x — 64t)+ 3 


viene E cosh (x — 28t)+ cosh (3x — 361) ]” 


(16.33) 
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At t=0, the two solitons overlap and U(x, 0)=—6sech? x. A sketch of this 
collision is shown in Fig. 16.3. 

The solitons have preserved their shape during the collision and John 
Scott Russell’s observation has a mathematical foundation. Imagine what this 
would do to the insurance business or body repair shops if automobiles were 
solitons. This collision property has been used as a defining property for solitons, 
although it is now more common to give a more mathematical definition in- 
volving conservation laws. 

The nonlinear Schrodinger (NLS) equation that was described in Chapter 15 
also admits soliton solutions. In deriving the NLS equation, we introduced and 
made use of the ponderomotive force or ponderomotive potential. This intro- 
duces many new features to the soliton community. For example, in a plasma the 
ponderomotive force will create a density cavity in which a high-frequency 
Langmuir wave will be trapped. Such structures have been studied in the 
laboratory, have been created artificially in the ionosphere, and have been 
noted in the bow shock of Jupiter. 

Solitons in one dimension are now reaching a state of maturity. In higher 
dimensions, both the mathematics and accompanying experimental verifica- 
tion are still in their formative stages. For example, if the effects of slight trans- 
verse inhomogeneity are introduced into the derivation of a slightly more 
general KdV equation, one can obtain the Kadomtsev—Petviashvili (KP) 
equation 


sae fete a fe meee tpt Fret Sry aa les4 
Ox| dt Ox 92 ON oy ( ) 
The KP equation is another nonlinear evolution equation that admits soliton 
solutions, one of which can be written as 


U = 6k? sech? [kx +ly—of], (16.35) 


|e 0U A 1 67U 


20 


p=) 


Fig. 16.3. Collision of two solitons. The large amplitude soliton, which has a greater velocity, over- 
takes a small amplitude soliton and passes through it. 
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provided that 
1? a 
= 2k? +—=0(K 
oD ior w(K), (16.36) 
where 
K=kU,,+1U, 


is satisfied. Note that (16.36) is not the linear dispersion relation obtained by 
linearizing (16.34) with an assumed solution of the form 


y=Uye (16.37) 


It has been noted that if (16.35) is one solution of (16.34), then a triad of 
solutions that satisfies 


K,+K,=K; 
w(K ,)+ @(K>)=@(K3) (16.38) 


is also a solution. A manifestation of this is that during the oblique collision of 
two solitons that satisfied (16.38), a new soliton would be created with an 
amplitude greater than the sum of the two colliding solitons. This collision has 
been noted in laboratory experiments using a water tank or a plasma chamber 
as the host environment and along various beaches throughout the world. There 
is a strong cross-fertilization between theory and experiment in this area of wave 
studies, and new effects are burgeoning forth almost monthly. 


16.4. Shocks 


Closely allied to the study of solitons is the study of shocks. The reader has 
probably read in the newspapers concerning the potential noise problems of a 
supersonic aircraft flying over inhabited land and may have then wondered if 
there existed a mathematical model to describe the phenomena. Since the early 
work of Mach, who demonstrated that if a projectile passed through a medium 
with a velocity greater than the velocity of sound, a cone of sound would be 
radiated at an angle from the projectile. This angle is related to the speed of 
sound and the projectile and is given by (see Ch. 8, Sec. 5) 


Cony 
are sin 0. (16.39) 
Frequently in nature shocks can be easily created. The projectile of Mach 
may be a fast pusher, such as an eruption of a volcano or an explosion of a 
nuclear bomb in which energy is rapidly released at one point in space and time 
and rapidly expands—in fact, expands faster than the velocity of sound. The 
resulting transition between the undisturbed region ahead of the transition and 
the disturbed region trailing the transition is called a shock if a set of equations 
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x2 x] a 


Fig. 16.4. Structure of a shock. 


can describe the physics ahead of the shock and the same set describes the region 
behind the shock; they must be connected in some sense through the shock. A 
simple first-order equation 


dp  d(pv) 
aes m4 
sae Ox 


can be used to illustrate the derivation of such jump conditions. This fitting of 
the discontinuity is called the satisfying the Rankine—Hugenot relations. 
In Fig. 16.4 a shock structure is illustrated. Let us integrate (16.40) across 


this transition 
*2 dp *2 d(pv) 
tes iz 
i Pax | ax 


1 


(16.40) 


=) (16.41) 


x4 


If the transition does not change in time, we are left with the jump condition 


(pv) |x, —(pv) |x, =0. (16.42) 


More complicated and more general jump conditions can be obtained for 
sets of equations. In particular for gases, one would use the equations of con- 
tinuity, motion, and energy and integrate them across the shock front. 


Problems 


1. Show that the KdV equation (16.1) can be written as 
oU dU  aeU 
—+aU —+b—{~=0 
Sole aide ORS 
through a rescaling of all variables. 
2. Derive the FPU recurrence length for the NLS equation. 


3. Solve the linear Schrédinger equation (16.7) if U(x) =ax?. 


10. 
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Let the operator B=(ad?/dx*) +(bd/0x) +c, where a, b, and c are constants 
in (16.15). Compute the resulting differential equation as we have done in 
deriving the KdV equation (16.19). 


Carry out the detailed calculation that led to the two-soliton interaction 
equation (16.33). 


From (16.38) show that the oblique collision of two equal amplitude 
solitons can produce a new soliton whose amplitude is four times the 
amplitude of the colliding solitons. You must use the fact that the soliton 
has (amplitude)(width)? = constant. 


As in Problem 6, use (16.36) and (16.38) and find the critical angle 0, for this 
resonance. Show that it equals 


GD tany +.) 2A; 
Discuss the Mach cone formula given in Eq. (16.39) and sketch it. 
Solve (16.40) if v=ap. Sketch this solution. 


Derive the jump conditions for the equation of motion and energy trans- 
port. 
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A.1. Fundamental Physical Constants 


Speed of light C 
Permittivity Eo 
Permeability* Lo 
Elementary charge e 
Electron rest mass Me 
Proton rest mass m 
Boltzmann’s constant kp 
Gas constant R 
Absolute zero O°K 
Planck’s constant h 
Avogadro’s number No 
Gravitational constant G 
Gravitational acceleration g 


A.2. Definition of Standards 


1,650,763.73 wavelengths of the transition 2p,)>—5ds in *5Kr 


~ 3.00 x 108 m/sec 
8.85 x 10°17 F/m 
~3en X 107? F/m 
4x x 1077 H/m 
5600 ne 
9.11x1073! kg 
1.67 x 10727 kg 
138x107 7? Jie 
8.31 J/mol-K 

— 273°C 

6.63 x 107 34 J-sec 
6.02 x 1077 mol! 
6.67 x 10° '! N-m?/kg? 
9.81 m/sec? 


the mass of the international kilogram in Paris, France 
9,192,631,770 vibrations of the hyperfine transition 4,3—3,0 of the 


fundamental state *S,/. in '2°Cs atom 


Meter 

atom 
Kilogram 
Second 
Coulomb 1.0 A-sec 
Ampere 


*The vacuum permeability is an assigned constant, while the permittivity is a measured constant. 
See the definition of 1 ampere current in Section A.2. 


340 


if two equal straight, infinitely long currents 1 m apart exert a 
force of 2x 10°’ N/m on each other, the current is defined to be 
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1 A. [Since the magnetic field due to an infinitely long current is 
Upl/2nr, the force per unit length between the currents is 
[lo 1?/2nr (N/m).] Therefore yo =4x x 10°’ H/m is an assigned 
constant introduced to define 1 A current.) 


A.3. Derived Units of Physical Quantities 


Quantity Symbol Dijimensions _ Derived Units 
Mass m M kg 
Volume mass density Dv ML“? kg/m? 
Surface mass density pe MLA? kg/m? 
Linear mass density p1 ML™? kg/m 
Velocity ie i) bans m/sec 
Acceleration a | Oi Ei m/sec?” 
Momentum P MLT™? kg-m/sec 
Force F IMGs Le? N =kg: m/sec?” 
Energy (work) E ML?T~? J =kg-m7/sec* 
Torque T ML?T 2 N:-m=kg: m/sec? 
Charge q Q C 
Current Ona 30) by A> C/sec 
Current density J Gets? A/m? 
Electric field E MLT,7@7* (4¥jm 
Electric displacement D QM ~? C/m? 
(electric flux density) 
Electric flux QO Q C 
Electric potential V ML71T°-2Q7! V=ke-m7/sec? C 
Magnetic field B Mi--O3t T = Wb/m? 
(magnetic flux density) 
Magnetic flux p Mier *OG4 os Wh 
Magnetization force H Oat" A/m 
(magnetic field intensity) 
Capacitance C Oalentk 41 7. F=Giv 
Inductance 6 Mi7O"* H=Wb/A 
Resistance R MiEAbisO--1) (HWA 
Conductance G Va A hOs (Oe Ont Ay 
Resistivity n Mi Oe) gdm 
Conductivity oO Mei -LO- Om: o 


* A (boldface letter) indicates vector quantity. 


Appendix B 


B.1. Trigonometric functions 


sin (—@)=— sin@ (odd function) 
cos (—0@)=cos 6 (even function) 

tan (—0@)=-—tan@ (odd function) 
sin («+ £)=sin a cos B+sin a cos B 


cos («+ B)=cos « cos B+sin « sin B 


tan a+ tan 
tart (act Pee ee 
1+tan « tan f 
cot a cot B+1 
Cot (4448) ee 
cot B+cot 
eas 0) a 
sin a+sin B=2 sin P COs P 
2 2 
; Cr Dag 
sin «—sin B=2 cos ee = 
ohne Oe 
cos a+cos B=2 cos COs 5 P 
A: Haag 
cos a—cos B= —2 sin TP sin a 


sin a sin B =4[cos («— B)—cos («+ f)] 
sin a cos 6 =4[sin («+ B)+sin («—)] 

cos « cos 8 =4[sin («+ f)—sin (w— B)] 
cos « cos 8 =4[cos (a + B)+cos (w— )] 
sin 2x=2 sin « cos a 

cos 2x=cos* «—sin? «=2 cos? a—1 


=1-—2 sin? « 
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sin 3a= —4 sin*® a +3 sina 


cos 3a=4 cos* «—3 cos a 


sin? «=(1—cos 2a)/2 im et 
x ON ey 
vat 
cos* a=(1+cos 2«)/2 fine 
5= Ae 


et@—cosatisin o 


B.2. Calculus 


An arbitrary constant of integration is not written. 


ue: 

— sin x=cos x, | sin x dx = —cos x 
ax 

d ; 

a 80%, COS x dx =sin x 
x 


d 2 

— tan x=sec* x 

dx 

[tan Wax — |n|sec x| 
d DL 
— cot x = —cosec” x 
dx 


[co x dx =In|sin x| 


d 1 

x pe | #axm— x"*(n# —1) 

d 1 1 

ae a ES =| 

fe x, | ea n|x| 

d ay dg 

po a tl a. 

| ‘3 2 x= fu | o g dx (integration by parts) 
x 
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d 
|S [s/x*+a7+ x] 
26 a 


d 
| aso 
a =X 
x 1 
aE AS SCRONRID Pe A mein UL |) 6 
lwtar i x* +a? 


B.3. Power Series 


—] 
(1+ xattnx OD 24... 
pereg lp a 
eat boan coca 
OCA el Wine 
1 Lesvos. a ek es Iva ail: 
In(l+x)=x Naver or 
Ne 
a ee ao navel 
oars 
COS el eed 


t ieciiee > 4 
an x =x+—+—x si 
3915 


f"(a) 


2 


I (x)= fla)+ fax —a)+ 


f(x +Ax)~ f(x) +Ax (Ax small) 


B.4. Laplace transform 
Fo)=| e “f(t) dt 
01, 


1 
fo=— | e F(s) ds 
2ni Br 
Br= Bromwich contour integral 


S(t) 


ae 


(x—a)?+-°-- 


(Taylor series) 


F(s) 


: sF(s)— f(0) 


aay 
Te 
| ¢(0 dt 


f(t+a) 
ea” fi(t) 


t” f(t) 
tft) 
lim f(t) 


lim f(t) 


EO 

O(t) (delta function) 
1 

t 


faa integer) 


(a> —1) 


COs wt 


e* sin wt 


LAPLACE TRANSFORM 


F(s) 


s*F(s)—[sf(0)+ f'(0)] 


Le) 
s 


oF (5) 
F(s +A) 


qd” 
UieaO 


| | . 4 F(s)(ds)" 


lim sF(s) 


S~ co 


lim sF(s) 


s>0 
1 
1/s 
1/s? 


T(a+ 1) 


(. =Gamma function) 


(s—a)’ 


1 
— —(In s+0.5772) 
y 
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f(t) F(s) 
- S—o 
e* cos wt Ge a\bw? 
1/J/t T/s 
1 
J (at) (Bessel function) — 
; Ss a 


For a more complete table, see, for example, “Table of Laplace Transforms” by 
G. E. Roberts and H. Kaufman (W. B. Saunders Company, Philadelphia, 1966). 
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INDEX 


Aberration: 
chromatic, 261 
spherical, 255 
Absolute temperature, 87 
Accelerated charge, 191 
AC (alternate current) circuit theory, 20, 
Ga202 
Achromatic lens, 261 
Acoustics, 86 
Air: 
density, 57, 86 
pressure, 86 
AM (amplitude modulation) ratio, 276 
Ampere-Maxwell’s law, 147, 158, 188 
Ampere’s law, 145 
Amplitude: 
oscillation, 4 
wave, 30 
Amplitude modulation, 45, 276, 280 
Angstrom (A), 206 
Angular frequency, 5 
Antenna: 
dipole, 196 
magnetic dipole, 239 
Antenna array, 217 
Anti-node, 98, 102 
Audio frequency, 86 
Aurora, 167 
Avogadro’s number, 89, 90 


Beats, 43 
Binomial expansion, 22, 51 
Biot-Savart law, 189 
Bohr’s model of hydrogen atom, 298 
Boltzmann’s constant, 87 
Boundary, waves: 

fixed, 96 

free, 100 

hard, 96 

layer technique, 323 

soft, 101 
Bremsstrahlung, 298 


Capacitance, coaxial cable, 148 


Carrier wave, 276 
Characteristic impedance, electromagnetic: 
coaxial cable, 149 
free space, 160 
general formula, 148, 286 
Characteristic impedance, mechanical, 105 
Characteristics, method of, 314 
Chromatic aberration, 261 
Closed (shorted) end, 163 
Closed line integral, 146 
Closed pipe, 102 
Coating on optical devices, 225 
Coaxial cable, 143 
impedance, 149 
wave velocity, 147 
Coherent wave sources, 204 
Complete reflection, 103 
Compound lens, 261 
Compression and rarefaction, sound waves, 
69 
Concave mirror, 251 
Concave spherical surface, 256 
Conductance, 287 
Continuous medium, 62 
Continuous spectrum, 283 
Converging lens, 259 
Convex mirror, 251 
Convex spherical surface, 257 
Cornu spiral, 231 
Coulomb field, 188, 192 
Coulomb force, 298 
Critical angle for total reflection, 248 
Current: 
conduction, 169 
displacement, 155 
Curvature radius: 
lens, 258 
mirror, 252 
sign convention, 251, 257 
Cutoff frequency: 
electromagnetic waves in plasma, 171 
photoelectric effect, 295 


Damped oscillation, 17, 291 
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Damping constance, 18, 285 Electric field: 
Damping length, 287 coaxial cable, 144 
De Broglie wave, 227, 301 plane electromagnetic wave, 156 
Decibel, 92 radiation, 193 
Delta (6) function, 290, 322 Electric flux, 147, 158 
Diatomic molecule, 88 Electromagnetic oscillation: 
Dielectric constant, 147, 222 damped, 17, 23, 291 
Differential equation: forced 20, 292 
cylindrical wave, 116 Le cireptit 
nonlinear, 12, 303, 306 Electromagnetic waves, 135 
oscillation, 4, 12, 15, 16, 19, 303 coaxial cable, 143 
spherical wave, 115 conductor, 175 
wave, general, 35 differential equation, 138 
Diffraction, 209 energy density, 160 
circular aperture, 210 energy transfer, 150, 152, 159 
double slit, 206 free space, 156 
Fraunhofer, 221 LC transmission line, 136, 306 
Fresnel, 228 plane, 156 
grating, 216 plasma, 167 
single slit, 210 reflection, 161 
Diffusion equation: velocity, 138, 139, 158 
linear, 175, 318 Electron: 
nonlinear, 321 conductor, 168 
Dipole: hydrogen atom, 298 
electric, 196 photo-, 295 
magnetic, 239 plasma, 167 
Dipole antenna, 198, 238 Electron microscope, 227, 301 
Directional coupler, 234 Energy: 
Directionality of antenna, 198, 216 electromagnetic oscillation, 16 
Discrete spectrum, 283 electromagnetic wave, 160 
Discrete wave medium, 62 ionization (hydrogen atom), 299 
Dispersion, spectrometer, 236 mechanical oscillation, 7 
Dispersion in glass, 245 mechanical wave, 63 
Dispersion relation, 48, 308; 311 sound wave, 79 
electromagnetic waves in plasma, wave On spring, 65 
170 wave On string, 72 
Dispersive wave, 40, 43, 329 Energy conservation principle, 10, 16, 104, 
Displacement current, 147, 155 ri? 
Dissipative medium, 288 Energy density: 
Diverging (divergent) lens, 259 electric, 150 
Doppler effect: electromagnetic wave, 150 
electromagnetic wave, 131, 134 magnetic, 150 
sound wave, 124 mechanical wave, 64 
sound wave, 79 
Earth, 167, 288 Energy levels of hydrogen atom, 299 
Earthquake wave, 77, 92 Envelope, 19, 47, 178 
Einstein’s photon theory, 295 Equation of state, 86 
Einstein’s relativity theory, 46, 131, 171 eV (electron volt), 227, 297 
Elasticity, 57 ? Even function, 282 
Elastic modulus: Exponential pulse, 39 
gas, 87 
liquid, 83 Faraday’s law, 145, 156 
solid, 78 Fermat’s principle, 269 


spring, 61 Fixed boundary, 95 


Focal length: 
compound lens, 260 
lens, 259 
mirror, 251 
Focussing (physical mechanism), 265 
Force, restoring, 2 
Forced oscillation, 20, 292, 304 
Fourier analysis, 30, 277 
Fourier series, 277 
Fourier spectrum, 280 
continuous, 283 
discrete, 283 
Fraunhofer diffraction, 221 
Free boundary, 100 
Free electron, 168 
Frequency: 
angular, 5 
Ber circuit, 15 
LCR eircuit, 18, 23 
mass-spring system, 5, 6 
natural (resonance), 7, 20 
nonlinear frequency shift, 306 
pendulum, 12, 303 
pivoted rod, 14 
wave, 30 
wheel balance, 13 
Frequency band: 
AM radio, 236, 276 
television, 236, 276 
Frequency modulation, 133 
Frequency spectrum, see Fourier 
spectrum 
Fresnel diffraction, 228 
Fresnel integral, 231 


Gas constant, 90 
Gas pressure, 86 
Gauss’ law, 144 
Geometrical optics, 240, 250 
Glass: 
crown, 246 
flint, 246 
impedance, 219 
index of refraction, 245 
light velocity in, 219 
Grating spectrometer, 216, 236 
Gravitational acceleration, 11, 117 
Green’s function, 321 
Group velocity, 45 
electromagnetic waves in plasma, 171 


Hard boundary: 
electromagnetic wave, 166, 219 
mechanical wave, 96 
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Harmonic and anharmonic waves, 274 
Harmonics, 99, 280, 329 
Helium gas, 89 
Helium ion, singly ionized, 302 
Hooke’s law, 2, 78, 81 
Human eye: 
distinct object distance, 263 
resolution, 226 
Human hearing, threshold, 92 
Huygens’ principle, 207 
Hydrogen atom, 298 


Image, optics: 

erect, 253 

inverted, 253 

real, 254 

virtual, 254 
Image distance: 

lens, 258 

mirror, 250 
Image method, 202 
Impedance: 

electromagnetic wave, 160 

light, 223 

mechanical wave, 105 

see also Characteristic impedance 
Impedance matching, 149, 162 
Impulse, 281 
Incomplete reflection of wave, 104, 164 
Independent variable, 26, 34 
Index of refraction, 222, 240, 245 
Inductance: 

coaxial cable, 149 

internal, 149 
Infrared light, 206 
Infrasonic frequency, 86 
Initial condition, 17, 23, 289, 321 
Integration by parts, 280 
Intensity modulation, 47 
Intensity of sound wave, 80, 90, 112 
Interference, 203 

double slit, 206 

multi-antenna, 218 

multi-slit, 211 

Newton’s rings, 222, 234 

thin film, 218 
Ion acoustic wave in plasma, 181 


Kinetic energy: 
mechanical wave, 63 
oscillation, 7 
Kinked electric field lines, 191 
Kirchhoff’s theorems: 
current (junction), 137 
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Kirchhoff’s theorems (Continued) 
voltage (oop), 16, 137 

Korteweg de Vries equation, 309, 327 
solution, 312 


Laplace transformation, 288 
Laser, 68, 183 
Laser communication, 236 
LC circuit, 15 
LCR circuit, 18, 23, 285, 291 
LCR transmission line, 177 
LC transmission line, 136, 307 
Lens: 

achromatic, 261 

compound, 261, 262 

converging, 259 

diverging, 259 

eyepiece, 265 

objective, 265 

thin, 259 
Lens formula, 259 
Light: 

particle nature, 295 

velocity, 40, 139 

visible, 40 

wave nature, 206 
Linearization, 12, 303 
Longitudinal wave, 69 
Lorentz force, 201 
LPirecord;:237 
LR circuit, 292 


Mach number, 131, 337 
Magnetic dipole, 239 
Magnetic field: 
coaxial cable, 145 
plane electromagnetic wave, 156 
radiation, 194 
Magnetic flux, 145, 156 
Magnification: 
fens.259 
magnifying glass, 263 
microscope, 264 
mirror, 253 
telescope, 265 
Magnifying glass, 263 
Mass density: 
linear, 62, 69 
volume, 78, 80 
Mass-spring transmission line, 58 
Maxwell-Ampere’s law, see Ampere- 
Maxwell’s law 
Maxwell’s equations, 182 
Method of images, 202 
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MgO, (coating material), 219 
Microscope, 264 
Mirage, 185 
Mirror: 
parabolic, 271 
spherical, 250 
Mirror formula, 251 
Mole, 89, 90 
Moment of inertia, 13, 15 
Momentum density, 66 
Momentum transfer: 
electromagnetic wave, 68. See also 
Radiation pressure 
mechanical wave, 66, 68 
Monatomic molecule, 88 
Monochromatic light, 246 
Multi-slit, 211 


Newton’s equation of motion, 4, 11, 60 

Newton’s rings, 222, 234 

Node, 98, 102 

Nondispersive wave, 41, 43 

Nonlinear oscillation, 303 

Nonlinear wave, 303 

Number of degrees of freedom, 88 

Nylon stocking diffraction experiment, 
23% 


Object distance: 
lens, 258 
mirror, 250 
Odd function, 279 
Ohm’s law, 173 
Open end (transmission line), 163 
Open pipe, 102 
Operator method, 55, 284 
Optical distance, 267 
Optical fiber, 249 
Optical instrument, 263 
magnifying glass, 263 
microscope, 264 
telescope, 265 
Order, spectrometer, 216 
Oscillating dipole, 196 
Oscillation, 1 
damped, 17, 291 
forced, 20, 292 
LC circuit, 15 
mass-spring, 1 
nonlinear, 303 
pendulum, 11, 303 
pivoted rod, 14 
wheel balance, 13 
Oscillation period, 5 


Parabolic mirror, 271 
Parallel wire transmission line, 139 
Partial differential equation, 35, 306, 314, 
318 
Partial differentiation, 33 
Particle nature of light, 207, 295 
Path difference, 204 
Pendulum, 11 
Period, oscillation, see Oscillation period 
Periodic function, 277 
Permeability, 36, 139 
Permittivity: 
vacuum, 36, 139 
water, 147 
Phase, 38 
Phase constant, 32 
Phase difference, 204 
Phase velocity, 42 
electromagnetic waves in plasma, 171 
Photoelectric effect, 295 
Photoelectron, 295 
Photon, 207, 296 
energy, 296 
momentum, 301 
Pipe organ, 101 
Pivoted rod, 14 
Planck’s constant, 227, 296 
Plane wave, 112, 156 
Plasma, 41, 45, 167 
Plasma frequency, 46, 170 
Polar representation of complex number, 
a3 
Potential energy, 63 
Power (rate of energy transfer): 
coaxial cable, 150 
dipole antenna, 200 
mechanical wave, 64 
plane electromagnetic wave, 159 
Power density (intensity): 


electromagnetic wave, see Poynting vector 


sound wave, 80 
Poynting vector, 152, 194 
Pressure: 

gas, 86 

radiation, 69, 160 
Pressure wave, 91 
Prism, 246 
Proton mass, 89 
Pulse, 29, 39, 41, 281, 321 

in dispersive medium, 42, 312 

Fourier spectrum of, 283 


Quantum number, 300 
Quantum theory of radiation, 299 
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Quarter wavelength (A/4) coating, 223, 237 


Radiation: 
accelerated, decelerated charge, 191 
atom, 297 
Bremsstrahlung, 298 
dipole antenna, 198 
magnetic dipole antenna, 239 
oscillating, dipole, 196 
synchrotron, 201 
x-ray, 298 
Radiation field: 
electric, 194 
magnetic, 194 
Radiation pressure, 69, 160 
Radiation resistance, 200 
Random molecular velocity, 90 
Rarefaction, 69 
Ratio of specific heats, 86, 88 
Ray tracing method, 253 
Reactance, 286 
Reactive medium, 83, 149 
Real image, 254 
Reflection coefficient: 
current, 164 
mechanical wave, 105 
voltage, 164 
Reflection of light: 
plane boundary, 240 
spherical boundary, 250 
total, 248 
Reflection of waves: 
complete, 1030163 
electromagnetic, 161 
incomplete, 104, 164 
light, 240 
mechanical, 95, 100 
at plasma surface, 171 
Refraction angle, 245 
Refraction of electromagnetic wave: 
atmospheric air, 245 
plasma, 171, 184 
Refraction of light: 
air, 245 
plane boundary, 240 
spherical boundary, 256 
Resistivity: 
copper, 174 
earth, 288 
Resolution (resolving power): 
optical, 226, 265 
television, 277 
Restoring force, 4 
Restoring torque, 13 
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Retarded field, 194 
Root-mean-square value, 65, 160 
Rotational inertia system, 13 


S (Poynting vector), 194 
Saw-tooth wave, 279 
Schrodinger equation: 
nonlinear, 310 
solution, 314 
Shock wave (sonic boom), 131 
jump condition, 337 
shock wave cone, 132, 337 
Single side band, (SSB), 277 
Skin depth: 
cOpperl 7 7 
earth, 288 
plasma, 184 
Snell’s law, 245 
Soft boundary: 
electromagnetic wave, 166 
mechanical wave, 101 
Solenoid, 182 
Soliton collision, 336 
Sound wave, 77 
energy density, 79 
gas, 86 


intensity (power density), 80, 90 


liquid, 83 
momentum density, 79 
solid rod, 80 
Spatial period, 28 
Spectrometer, 217, 236 
Spherical wave, 112 
Spring constant, 1, 58 
Square wave, 279 
Standing wave, 95 
pipe, 102 
string, 99 
Strain, 62, 77 
Stress, 77 
Superconductor, 173 
Superposition of waves, 43, 205 
Supersonic velocity, 131 
Synchrotron radiation, 202 


Taylor expansion, 50 
Telescope, 265 
Temperature of gas, 87 
Tension, 69 
Tidal wave, 119 
Time constant: 

L/R, 285 

RCTS 
Torsional constant, 13 
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Transverse wave, 69 
Tunnel effect, 184 


Ultrasonic frequency, 86 
Ultraviolet light, 206 


Vacuum: 
impedance, 160 
light velocity, 139, 156, 158 
permeability, 139 
permittivity, 139 

Velocity: 
complex, 287 


electromagnetic wave, 135, 139, 287 


group, 42, 135 
light, 36, 166 
mechanical wave, 61, 69 
phase, 42, 135 
solitary wave, 312 
soundwave, 78 
Velocity wave, 63, 82, 84, 86, 87 
Virtual image, 254 
Virtual object, 254 
Visible light, 206 


W (work function), 296 
Wave: 
cylindrical, 115, 207, 221 
De Broglie, 227, 301 
dispersive, 40, 43, 306 
displacement, 32 
electromagnetic, 135 
harmonic, 30 
incident, 95, 100, 104, 241 
longitudinal, 69 


on mass-spring transmission line, 58 


mechanical, 57 


nondispersive (dispersionless), 40, 43, 


135 
nonlinear, 306 
nonsinusoidal, 38 
in nonuniform medium, 116 
plane, 112, 242 
pressure, 91 
reflected, 95, 100, 103, 240 
refracted, 240 
saw-tooth, 279 
shock.1315337 
sinusoidal (harmonic), 30 
solitary, soliton, 312, 327 
sound, see Sound wave 
spherical, 112, 207 
on spring, 59 
square, 278 
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standing, see Standing wave ; visible light, 206 
on string, 26, 95, 116 Wave medium, 26, 57, 135 
surface (water), 49, 118, 309, 327 Wave motion, 26 
tidal, 119 Wave nature of light, 207 
transmitted, 104 Wave number, 32, 241 
transverse, 69 Wave packet, 284, 314 
Wave equation: Weakly damped oscillation, 19 

electromagnetic wave (conducting Work function, 296 

medium), 175 
free space, 35 X-ray, 297 
general form, 35 
LC transmission line, 138 Young’s double slit experiment, 206 
mechanical wave, 61, 71 Young’s modulus, 78, 80 
nonlinear, 306 
plasma, 169 Z (characteristic impedance): 
sound wave, 82, 86 electromagnetic, 160 


Wavelength, 28 mechanical, 103 
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